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Foreword 


Most textbooks written in our day have a short half-life. Published to meet the 
demands of a lucrative but volatile market, inspired by the table of contents of 
some out-of-print classic, garnished with multicolored tables, enhanced by nut- 
shell summaries, enriched by exercises of dubious applicability, they decorate the 
shelves of college bookstores come September. The leftovers after Registration 
Day will be shredded by Christmas, unwanted even by remainder bookstores. The 
pageant is repeated every year, with new textbooks on the same shelves by other 
authors (or a new edition if the author is the same), as similar to the preceding as 
one can make them, short of running into copyright problems. 

Every once in a long while, a textbook worthy of the name comes along; invari- 
ably, it is likely to prove aere perennius: Weber, Bertini, van der Waerden, Feller, 
Dunford and Schwartz, Ahlfors, Stanley. 

The mathematical community professes a snobbish distaste for expository writ- 
ing, but the facts are at variance with the words. In actual reality, the names of 
authors of the handful of successful textbooks written in this century are included 
in the list of the most celebrated mathematicians of our time. 

Only another textbook writer knows the pains and the endless effort that goes 
into this kind of writing. The amount of time that goes into drafting a satisfactory 
exposition is always underestimated by the reader. The time required to complete 
one single chapter exceeds the time required to publish a research paper. But far 
from wasting his or her time, the author of a successful textbook will be amply 
rewarded by a renown that will spill into the distant future. History is more likely 
to remember the name of the author of a definitive exposition than the names of 
many a research mathematician. 

I find it impossible to predict when Richard Stanley’s two-volume exposition 
of combinatorics may be superseded. No one will dare try, let alone be able, to 
match the thoroughness of coverage, the care for detail, the definitiveness of proof, 
the elegance of presentation. Stanley’s book possesses that rarest quality among 
textbooks: you can open it at any page and start reading with interest without 
having to hark back to page one for previous explanations. 


Vi Foreword 


Combinatorics, which only thirty years ago was a fledgling among giants, may 
well be turning out to be a greater giant, thanks largely to Richard Stanley’s 
work. Every one who deals with discrete mathematics, from category theorists to 
molecular biologists, owes him a large debt of gratitude. 


Gian-Carlo Rota 
March 21, 1998 


Preface 


This is the second (and final) volume of a graduate-level introduction to enu- 
merative combinatorics. To those who have been waiting twelve years since the 
publication of Volume 1, I can only say that no one is more pleased to see Volume 
2 finally completed than myself. I have tried to cover what I feel are the fundamen- 
tal topics in enumerative combinatorics, and the ones that are the most useful in 
applications outside of combinatorics. Though the book is primarily intended to be 
a textbook for graduate students and a resource for professional mathematicians, I 
hope that undergraduates and even bright high-school students will find something 
of interest. For instance, many of the 66 combinatorial interpretations of Catalan 
numbers provided by Exercise 6.19 should be accessible to undergraduates with a 
little knowledge of combinatorics. 

Much of the material in this book has never appeared before in textbook form. 
This is especially true of the treatment of symmetric functions in Chapter 7. Al- 
though the theory of symmetric functions and its connections with combinatorics 
is in my opinion one of the most beautiful topics in all of mathematics, it is a 
difficult subject for beginners to learn. The superb book by Macdonald on sym- 
metric functions is highly algebraic and eschews the fundamental combinatorial 
tool in this subject, viz., the Robinson—Schensted—Knuth algorithm. I hope that 
Chapter 7 adequately fills this gap in the mathematical literature. Chapter 7 should 
be regarded as only an introduction to the theory of symmetric functions, and not 
as a comprehensive treatment. 

As in Volume 1, the exercises play a vital role in developing the subject. If in 
reading the text the reader is left with the feeling of ““what’s it good for?” and is 
not satisfied with the applications presented there, then (s)he should turn to the 
exercises. Thanks to the wonders of electronic word processing, I found it much 
easier than for Volume 1 to assemble a wide variety of exercises and solutions. 

I am grateful to the many persons who have contributed in a number of ways 
to the improvement of this book. Special thanks go to Sergey Fomin for his many 
suggestions related to Chapter 7, and especially for his masterful exposition of 
the difficult material of Appendix 1. Other persons who have carefully read por- 
tions of earlier versions of the book and who have offered valuable suggestions 


Vii 


vill Preface 


are Christine Bessenrodt, Francesco Brenti, Persi Diaconis, Wungkum Fong, Phil 
Hanlon, and Michelle Wachs. Robert Becker typed most of Chapter 5, and Tom 
Roby and Bonnie Friedman provided invaluable TEX assistance. The following 
persons at Cambridge University Press and TechBooks have been a pleasure to 
work with throughout the writing and production of this book: Catherine Felgar, 
Shamus McGillicuddy, Andrew Wilson, and especially Lauren Cowles, whose 
patience and support is greatly appreciated. The following additional persons 
have made at least one significant contribution that is not explicitly mentioned 
in the text, and I regret if I have inadvertently omitted anyone else who belongs 
on this list: Christos Athanasiadis, Anders Bjérner, Mireille Bousquet-Mélou, 
Bradley Brock, David Buchsbaum, Emeric Deutsch, Kimmo Eriksson, Dominique 
Foata, Ira Gessel, Curtis Greene, Patricia Hersh, Martin Isaacs, Benjamin Joseph, 
Martin Klazar, Donald Knuth, Darla Kremer, Valery Liskovets, Peter Littelmann, 
Ian Macdonald, Alexander Mednykh, Thomas Miller, Andrew Odlyzko, Alexan- 
der Postnikov, Robert Proctor, Douglas Rogers, Lou Shapiro, Rodica Simion, Mark 
Skandera, Louis Solomon, Dennis Stanton, Robert Sulanke, Sheila Sundaram, 
Jean-Yves Thibon, and Andrei Zelevinsky. 


Richard Stanley 
Cambridge, Massachusetts 
March 1998 


The paperback printing contains addenda to some of the exercises in a new section 
on page 583. The exercises in question are indicated by * in the main text. 
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Notation 


The notation follows that of Volume 1, with the following exceptions. 


© The coefficient of x” in the power series F(x) is now denoted [x”]F(x). This 
notation is generalized in an obvious way to such situations as 


© The number of inversions, number of descents, and major index of a permutation 
(or more generally of a sequence) w are denoted inv(w), des(w), and maj(w), 
respectively, rather than i(w), d(w), and i(w). Sometimes, especially when we 
are regarding the symmetric group G,, as a Coxeter group, we write €(w) instead 
of inv(w). 


The following notation is used for various rings and fields of generating functions. 
Here K denotes a field, which is always the field of coefficients of the series below. 
All Laurent series and fractional Laurent series are understood to have only finitely 
many terms with negative exponents. 


K[x] ring of polynomials in x 

K(x) field of rational functions in x (the quotient field of K[x]) 
aiball ring of formal (power) series in x 

K((x)) field of Laurent series in x (the quotient field of K[[x]]) 


Kagl[x]] ring of algebraic power series in x over K(x) 
Kag((x)) field of algebraic Laurent series in x over K(x) 
K*[[x]] ring of fractional power series in x 


xi 


xii 


K™((x)) 
K(X) 


Krat (X)) 


K(X) 
Kaig (X)) 


Notation 


field of fractional Laurent series in x (the quotient field of K#[[x]]) 
ring of noncommutative polynomials in the alphabet (set of variables) 
xX 

ring of rational (= recognizable) noncommutative series in the al- 
phabet X 

ring of formal (noncommutative) series in the alphabet X 

ring of (noncommutative) algebraic series in the alphabet X 
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Trees and the Composition of 
Generating Functions 


5.1 The Exponential Formula 

If F(x) and G(x) are formal power series with G(0) = 0, then we have seen (after 
Proposition 1.1.9) that the composition F(G(x)) is a well-defined formal power 
series. In this chapter we will investigate the combinatorial ramifications of power 
series composition. In this section we will be concerned with the case where F(x) 
and G(x) are exponential generating functions, and especially the case F(x) = e*. 

Let us first consider the combinatorial significance of the product F(x)G(x) of 
two exponential generating functions 


F(x) =f) 


n>0 


Ge) = Ya. 


n>0 


Throughout this chapter K denotes a field of characteristic 0 (such as C with some 
indeterminates adjoined). We also denote by FE (x) the exponential generating 
function of the function f :N > K,ie., 


Epa) = Do fly. 
n>0 : 


5.1.1 Proposition. Given functions f,g:N — K, define a new function 
h:N— K by the rule 


h(#X) = Df #S)g@T), (5.1) 


(S\T) 


where X is a finite set, and where (S,T) ranges over all weak ordered partitions 
of X into two blocks, i.e., SOT = Gand SUT = X. Then 


En(x) = Ep(x)E, (x). (5.2) 
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Proof. Let#X =n. There are Ch) pairs (S, T) with #§ = k and #T = n—k,so 


h(n) = S~ (7) Feet ~ k). 


k=0 
From this (5.2) follows. | 


One could also prove Proposition 5.1.1 by using Theorem 3.15.4 applied to the 
binomial poset B of Example 3.15.3. 

We have stated Proposition 5.1.1 in terms of a certain relationship (5.1) among 
functions f, g, and A, but it is important to understand its combinatorial signifi- 
cance. Suppose we have two types of structures, say a and £, which can be put on 
a finite set X. We assume that the allowed structures depend only on the cardinality 
of X. A new “combined” type of structure, denoted a U 8, can be put on X by 
placing structures of type a and f on subsets § and T, respectively, of X such that 
SUT = X,SNOT = 9. If f(K) (respectively g(k)) are the number of possible 
structures on a k-set of type a (respectively, 6), then the right-hand side of (5.1) 
counts the number of structures of type w UB on X. More generally, we can assign 
a weight w(I) to any structure I of type a or 8. A combined structure of type 
a U B is defined to have weight equal to the product of the weights of each part. If 
Ff (k) and g(k) denote the sums of the weights of all structures on a k-set of types a 
and £8, respectively, then the right-hand side of (5.1) counts the sum of the weights 
of all structures of typea UB on X. 


5.1.2 Example. Given an n-element set X, let h(n) be the number of ways to 
split X into two subsets S and T with SUT = X, SOT = Q, and then to linearly 
order the elements of § and to choose a subset of 7. There are f(k) = k! ways 
to linearly order a k-element set, and g(k) = 2 ways to choose a subset of a 
k-element set. Hence 


II 


nin (Ee) Er) 


n>0 n>0 


l—x 
Proposition 5.1.1 can be iterated to yield the following result. 


5.1.3 Proposition. Fix k ¢ P and functions fi, fo,..., fy: N > K. Define a 
new functionh : N — K by 


AGS) = D0 AGT) fl#T2) «++ f#Te), 
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where (T\,..., T,) ranges over all weak ordered partitions of S into k blocks, 
ie, Ty,..., 7% are subsets of S satisfying: (i) T, 1 T; = Oifi F j, and (it) 
T, U---UT, = S. Then 


k 
En(x) = | [E,(). 


i=l 


We are now able to give the main result of this section, which explains the combi- 
natorial significance of the composition of exponential generating functions. 


5.1.4 Theorem (The Compositional Formula). Given functions f :P — K and 
g:N- K with g(0) = 1, define a new functionh :N — K by 


hG#S)= DF HBL) FHB)--- FHB gE), #S>0, 6.3) 
n={By,...,By}EM(S) 


A(O) = 1, 


where the sum ranges over all partitions (as defined in Section 1.4) x = 
{B,,..., By} of the finite set S. Then 


E,(x) = E,(E ¢(x)). 
(Here E s(x ) = ee f(n)x"/n!, since f is only defined on positive integers.) 
Proof. Suppose #S = n, and let h,(n) denote the right-hand side of (5.3) for 


fixed k. Since Bi, ..., B, are nonempty, they are all distinct, so there are k! ways 
of linearly ordering them. Thus by Proposition 5.1.3, 


(k) 
E,(x) = ST Ereh (5.4) 
Summing (5.4) over all k > 1 yields the desired result. Oo 


Theorem 5.1.4 has the following combinatorial significance. Many structures 
on a set, such as graphs or posets, may be regarded as disjoint unions of their 
connected components. In addition, some additional structure may be placed on 
the components themselves, e.g., the components could be linearly ordered. If 
there are f(j) connected structures ona j-set and g(k) ways to place an additional 
structure on k components, then /(n) is the total number of structures on an n-set. 
There is an obvious generalization to weighted structures, such as was discussed 
after Proposition 5.1.1. 

The following example should help to elucidate the combinatorial meaning of 
Theorem 5.1.4; more substantial applications are given in Section 5.2. 
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Figure 5-1. A circular arrangement of lines. 


5.1.5 Example. Let A(n) be the number of ways for n persons to form into 
nonempty lines, and then to arrange these lines in a circular order. Figure 5-1 shows 
one such arrangement of nine persons. There are f(j) = j! ways to linearly order 
j persons, and g(k) = (k — 1)! ways to circularly order k > 1 lines. Thus 


al n! 1—x 
x” - 
E,(x) = 1 ne — Dl = 1+ log ~ x) = 


So 


En(x) = Eg(Es(x)) 


ie, Seal 
= 1+ log{1— 
bx 


= 1+ log(1 — 2x)7! — log(1 — x)7! 


= 14 °@" ~ im - IS, 


n>1 


whence h(n) = (2” —1)(n — 1)!. Naturally, such a simple answer demands a simple 
combinatorial proof. Namely, arrange the n persons in a circle in (m — 1)! ways. In 
each of the n spaces between two persons, either do or do not draw a bar, except 
that at least one bar must be drawn. There are thus 2” — 1 choices for the bars. 
Between two consecutive bars (or a bar and itself if there is only one bar) read 
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Figure 5-2. An equivalent form of Figure 5-1. 


the persons in clockwise order to obtain their order in line. See Figure 5-2 for this 
method of representing Figure 5-1. 


The most common use of Theorem 5.1.4 is the case where g(k) = 1 for all k. 
In combinatorial terms, a structure is put together from “connected” components, 
but no additional structure is placed on the components themselves. 


5.1.6 Corollary (The Exponential Formula). Givenafunction f :P — K, define 
anew functionh:N — K by 


A(#S) = S* fF (#B1) f(#B2)--- FB), #S>0, — (5.5) 


n={Bj,..., B,}eTl(S) 
(0) = 1. 


Then 
E;(x) = exp E s(x). (5.6) 
Let us say a brief word about the computational aspects of equation (5.6). If the 


function f() is given, then one can use (5.5) to compute h(n). However, there is 
a much more efficient way to compute A(n) from f(n) (and conversely). 


5.1.7 Proposition. Ler f:P — K andh:N — K be related by E,(x) = 
exp E -(x) (so in particular h(O) = 1). Then we have for n > 0 the recurrences 


h(n+1) = >° (7 )aaos +1-h), (5.7) 
k=0 


fint l)=h(nt b> (Pater +1. (5.8) 


k=] 
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Proof. Differentiate E,(x) = exp E(x) to obtain 
Ea) = E'-(x)Ep(x). (5.9) 


Now equate coefficients of x” /n! on both sides of (5.9) to obtain (5.7). (It is also 
easy to give a combinatorial proof of (5.7).) Equation (5.8) is just a rearrangement 
of (5.7). oO 


The compositional and exponential formulas are concerned with structures on 
a set S obtained by choosing a partition of S and then imposing some “connected” 
structure on each block. In some situtations it is more natural to choose a per- 
mutation of S and then impose a “connected” structure on each cycle. These two 
situtations are clearly equivalent, since a permutation is nothing more than a parti- 
tion with a cyclic ordering of each block. However, permutations arise often enough 
to warrant a separate statement. Recall that G(S) denotes the set (or group) of all 
permutations of the set S. 


5.1.8 Corollary (The Compositional Formula, permutation version). Given func- 
tions f :P —> K andg:N-— K with g(0) = 1, define anewfunctionh: P > K 
by 


A(#S) = a FAC) FHC2) «+» FAC) E(K), #S5>0, (5.10) 


reG(S) 
A(0) = 1, 
where C,, C2, ..., Cy are the cycles in the disjoint cycle decomposition of m. Then 
x” 
E,(x) = Ey 2 Oe : 


Proof. Since there are (j — 1)! ways to cyclically order a j-set, equation (5.10) 
may be written 


AC#S) = ». (#B) — 1)! f 4B). (AB, — DISAB) 8&), 
=(Bj,...By}€T(S) 


so by Theorem 5.1.4, 


Ey(x) = Ey (ne - ne 


n>1 
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5.1.9 Corollary (The Exponential Formula, permutation version). Givena Junc- 
tion f :P - K, define a new functionh : N > K by 


h#S) = D> fC) FHC.) --- FHC), #8 > 0, 
mEeG(S) 


h(0) = 1, 


where the notation is the same as in Corollary 5.1.8. Then 


Ex(x) = exp) f)—, 


n>1 


In Section 3.15 [see Example 3.15.3(b)] we related addition and multiplication 
of exponential generating functions to the incidence algebra of the lattice of fi- 
nite subsets of N. There is a similar relation between composition of exponential 
generating functions and the incidence algebra of the lattice T, of partitions of 
[n] (or any n-set). More precisely, we need to consider simultaneously all T1,, for 
n € P. Recall from Section 3.10 that if o < z in T,, then we have a natural 
decomposition 


lo, mJ = Mi x MY x--- x 1%, (5.11) 


where |o| = }¢ia; and |7t| = S$ a;. Let IT = (1), M,...). For each n € P, 
let fn € I(IIn, K), the incidence algebra of I,,. Suppose that the sequence f = 
(fi, fz, ...) satisfies the following property: There is a function (also denoted /f) 
f :P— K such thatif o < x inTM, and fo, 2] satisfies (5.11), then 


fa(O, @) = FI)" FQ)? ++ Fn)”. 


We then call f a multiplicative function on II. 

For instance, if ¢, is the zeta function of T,, then ¢ = (¢), 2, ...) is multiplica- 
tive with ((n) = 1 for all n € P. If yu, is the Mobius function of T,, then by 
Proposition 3.8.2 and equation (3.30) we see that uw = (114, (42, ...) is multiplica- 
tive with p(n) = (—1)?7!(n — 1)!. 

Let f = (fi, fo,...) and g = (g1, go,...), where f,, gn € I(T],, K). We can 
define the convolution fg = ((fg)1, (fg). ...) by 


(fan = fa8n (convolution in /(IT,, K)). (5.12) 


5.1.10 Lemma. If f and g are multiplicative on Il, then so is fg. 


Proof. Let P and Q be locally finite posets, and letu € 1(P, K),v € 1(Q, K). 
Define u x v € I(P x Q, K) by 


u x u((x, x’), (y, ¥')) = ux, yo(x’, y’). 
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Then a straightforward argument as in the proof of Proposition 3.8.2 shows that 
(u x v)(u’ x v’!) = uu’ x vv’. Thus from (5.11) we have 


(f2)n(o, 7) = fig1©, 1)" --- fren, 1” 
= fg(1)"--- fg(n)*. o 
It follows from Lemma 5.1.10 that the set M(I1) = M(II, K) of multiplicative 
functions on IT forms a semigroup under convolution. In fact, M(IT) is even a 


monoid (= semigroup with identity), since the identity function 6 = (41, 52, ...) 
is multiplicative with 5(n) = 5,,. (Caveat: M(IY) is not closed under addition.) 


5.1.11 Theorem. Define a map ¢:M(II) — xK[[x]] (the monoid of power 
series with zero constant term under composition) by 


x” 
o(f) = Ex(x) = 2 Fy 


Then @ is an anti-isomorphism of monoids, i.e., @ is a bijection and 


O(f8) = Eg(E ¢(x)). 


Proof. Clearly ¢@ is a bijection. Since fg is multiplicative by Lemma 5.1.10, it 
suffices to show that 


di fein) = EE s(x). 


n>1 


By definition of fg(n), we have in (TI, K) 


fen)= SY — fxlO, 2) gn(zr, 1) 
mw={Bi,... B, jell, 
= 5" f(#B))--- f@#B)g(b). (5.13) 
oa 
Since (5.13) agrees with (5.3), the proof follows from Theorem 5.1.4. [} 


The next result follows from Theorem 5.1.11 in the same way that Proposition 
3.15.5 follows from Theorem 3.15.4 (using Proposition 5.4.1), so the proof is 
omitted. (A direct proof avoiding Theorem 5.1.11 can also be given.) If f = 
(fi, fa, -.-) where f, € J(TI,, K) and each f,! exists in J(I,, K), then we write 
f= fis). 


5.1.12 Proposition. Suppose f is multiplicative and f~! exists. Then f-' is 
multiplicative. 
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5.1.13 Example. Let ¢,6, 4 ¢ M(II) have the same meanings as above, so 


x” 
E;(x) = ae = e*—1, 


n>1 


Es(x) =x, 
so by Theorem 5.1.11 
[exp E,(x)] —~l=x 
=> E,(x) = log’ +x) 
=) a - ice 
at n!} 
=> pwn) =(-1)""—D!. 


Thus we have another derivation of the Mébius function of IT, (equation (3.30)). 
5.1.14 Example. Let h(n) be the number of ways to partition the set [1], and then 
partition each block into blocks of odd cardinality. We are asking for the number 


of chains 6 <a<o<lin TI, such that all block sizes of 7 are odd. Define 
f € M(II) by 


1, nodd, 
0, neven. 


fin) =| 
Then clearly h = f¢7, so by Theorem 5.1.11, 


En(x) = Ec(Ec(E¢(x))) 


( 3 y2ntl } | 
= exp! { exp —————— } -lj-1 
au (2n + 1)! 


= exp(e™* — 1) — 1, 


We have discussed in this section the combinatorial significance of multiplying and 
composing exponential generating functions. Three further operations are impor- 
tant to understand combinatorially: addition, multiplication by x (really a special 
case of arbitrary multiplication, but of special significance), and differentiation. 


5.1.15 Proposition. Let S be a finite set. Given functions f, g: N > K, define 
new functions hy, hz, h3, and hg as follows: 


hy(#S) = f(#S) + 2(#S) (5.14) 
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ho(#S) = (4S) f(#T), where #T = #5 — 1 (5.15) 
h3(#S) = f(T), where#7T = #85 +1 (5.16) 
ha(#S) = (#5) f AS). (5.17) 
Then 
En, (x) = Ep(x) + Eg (x) (5.18) 
En (x) = x E s(x) (5.19) 
En,(x) = E,(x) (5.20) 
E.G) = xE'-(x). (5.21) 
Proof. Easy. Oo 


Equation (5.14) corresponds to a choice of two structures to place on S, one 
enumerated by f and one by g. In equation (5.15), we “root” a vertex vu of S (ie., 
we choose a distinguished vertex v, often called the root) and then place a structure 
on the remaining vertices T = S — {x}. Equation (5.16) corresponds to adjoining 
an extra element to S and then placing a structure enumerated by f/f. Finally in 
equation (5.17) we are simply placing a structure on S and rooting a vertex. 

As we will see in subsequent sections, many structures have a recursive nature 
by which we can obtain from the results of this section functional equations or 
differential equations for the corresponding exponential generating function. Let 
us illustrate these ideas here by interpreting combinatorially the formula E(x) = 
E'-(x)En(x) of equation (5.9). The left-hand side corresponds to the following 
construction: take a (finite) set S, adjoin a new element f, and then place on SU {7} 
a structure enumerated by # (or h-structure). The right-hand side says: choose a 
subset T of S, adjoin an element ¢ to 7, place on 7 U {t} an f-structure, and place 
on § — T anh-structure. Clearly, if h and f are related by (5.5) (so that /-structures 
are unique disjoint unions of f-structures), then the combinatorial interpretations 
of E(x) and E POE, (x) are equivalent. 


5.2 Applications of the Exponential Formula 


The most straightforward applications of Corollary 5.1.6 concern structures which 
have an obvious decomposition into “connected components.” 


5.2.1 Example. The number of graphs (without loops or multiple edges) on an 
n-element vertex set S is clearly 2(2). (Each of the eS) pairs of vertices may or 
may not be joined by an edge.) Let c(#5) = c(n) be the number of connected 
graphs on the vertex set S. Since a graph on S is obtained by choosing a partition 
x of S and then placing a connected graph on each block of 7, we see that equation 


Foe Se ar vg en a 
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(5.5) holds for h(n) = 2(2) and f(n) = c(n). Hence by Corollary 5.1.6. 


a n!} 
exp E.(7) 
x 
exp dic. 


n> 


I 


tI 


Equivalently, 


oe Gia 
Dew = bog D2), (5.22) 


n>I . n>0 


Note that the generating functions E),(x) and E,(x) have zero radius of conver- 
gence; nevertheless, they still have combinatorial meaning. 

Of course there is nothing special about graphs in the above example. If, for 
instance, h(n) is the number of posets (or digraphs, topologies, triangle-free graphs, 
etc.) on an n-set and c(n) is the number of connected posets (digraphs, topologies, 
triangle-free graphs, etc.) on an n-set, then the fundamental relation E,(x) = 
exp E(x) continues to hold. In some cases (such as graphs and digraphs) we have 
an explicit formula for 4(7), but this is an incidental “bonus”. 


5.2.2 Example. Suppose we are interested in not just the number of connected 
graphs on an n-element vertex set, but rather the number of such graphs with 
exactly k components. Let c,(m) denote this number, and define 


F(x,t) = ye Sree, (5.23) 
n=0 k>0 ies 


There are two ways to obtain this generating function from Theorem 5.1.4 and 
Corollary 5.1.6. We can either set f(m) =c(n) and g(k) = t* in (5.3), or set f(n) = 
c(n)t in (5.5). In either case we have 


h(n) = Soce(nyr*. 


k>0 


Thus 


Fads expt) o(n)— 


n>1 


_ (x 202) | 


n>0 
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Again the same reasoning works equally as well for posets, digraphs, topologies, 
etc. In general, if E;,(x) is the exponential generating function for the total number 
of structures on an n-set (where of course each structure is a unique disjoint 
union of connected components), then E;,(x)’ also keeps track of the number of 
components, as in (5.23). Equivalently, if #() is the number of structures on an 
n-set and c,(n) the number with k components, then 


Sot B(x) = Ex) 


k>0 
= exptE,, (x) 


k 
es ye (5.24) 


so 
1 k I k 
E.,4) = pee (x) = poe Ex(x)", 


where we set cx,(0)=65o, and 4(0)=1. In particular, if k(n) =n! (the number 
of permutations of an n-set) then E,(x)=(1 — x)7!, while c.(n) =c(n, k), the 
number of permutations of an n-set with k cycles. In other words, c(n,k) is a 
signless Stirling number of the first kind (see Section 1.3); and we get 


no] 
Sie, = Flog = 2) (5.25) 


n>0 


Let us give one further “direct” application, concocted for the elegance of the final 
answer. 


5.2.3 Example. Suppose we have a room containing n children. The children 
gather into circles by holding hands, and one child stands in the center of each 
circle. A circle may consist of as few as one child (clasping his or her hands), but 
each circle must contain a child inside it. In how many ways can this be done? Let 
this number be h(n). An allowed arrangement of children is obtained by choosing 
a partition of the children, choosing a child c from each block B to be in the center 
of the circle, and arranging the other children in the block B in a circle about c. 
If #B =i > 2, then there are i - (i — 2)! ways to do this, and no ways ifi = 1. 
Hence (setting 4(0) = 1), 


L 


x 

= Pag 

E, (x) ae G22) 
x? 
=expx) — 


= exp x log (1 — x)! 
ax. g\e% 
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Similarly, if c,(m) denotes the number of arrangements of children with exactly 
k circles, then 


Ds Dent =(1-—x)™". 


n>0 k>0 


We next consider some problems concerned with successively partitioning the 
blocks of a partition. 


5.2.4 Example. Let B(n) = B,(n) denote the n-th Bell number, i.e., B(n) = #I1,, 
(Section 1.4). Setting each f(7) = 1 in (5.5), we obtain 


Ex(x) = > Bin) — = exp(e* — 1). 


n>0 


[See equation (1.24f).] Now let B(n) be the number of ways to partition an n- 
set S, and then partition each block. Equivalently, B2(n) is the number of chains 
O6<7< It, < i in IT,,. Putting each f(i) = B(i) in (5.5), or equivalently, using 
Theorem 5.1.11 to compute $(¢ +), we obtain 


dB) — = explexp(e* — 1) — 1]. 


n>0 


Continuing in this manner, if B,(n) denotes the number of chains 6 < 2, < m < 
+++ <a, < LinTI,, then 


x” 
D Bey = 1+ eMC), 


n>0 
where e(x) = e!! (x) = e* — Land e#+) (x) = e(e(x)). 


5.2.5 Example. The preceding example was quite straightforward. Consider now 
the following variation. Begin with an n-set S, and for n > 2 partition S into at 
least two blocks. Then partition each non-singleton block into at least two blocks. 
Continue partitioning each non-singleton block into at least two blocks, until only 
singletons remain. Call such a procedure a total partition of S. A total partition can 
be represented in a natural way by an (unordered) tree, as illustrated in Figure 5-3 
for S = [9]. Notice that only the endpoints (leaves) need to be labeled; the other 
labels are superfluous. Let t(n) denote the number of total partitions of S (with 
t(O) = 0). Thus ¢(1) = 1, ¢#(2) = 1, ¢(3) = 4, #(4) = 26. 

Consider what happens when we choose a partition 7 of S and then a total 
partition of each block of z. If |z~]=1, then we have done the equivalent of 
choosing a total partition of S. On the other hand, partitioning S' into at least two 
blocks and then choosing a total partition of each block is equivalent to choosing a 
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123456789 


Figure 5-3. A total partition of [9] represented as a tree. 


total partition of S itself. Thus altogether we obtain each total partition of S twice, 
provided #S > 2. If #S = 1, then we obtain the unique total partition of S only 
once. If #5 = 0 (ie., S = G), then our procedure can be done in one way (i.e., 
do nothing), but by our convention there are no total partitions of 5. Hence from 
Corollary 5.1.6 we obtain 


exp E,(x) = 2E,(x) —x +1. (5.26) 


In other words, writing F‘~(x) for the compositional inverse of F(x) = ax + 
bx* ++.» where a 40, ice., 


FF )\(x)) = FY (F(x) = x, 
we have 
E,(x) = (1 +2x — ey. (5.27) 


It does not seem possible to obtain a simpler result. In particular, in Section 5.4 we 
will discuss methods for computing the coefficients of compositional inverses, but 
these methods don’t seem to yield anything interesting when F(x) = 1+ 2x —e*. 
For some enumeration problems closely related to total partitions, see Exercises 
5.26 and 5.40. 


5.2.6 Example. Consider the variation of the preceding example where each non- 
singleton block must be partitioned into exactly two blocks. Call such a procedure 
a binary total partition of S,and denote the number of them by b(#5S). As with total 
partitions, set b(0) =0. The tree representing a binary total partition is a complete 
(unordered) binary tree, as illustrated in Figure 5-4. (Thus b(71) is just the number 
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Figure 5-4. A binary total partition represented as a tree. 


of (unordered) complete binary trees with n labeled endpoints.) It now follows 
from Theorem 5.1.4 (with g(k) = 52%) or just by (5.4) (with k = 2 and g(2) = 1), 
in a similar way to how we obtained (5.26), that 


5 E(x)’ = E,(x) — x. (5.28) 


Solving this quadratic equation yields 


Ey,(x) = 1— V1 — 2x 


1 


=l1- » (2-2 


n>0 


J 1-3-5-+-Qn=3)-, 
n! 


n>1 


whence 
b(n) =1-3.-.5--+-(Qn —3). 


As usual, when such a simple answer is obtained, a direct combinatorial proof is 
desired. Now 1-3. 5---(2n — 3) is easily seen to be the number of partitions of 
(2n — 2] of type (2”'), i.e., with n — 1 two-element blocks. Given a binary total 
partition of [n], we obtain a partition z of [2n —2] of type (2”—!) as follows. In the 
tree representing 6 (such as Figure 5-4), delete all the labels except the endpoints 
(leaves). Now iterate the following procedure until all vertices are labeled except: 
the root. If labels 1,2,...,m have been used; then label by m + 1 the vertex v 
satisfying: (a) v is unlabeled and both successors of v are labeled, and (b) among 
all unlabeled vertices with both successors labeled, the vertex having the successor 
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Figure 5-5. A decreasing labeled tree corresponding to a binary total partition. 


with the least label is v. Figure 5-5 illustrates this procedure carried out for the 
tree in Figure 5-4. Finally let the blocks of 7 consist of the vertex labels of the two 
successors of a non-endpoint vertex. Thus from Figure 5-5 we obtain 


mw = {{1, 4}, {2, 9}, (3, 10}, {5, 7}, {6, 8}, (11, 12}}. 


We leave it to the reader to check (not entirely trivial) that this procedure yields 
the desired bijection. 


Certain problems involving symmetric matrices are well suited for use of the 
exponential formula. (Analogous results for arbitrary matrices are discussed in 
Section 5.5.) The basic idea is that a symmetric matrix A =(a,,) whose rows 
and columns are indexed by a set V may be identified with a graph G=Gy, 
on the vertex set V, with an edge uv connecting u and v labeled by ayy. (If 
Ayy =0, then we simply omit the edge uv, rather than labeling it by 0. More 
generally, if a,, € P, then it is often convenient to draw a,, (unlabeled) edges 
between u and v.) Sometimes the connected components of G4 have a simple 
structure, so that the exponential formula can be used to enumerate all the graphs (or 
matrices). 


5.2.7 Example. As in Proposition 4.6.21, let S,(2) denote the number of n x n 
symmetric N-matrices A with every row (and hence every column) sum equal to 
two. The graph Gy has every vertex of degree two (counting loops once only). 
Hence the connected components of G4 must be (a) a single vertex with two loops, 
(b) a double edge between two vertices, (c) a cycle of length >3, or (d) a path of 
length >1 with a loop at each end. There are 5(n —1)! (undirected) cycles onn > 3 
vertices, and in! (undirected) paths on n > 2 vertices with a loop at each end. 
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Hence by Corollary 5.1.6, 


Eso =e0(r+ 5 +> sep + +505) 


n>0 2 


= exp (+ +e +5" ) 


2751 2 


Sa x 
= exo( + 5 log! —xy b+ x —) 


x2 
=(1—x)? exo( + 


x 
+ — x) 
Using the technique of Exercise 5.24(c), we obtain the recurrence (writing Sm = 
Sim(2)) 


Sil = (2n sy 1)S, = (n)2 Sn~1 rae (n)2 Sn-2 + 5(n)3 Sn-3> n> 0. 


5.2.8 Example. Suppose that in the previous example A must be a 0-1 matrix 
(i.e., the entry 2 is not allowed). Now the components of G , of type (a) or (b) above 
are not allowed. If we let S*(2) denote the number of such matrices, it follows that 


Yso, = ert ys, a= 


n>0 n>0 
2 


Sir tae el teh 
= (1 —x) at x ri tas). 


As a further variation, suppose we again allow 2 as an entry, but that tr A = 0 (ie., 
al] main-diagonal entries are zero). Now the components of G4 cannot have loops, 
so are of types (b) or (c). Hence, letting 7,,(2) be the number of such matrices, we 
have 


we = = = v0 § a es soe _ oe 


n>0 2053 


2 
Se eee rt recom chal 
(1 — x) x0( an yr ) 
Similarly, if 7;*(2) denotes the number of traceless symmetric n x n 0-1 matrices 
with line sum 2, then 


ae aya en(5 Doe] 


n>0 n>B 


2 
= (1 — x)" exp(—3 2 =): (5.29) 
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The recurrence relations for S*(2), T,(2), and 7,*(2) turn out to be (using the 
technique of Exercise 5.24(c)) 


* (2) = 2nS*(2) — (n)2 St_,(2) — $(n)3 S*_3(2), 
Tn41(2) = nT,,(2) + nina) > (5) Tn-2(2), 
Tyr (2) = nT (2) + (5)T42(2), 


all valid forn > 0. 


The next example is an interesting variation of the preceding two, where it is 
not a priori evident that the exponential formula is relevant. 


5.2.9 Example. Let X,, = (x;;) be ann x n symmetric matrix whose entries x;; 
are independent indeterminates (over R, say), except that x;; =x,;. Let L(n) be 
the number of terms (i.e., distinct monomials) in the expansion of det X,,, where 
we use only the variables x;; fori < j. For instance, 


2 2 2 
det X3 = x11X22%33 + 2%12%23413 — X73%22 — X11%93 — X]QX33. 


Hence L(3)=5, since the above sum has five terms. One might ask whether we 
should count a monomial that does arise in the expansion of det X,, but whose 
coefficient because of cancellation turns out to be zero. But we will soon see that 
no cancellation is possible; all occurrences of a given monomial have the same 
sign. Suppose now that x € G,. Define 


Max = X1,72(1)X2,2(2) °° * Xn,x(n)s 


where we set xj; = x;; if 7 > i. Thus M, is the monomial corresponding to z in 
the expansion of det X,. Define a graph G,, whose vertex set is [n], and with an 
(undirected) edge between / and w(i) for 1 < i <n. Thus the components of G, 
are cycles of length >1. (A cycle of length 1 is a loop, and of length 2 is a double 
edge.) The crucial observation, whose easy proof we omit, is that M, = M, if 
and only if G,; = G,. Since a permutation z is even (respectively, odd) if and only 
if G,, has an even number (respectively, odd number) of cycles of even length, it 
follows that if M, = M, then M, and M, occur in the expansion of det X,, with 
the same sign. In other words, there is no cancellation in the expansion of det X,,. 
Also note that a graph G on [n], every component of which is a cycle, is equal to 
G,, for some 7 € G,,. (In fact, the number of such z is exactly 27”), where 
has d(zr) cycles of length >3.) It follows that L() is simply the number of graphs 
on [”] for which every component is a cycle (including loops and double edges). 
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Hence 


3 a x? { x" 
— } f 5 { 
OT oa(» 2! 2 (n on] 


n>0 n>3 


2 
S(Leqjy exp( 3 + -), 


Note also that if P, is the permutation matrix corresponding to 7 € G,, then 
G, =G, if and only if P,; + P7'=P, + P>!. Hence L(n) is the number of 
distinct matrices of the form P,, + es where z € G,,. Equivalently, if we define 
m,a € G, to be equivalent if every cycle of m is a cycle or inverse of a cycle of 
o, then L(7) is the number of equivalence classes. 


We conclude this section with some examples where it is more natural to use 
the permutation version of the exponential formula (Corollary 5.1.9). 


5.2.10 Example. Let 2 € G, be a permutation. Suppose that 2 has c; = c;(zr) 
cycles of length i, so }> ic; = n. Form a monomial 


Zan) = ZH te eee 


n 


in the variables t = (ft), to, ...). We call Z(z) the cycle index (or cycle indicator or 
cycle monomial) of 2. Define the cycle index or cycle index polynomial (or cycle 
indicator, etc.) Z(G,) (also denoted Ze, (t), Pe, (t), Cyc( Gy, £), etc.) of SG, by 


1 
Z(G,) = Z(G, t) = S os Zn). 


* reG,, 


(In Section 7.24 we will consider the cycle index of other permutation groups.) It 
is sometimes more convenient to work with the augmented cycle index 


Z(G,) =n! Z(G,) = » Z(x). 


réEeS, 


For instance 


Z(G) = 

Z(G) = i +h 

Z(G3) = 0} + 3th + 2t5 

Z( G4) = tt + 6t2t + Brits + 305 + 6t4. 
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Clearly, if we define f :P— K by f(n) = t), then 
Z(Gn) = D> FAC) FHC2)-+- FAC), 


reG, 
where C), Co, ..., Cx are the cycles of 2. Hence by Corollary 5.1.9, 
e x” x! 
Z(G,)— = ti. 5.30 
d, ( a ape i ( ) 


There are many interesting specializations of (5.30) related to enumerative proper- 
ties of G,,. For instance, fix r € P and let e, (7) be the number of z € G,, satisfying 
xz” = id, where id denotes the identity element of G,,. A permutation 7 satisfies 
x’ = id if and only if cg(t) = 0 whenever d J. Hence 


e,(n) = Z(Gn) | 1, dlr 


It follows that 


0, dir 
xd 
= exp een , (5.31) 
|r 
In particular, the number e2(7) of involutions in G,, satisfies 

bi x? 
Y_ en(n)— = exp (« +—}. (5.32) 

0 n! 2 


This is the same generating function encountered way back in equation (1.10). 
Now we are able to understand its combinatorial significance more clearly. 


There is a surprising connection between (a) Corollary 5.1.9, (b) the relationship 
between linear and circular words obtained in Proposition 4.7.11, and (c) the bijec- 
tion 7 +> # discussed in Section 1.3 between permutations written as products of 
cycles and as words. Basically, such a connection arises from a formula of the type 


Ets 5 
a I f(a) = exp Dee —Ntig@)— 
because n! is the number of linear words (permutations) on [7], while (x — 1)! is 
the number of circular words (cycles). The next example may be regarded as the 
archetype for this line of thought. 
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5.2.11 Example. Let 


F(x) = [Ja ~t,.x)7!, (5.33) 
k 


where & ranges over some index set, say k € P. Thus 


log F(x) = YS“ Iog(t — x)! 
k 


=> yee 
k 


n>1 a 


= ply—, (5.34) 
n 


n>1 
where p,(t) = >_, t@. On the other hand, it is clear from (5.33) that 


F(x) =) An(e)x", (5.35) 


n>0 


where h,,(t) is the sum of all monomials of degree n in t = (ft), h, ...), ie., 


Ali > leh 


Qa, +tag+ =n 
a;eN 
(In Chapter 7 we will analyze the symmetric functions p,(t) and h,(t), as well as 
many others, in much greater depth.) From (5.34) and (5.35) we conclude 


x" x" 
yun! hin(t)— = exp ye Pr(t)—. (5.36) 


n>0 n>1 


We wish to give a direct combinatorial proof. By Corollary 5.1.9, the right-hand 
side is the exponential generating function for the following structure: Choose a 
permutation 7 <€ G,, and weight each cycle C of x by a monomial #?© for some 
k. Define the total weight of z to be the product of the weights of each cycle. For 
instance, the list of structures of weight u*v (where u =f, and v = fy, say) is given 
by 


(1) (2) 3) (12) (3) 
uu vp uu v 
(1) (2) 3) (13) (2) (5.37) 
a“ ev eu uuu 
(1) (2) (3) (1) (23) 


v uk ou v uu 
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Moreover, the left-hand side of (5.36) is clearly the exponential generating function 
for pairs (77, t°), where x € G, and £7 is a monomial of degree n in t. Thus the 
structures of weight u?v are given by 


123, uv 231, u2v 
132, uv 312, uv (5.38) 
213, uv 321, u2v. 


In both (5.37) and (5.38) there are six items. 

In general, in order to prove (5.36) bijectively, we need to do the following. 
Given a monomial ¢? of degree n, find a bijection @ : Cz > G,, where C, is 
the set of all permutations z in G,, with ie cycle C weighted by ve for some 
j =Jj(C), such that the total weight Ict*, He is equal to t°. To describe od, first 
impose some linear ordering on ue tj’s, Say t) < tz < ---. For fixed j, take all 
the cycles C of z with weight r* : Cand write their standard representation (in the 
sense of Proposition 1.3.1), i.e., the largest element of each cycle is written first in 
the cycle, and the cycles are written left to right in increasing order of their largest 
elements. Remove the parentheses from this standard representation, obtaining a 
word w ;. Finally set @(77) = (w, t*), where w = ww - - - Guxtaposition of words). 
For instance, suppose z is the weighted permutation 


_ (19) (82) (3) G47) (6) 
= vu Hu Vv Uuu UU 


where u < v. The cycles weighted by u’s and v’s, respectively, have standard form 


(6)(754)(82) (weight u°) 
(3)(91) (weight v°). 


Hence 


wy, = 675482, uw, = 391, 
(7) = (675482391, u°v?). 


It is easy to check that ¢ is a bijection. Given (w, t7), the monomial ¢* determines 
the words w; with their weights te | Bach word w; ; then corresponds to a collec- 
tion of cycles C (with weight r; ne ly using the inverse of the bijection 2 +> 7 of Sec- 
tion 1.3. 

A similar argument leads to a direct combinatorial proof of equation (4.39); see 
Exercise 5.21. 


5.3 Enumeration of Trees 


Trees have a recursive structure which makes them highly amenable to the methods 
of this chapter. We will develop in this section some basic properties of trees as 
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a prelude to the Lagrange inversion formula of the next section. Trees are also 
fascinating objects of study for their own sake, so we will cover some topics not 
strictly germane to the composition of generating functions. 

For the basic definitions and terminology concerning trees, see the Appendix of 
Volume 1. We also define a planted forest (also called a rooted forest or forest of 
rooted trees) to be a graph for which every connected component is a (rooted) tree. 
We begin with an investigation of the total number p;(7) of planted forests with k 
components on the vertex set [n]. Note that p; (7) is just the number r(7) of rooted 
trees on [7]. If S € [n] and #S = k, then define ps(n) to be the number of planted 
forests on [7] with k components, whose set of roots is S. Thus p(n) = (7) ps(n), 
since clearly ps(m) = pr(n) if #S = #T. 


5.3.1 Proposition. Let 


y=R)= Dre, 


n>1 


where r(n) as above is the number of rooted trees on the vertex set [n] (with 
r(Q) = 0). Then y = xe”, or equivalently (since x = ye~”), 


y=(re*y-), (5.39) 
Moreover, fork € P we have 
ay = = Pa. (5.40) 
n>] 


Proof. By Corollary 5.1.6, e” is the exponential generating function for planted 
forests on the vertex set [7]. By equation (5.19), xe” is the exponential generating 
function for the following structure on [x]. Choose a root vertex 1, and place a 
planted forest F on the remaining vertices [7] — {i}. But this structure is equivalent 
to a tree with root 7, whose subtrees of the root are the components of F’. (See 
Figure 5-6.) Thus xe” is just the exponential generating function for trees, so 
y =xe”. Equation (5.40) then follows from Proposition 5.1.3. oO 


In the functional equation y = xe” of Proposition 5.3.1, substitute xe” for the 
occurrence of y on the right-hand side to obtain 


y=xe 


Again making the same substitution yields 
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(a) 


(b) 


Figure 5-6. A rooted tree built from the subtrees of its root. 


Iterating this procedure yields the “formula” 


y = xer® (5.41) 


The precise meaning of (5.41) is the following. Define yp =x and for k > 0, 
Yep) = xXE*. Then limy-+oo ye = y, where the limit exists in the formal power se- 
ries sense of Section 1.1. Moreover, by Corollary 5.1.6 and the second case of 
Proposition 5.1.15, we see that 


So r}(n) = n (as is obvious from the definition of r;(n)). 
The following quantities are closely related to the number r(7) of rooted trees 
on the vertex set [7]: 


t(n) = number of free trees on [7] 
f(n) = number of free forests (i.e., disjoint unions of free trees) on [7] 
p(n) = number of planted forests on [77]. 


We set 1(0) = 0, f(0) = 1, p(O0) = 1. Also write T(x) = E,(x), F@) = Eg(x), 
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and P(x) = E,(x). It is easy to verify the following relations: 


r(n) = np(n — 1) = at(n), p(n) =t(n + 1), 
F(x) =e'™, P(x) = e®™), (5.42) 
P(x) =T'(), R(x) = x P(x). 


5.3.2 Proposition. We have ps(n) = kn"—*"! for any S C Ce): Thus 


p(n) = ej are = (; - ve 


r(n) =n"! 


t(n) = n"~ 


pin)= (n+. 


2 


First Proof. The case n=k is trivial, so assume n > k + 1. The number of 
sequences s = (S),...,S,-,) with s; € [n] forl <i<n—k-—1lands,_, € Sis 
equal to kn"~*~!. Hence we seek a bijection y : T,,5 > [n]’~*~! x S, where Th, 
is the set of planted forests on [n] with root set S. Given a forest o € 7,5, define 
a sequence 0), 02, ...,0,~441 Of subforests (all with root set S) of a as follows: 
Set 0, =o. If i < n —k +1 and o; has been defined, then define o;+, to be the 
forest obtained from o; by removing its largest nonroot endpoint v; (and the edge 
incident to v;). Then define s; to be the unique vertex of o; adjacent to v;, and 
let y(o) = (5), $2, ---, Sn—z). The sequence y(o) is called the Priifer sequence or 
Priifer code of the planted forest o. Figure 5-7 illustrates this construction with 
a forest o = 0; € Ti, ,42,7; and the subforests o;, with vertex v; circled. Hence for 
this example y(o) = (5, 11,5, 2, 9, 2, 7,5, 7). 

We claim that the map y : 7,5 — [n]"~*~! x S is a bijection. The crucial fact is 


that the largest element of [n] — S missing from the sequence (5s), ..., 5,;—~) must 
be v, [why?]. Since v; and s, are adjacent, we are reduced to computing o2. But 
y (07) = (52, 53,--.,5n—k) (keeping in mind that the vertices of o2 are [n] — {vy}, 
7 2 7 2 7 2 a 2 
4 - -. és -. és -. ~ 
ob ul to 4 a 14 not 4 1 4 
8 8 
oO; O02 03 Oo 
7 2 7 2 7 ry T e 7 ry 
2 2 
i’: ia - Be ; ‘y 2 os 
3 3 9 3 5 
1 4 1 1 I 
Os 6 O07 Og (of) 


Figure 5-7. Constructing the Priifer sequence of a labeled forest. 


ee 
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and not [7 — 1]). Hence by induction on n (the case n = k + 1 being easy) we can 
recover o uniquely from any (5, ..., S,—,), So the proof is complete. 0 


5.3.3 Example. Let S= {2,7} and (s;,...,59)=(5, 11,5, 2,9, 2,7,5,7), so 
n—k=9 and n=11. The largest element of [11] missing from (s),..., 59) is 
10. Hence 10 is an endpoint of o adjacent to s;=5. The largest element of 
[11] — {10} missing from (s,..., 59) =(11,5, 2,9, 2, 7,5, 7) is 8. Hence 8 is 
an endpoint of 02 adjacent to s2 = 11. The largest element of [11] — {8, 10} miss- 
ing from (s3,..., 59) == (5, 2,9, 2,7, 5,7) is 11. Hence 11 is an endpoint of 03 
adjacent to s3 = 5. Continuing in this manner, we obtain the sequence of endpoints 
10, 8, 11, 6, 4, 9, 3, 1,5. By beginning with the roots 2 and 7, and successively 
adding the endpoints in reverse order to the vertices (so, ..., 51) =(7, 5, 7, 2, 9, 2, 
5, 11, 5), we obtain the forest o = 0, of Figure 5-7. 


Second proof of Proposition 5.3.2. We will show by a suitable bijection that 


np,(n) = e( nt (5.43) 


The underlying idea of the bijection is that a permutation can be represented both as 
a word and as a disjoint union of cycles. The bijection can be simplified somewhat 
for the case of rooted trees (k = 1), so we will present this special case first. Given 
a rooted tree t on the vertex set [n], circle a vertex s € [n]. Let w= wi, w2--- wx 
be the sequence (or word) of vertices in the unique path P in t from the root 
r to s. Regard w as a permutation of its elements written in increasing order. 
For instance, if w = 57283, then w represents the permutation given by w(2) =5, 
w(3)=7, w(5) =2, w(7) = 8, w(8) = 3, which in cycle notation is (2, 5)(3, 7, 8). 
Let D,, be the directed graph with vertex set A= {w ,..., wx}, and with an edge 
from j to w(j) for all 7 € A. Thus D,, is a disjoint union of (directed) cycles. 
When we remove from t the edges of the path from 7 to s, we obtain a disjoint 
union of trees. Attach these trees to D,, by identifying vertices with the same label, 
and direct all the edges of these trees toward D,,. We obtain a digraph D(t, s) for 
which all vertices have outdegree one. Moreover, the rooted tree t, together with 
the distinguished vertex s, can be uniquely recovered from D(t, s) by reversing the 
above steps. Since there are n choices for the vertex s, it follows that nr(7) is equal 
to the number of digraphs on the vertex set [7] for which every vertex has outdegree 
one. But such a digraph is just the digraph D; of a function f : [n] > [n] Ge., 
for each j € [n] draw an edge from j to f(j)). Since there are n” such functions, 
we get nr(n) =n", so r(n) =n"~! as desired. 

If we try the same idea for arbitrary planted forests o, we end up needing to 
count functions f from some subset B of [{n] to [n] such that the digraph Dy with 
vertex set [z] and edges j —> f(j) is nonacyclic (i.e., has at least one directed 
cycle). Since there is no obvious way to count such functions, some modification 
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Figure 5-8. An illustration of the second proof of Proposition 5.3.2. 


4 
8 5 10 4 5 
10 8 


P 


D 


w 


Figure 5-9. Two graphical representations of a permutation. 
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of the above biection is needed. Note that the nonacyclicity condition is irrelevant 


when k = 1, since when B = [n] the digraph Dy; is always nonacyclic. 


We now proceed to the correct bijection in the general case. Let o be a planted 
forest on [mn] with k components. Circle a vertex i of o. Figure 5-8 illustrates the 
case m= 16,k =2, 1 = 14. The vertex i belongs to a component t of 0. Remove 
from t the complete subtree 7; with root i (keeping i circled). If i is not the root of 
r then let i’ be the unique predecessor of i in t. (If i is a root, then ignore all steps 
below involving i’.) Let w = w,wz2 - - + wz be the sequence (or word) of vertices in 
the unique path P in t — t; from the root r to i’. Let A={wy,,..., we} be the set 
of vertices of P. In the example of Figure 5-8, we have w = 8, 5, 10, 4. Regard w 
as a permutation of its elements written in increasing order. For our example, the 
permutation is given by w(+) =8, w(5) =5, w(8)= 10, w(10) =4, which in cycle 
notation is (4, 8, 10)(5). Let D,, be the directed graph with vertex set A, and with 


an edge from j to w(j) forall j € A. (See Figure 5-9.) 
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Figure 5-10. The digraph D(o, i). 


When we remove from t — 1; the edges of the path P, we obtain a collection 
of (rooted) trees whose roots are the vertices in P. Attach these trees to D,, by 
identifying vertices with the same label. Direct all the edges of these trees toward 
D,,. For each component of o other than t, and for t;, direct their edges toward 
the root. We obtain a digraph D(o, i) on [n] for which k vertices have outdegree 
zero and the remaining n — k vertices have outdegree one. Moreover, one of the 
vertices of outdegree zero is circled. (See Figure 5-10.) If i is a root of t, then 
D(o, i) is just o with all edges directed toward roots. 

Let B be the set of vertices of D(o, i) of outdegree one. We may identify D(o, 1) 
with the function f : B -> [n] defined by f(a)=bifa — bis an edge of D(o, /). 
Moreover, the circled vertex i belongs to [n] — B 

It is not difficult to reverse all the steps and obtain the pair (0, i) from (f, 1). 
There are np;(n) pairs (o, i). We can choose B to be any (n — k)-subset of [”] in 
(’,) ways, then choose i € [n] — B ink ways, and finally choose f : B — [n] in 


n"-* ways. Hence (5.43) follows. O 


The surprising formula 


R(xe*) = yg eee =x, (5.44) 


! 
al n! 


inherent in equation (5.39) and the formula r(7) =n"! of Proposition 5.3.2, can 
be proved directly as follows: 


a Gee mead is (—nx)* 
n>] n>] k>0 k! 
x™ fm ' 
= en _1\y"+/ -m—1 
~ m! Ds et") yd 
m>1 j=l 
= ee, [anor Vea 1y"0" =}, (5.45) 
melo 


by applying (1.27) to the function f(j)=j”—!. Here we must interpret 0° = 1. 
Then by Proposition 1.4.2(a), the sum in (5.45) collapses to the single term x. 
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The two proofs of Proposition 5.3.2 lead to an elegant refinement of the for- 
mula r(n) =n"—!. Given a vertex v of a planted forest o, define the degree deg v 
of v to be the number of successors of v. Thus v is an endpoint of o if and 
only if deg v =0. If the vertex set of o is [nm], then define the ordered degree se- 
quence A(o)=(61,...,6,), where 5; = degi. It is easy to see that a sequence 
(5,,...,5n) € N” is the ordered degree sequence of some planted forest o on [7] 
with k components if and only if 


S03 —n—k. (5.46) 
i=l 


5.3.4 Theorem. Let 5 = (61,...,6,) €N” with >° 6; =n —k. The number N(6) 
of planted forests o on the vertex set [n] (necessarily with k components) with 
ordered degree sequence A(a) =64 is given by 


wo= (7-1) Bee oN: 
EATING Bcc}: 


Equivalently, 
~—1 
ya eae = (; dea ee ae (5.47) 


where o ranges over all planted forests on (n] with k components. 


First Proof. Consider the first proof of Proposition 5.3.2. The number of times 
7 €[n] appears in the sequence y(c) is clearly equal to deg j, since j is the 
predecessor of exactly deg j vertices v;. Hence for fixed root set S, 


deg | d —k-1 
) ape BMS (xy fee tx) yo xi. 


o€Ths icS 


Now sum over all S € (Ay to obtain (5.47). | oO 


Second Proof. Now consider the second proof of Proposition 5.3.2. The key 
observation here is that for each j [J], the degree of vertex j in the planted 
forest o is equal to the indegree of j in the digraph D(o, 1), or equivalently, 
deg j =#f—'(j). Hence 


oe ; xieen —k > 2 th hi tf), (5.48) 


BC[n] f:B>[n] 
#B=n—-k 


where o ranges over all k-component planted forests on [7]. The inner sum in the 
right-hand side of (5.48) is independent of B and is equal to (x; +--+ + oe aa 
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Hence 


ee we eqecen =#(f)on a a te re, 


which is equivalent to (5.47). Oo 


There is an alternative way of stating Theorem 5.3.4 that is sometimes more 
convenient. Given a planted forest o, define the type of o to be the sequence 


type o = (70, r1,--.), 


where 7; vertices of o have degree i. We also write type o =(ro,1r1,...,1m) if 
r; =0 for j > m. It follows easily from (5.46) that a sequence r=(70, 71, ...) 
of nonnegative integers is the type of some planted forest with n vertices and k 
components if and only if 


ti =n, SG ~—1)r, = —k. (5.49) 


5.3.5 Corollary. Let r=(ro,7,...) be a sequence of nonnegative integers sat- 
isfying (5.49). Then the number M(r) of planted forests o on the vertex set [n]} 
(necessarily with k components) of type r is given by 


a(n) ae, 2 
M(r) = (a a race (7) 


_k(n\ ak)! n 
on @han —(,, ri, ) 

We have been considering up to now the case of labeled trees, i.e., trees whose 
vertices are distinguishable. We next will deal with unlabeled plane forests o, so 
the vertices of o are regarded as indistinguishable, but the subtrees at any vertex (as 
well as the components themselves of a) are linearly ordered. This automatically 
makes the vertices of o distinguishable (in other words, an unlabeled plane forest 
has only the trivial automorphism), so it really makes no difference whether or 
not the vertices of o are labeled. (An unlabeled plane forest with n vertices has n! 
labelings.) Thus all plane forests will henceforth be assumed to be unlabeled. We 
continue to define the degree of a vertex v to be the number of successors (children) 
of v, and the type of o isr =(ro, r), .. .) if 7; vertices have degree i. Equation (5.49) 
continues to be the condition on nonnegative integers ro, 71, ... for there to exist 
a plane forest with n vertices, k components, and type r= (ro, 1, ...). Thus, for 
example, Figure 5-11 shows the ten plane trees of type (3, 1, 2), while Figure 5-12 
illustrates a plane forest with 12 vertices, 3 components, and type (7, 2, 2, 1). 
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Figure 5-11. The ten plane trees of type (3, 1, 2). 
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Figure 5-12. A plane forest of type (7, 2, 2, 1). 


Our goal here is to enumerate unlabeled plane forests of a given type. This 
result will be used in the next section to prove the Lagrange inversion formula. It is 
convenient to work in the context of words in free monoids, as discussed in Section 
4.7, Our alphabet A will consist of letters xo, x), x2, .... (For plane forests with 
maximum degree m, it will suffice to take A= {xo, ...,Xmn}-) The empty word is 
denoted by 1. Define the weight $(x;) of the letter x; by @(x;) =i — 1, and extend 
@ to A* by 


P(wiw2 +++ w;) = d(w)) + d(w2) +--+ + (w;), 
where each w; € A. (Set (1) =0.) Define a subset 6 C A* by 
B=(w € A* : d(w)= — |: and if w = uv where v $ 1, then d(u)>0}. (5.50) 


The elements of B are called Lukasiewicz words; see Example 6.6.7 for further 
information. 
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5.3.6 Lemma. The monoid B* generated by B is very pure (and hence free) with 
basis B. (See Section 4.7 for relevant definitions.) 


Proof. Let w=w),-:-wm, € B*, where w; € A. Let j be the least integer for 
which ¢(w;---wj) < 0, so in fact d(w; ---w;)= — landu=w)---w; € B. 
Clearly if w = vv’ with v € B then u = v. Thus by induction on the length of w, we 
obtain a unique factorization of w into elements of B, so B* is free with basis B. 

To show that B* is very pure, it suffices to show [why?] that we cannot have 


u,v,w € At : =A* — {1} with uv € Band vw € B. But if uv € B then 
ou) = Vand d(u)+-(v) = —1,s0 @(v) <0. This contradicts uw € B, so B* is very 
pure. oO 


Recall from Section 4.7 that if w= w)w2-+- WwW», € A* with w; € A, then acyclic 
shift wjwj+41--- Wm wi +--+ w;-1 Of w is called a conjugate (or A-conjugate if there 
is a possibility of confusion) of w. (The reason for this terminology is that in a 
group G, the elements w)w2--+ w, and w;w;+41 --- wj_1 are conjugate in the usual 
group-theoretic sense.) 


5.3.7 Lemma. A word w€ A* is a conjugate of a word in B* if and only if 
dw) < 0. 


First Proof. Since $(w) is unaffected by conjugation, clearly ¢(w) < 0 for every 
conjugate of a word in B*. We show the converse by induction on the length (in 
A*) £(w) of w. The assertion is clear for €(w) =0 (so w= 1), so assume it for 
words of length < m and let w= w) --- w» where w; € A and ¢(w) < 0. Since 
o(w))+---+6(wm) < 0 and since ¢(w;) < 0 only when ¢(w;) = — 1, it is easily 
seen that some conjugate w’ of w has the form w’ =x,4)xgu for some s > 0. Since 
o(v) = ¢(w’) < 0, it follows by induction that some conjugate v’ of v lies in B*. 
Specifically, say that v = yz where zy € B* and y £1 (so that if v itself is in B*, 
then we take y = v and z= 1). But then it is easily seen that zx,4;x9y € B*. Since 
ZXs41XHy 1S a conjugate of w, the proof follows by induction. oO 


Second Proof (sketch). The previous proof was straightforward but not particu- 
larly enlightening. We sketch another proof based on geometrical considerations 
which is more intuitive. Given any word u=u,---Um € A*, with u; € A, asso- 
ciate with wu a lattice path LP(u) with m steps in R* as follows. Begin at (0, 0), 
and let the i-th step, for 1 < i < m, be (1, ¢(u;)). Now suppose w € A* and 
@(w) < 0, and consider the path LP(w?). Figure 5-13 illustrates LP(w?) for 
W = XoX1X~x2XGx2x0x3. Suppose o(w) = — k. Let B be the leftmost lowest point 
on LP(w?), and let A be the leftmost point which is exactly & levels higher than 
B. (See Figure 5-13.) The horizontal distance between A and B is exactly m. 
If we translate the part of LP(w*) between A and B so that A is at the origin, 
then the resulting path is equal to LP(v), where v is a conjugate of w belonging 
to B*. Oo 
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(0, 0) 


Figure 5-13. A lattice path LP(w”). 


5.3.8 Example. Let w = x0x1x6x2x)x2X0%3 as in the second proof above. From 
Figure 5-13 we see that if A is translated to (0, 0) then the path between A and B is 
LP(v), where v = X2XOX3XOXIXEXIXZ. The unique factorization of v into elements 
of B is 


v = (x2x0x3%0%1%xG) (x2%5)- 


Since ¢(w) = —2 and L* is very pure, there are precisely two conjugates of w that 
belong to 5*, viz., v and 


“>= (x2x¢) (x2x0x3x0x1x6) 3 


In general, if #(w) = —k then precisely k conjugates of w belong to B*. However, 
these conjugates might not be all distinct elements of A*. For instance, if w =x 
then all k conjugates of w are equal to w. 

We now wish to associate with an unlabeled plane forest o with n vertices a word 
w(o) in A* of length n (and weight #(w(o)) = —k, where o has k components). To 
do this, we first need to define a certain canonical linear ordering on the vertices of 
o, called depth-first order or preorder, and denoted ord(c ). It is defined recursively 
as follows: 

(a) If o has k > 2 components 1), ..., t, (listed in the order defining o as a 
plane forest), then set 


ord(o) = ord(r), ..., ord(t,) (concatenation of words). 


(b) If o has one component, then let t;,..., t; be the subtrees of the root v 
(listed in the order defining o as a plane tree). Set 


ord(a) =v, ord(t)), .-., ord(t;) (concatenation of words). 


The preorder on a plane tree has an alternative informal description as follows. 
Imagine that the edges of the tree are wooden sticks, and that a worm begins just 
left of the root and crawls along the outside of the sticks until (s)he (or it) returns 
to the starting point. Then the order in which vertices are seen for the first time is 
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Figure 5-14. A plane tree traversed in preorder. 


the preorder. Figure 5-14 shows the path of the worm on a plane tree t, with the 
vertices labeled 1 to 11 in preorder. 

Given a plane forest o, let ord(o) = (vj, ..., Un), and set 6; = deg v; (the number 
of successors of u;). Now define a word w(a) € A* by 


wo) = x5, Xs, °° + X4,- 
For the forest o of Figure 5-12 we have 
wo) = X2X3XOxiX2XG ; 
while for the tree t of Figure 5-14, 


w(t) = X3x1X2XpX2X0XIXS : 


The following fundamental lemma has a fairly straightforward proof by induc- 
tion, which will be omitted here. 


5.3.9 Lemma. Let w € A*. Then the map o > w(o) is a bijection from the set 
of plane forests o to B*. 


We now have all the ingredients necessary for our main result on plane forests. 
5.3.10 Theorem. Letr=(ro,r1,...,%m) © N""’, with ori =n and Y(1 — i)ri 


=k > 0. Then the number P(r) of plane forests (necessarily with n vertices and 
k components) of type x (i.e., r; vertices have i successors) is given by 


k n 
Pie) = =( ) 
NATO: 11,+++31m 


5.3 Enumeration of Trees 35 


First Proof. The proof is an immediate consequence of Lemma 4.7.12, but for 
convenience we repeat the argument here. By Lemma 5.3.9, P(r) is equal to the 
number of words w € B* with r; x;’s for all 7. (Regard r; =0 fori > m.) Denote 
by BY the set of all P(r) such words, and similarly let A* be the set of all words 
in A* with r; x;’s for all i. Define a map w : B* x [n] > A* x [k] as follows. Let 
W = W1W2°* > Wn =UyU2-+- Ug € BS, where w; € A and u; € B. Choose i € {n] 
and suppose w; is a letter of u;. Then set 


Y(w, i) = (wiwisi +>: Wi-1, J). 


By Lemma 5.3.6 wy is injective, while by Lemma5.3.7 (and the fact that @(w) = —k 
if w € B*) w is surjective. Hence 


nP(r) = k(#A). 


But clearly by the formula for |G(M)| at the end of Section 1.2 we have 


HAT al . ), (5.51) 
T0Q,11,+-++3lm 


and the proof follows. oO 


Second Proof. Let w € Af (as defined in the first proof), and let C(w) be the set 
of all distinct conjugates of w. If #C(w) =m then m divides n, and every element 
of C(w) occurs exactly n/m times among the n conjugates of w. It follows from 
Lemma 5.3.6 that exactly & conjugates of w belong to B*. Hence there are exactly 
(k/n)m distinct conjugates of w belonging to 5*, so the total number of distinct 
conjugates of elements of At belonging to B* is (k/n)(#A{). The proof follows 
from Lemma 5.3.9 and (5.51). Oo 


The situation of the previous proof is simplest when k = 1. Here the n conjugates 
Wj Wi41 °° W;-1 Of w == wy w2+-+ Ww, € A® are all distinct, and exactly one of them 
lies in B*. Thus P(r) = (1/n)#A}). The fact that the conjugates of w are all distinct 
may be seen directly from the formula )°(i — l)ri = — k, since if w =v? then 
pir; for alli, so pk. 


5.3.11 Example. How many plane trees have three endpoints, one vertex of 


degree one, and two of degree two? This is the case r = (3, 1, 2). Since )>(i — Dri 
=-—![.34+0-1+4+1-2=-— 1, such trees exist; and 


1/ 6 
P(r) == 40; 
w) =(,, - 


in agreement with Figure 5-11. 
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5.3.12 Example. How many plane binary trees t have n + 1 endpoints? (“Bi- 
nary” means here that every non-endpoint vertex has two successors. Without the 
adjective “plane,” “binary” has a different meaning as explained in the Appendix 
of Volume 1.) One sees easily that 7 has exactly n vertices of degree two. Hence 
r=(n+ 1,0,7), and 


1 2 l 1 2 
P(r) = sha Ps 
2n +] n n+1\n 


a Catalan number. These numbers made several appearances in Volume |! and 
will be discussed in more detail in the next chapter (see in particular Exer- 
cise 6.19). Note that in the context of the second proof of Theorem 5.3.10, we 


obtain the expression 
1 2n + 1] 
2n+1 n 


because there are one ) sequences of n 1’s andn + 1 —1’s, and each of them have 
2n + 1 distinct conjugates, of which exactly one has all its partial sums (except 
for the last sum) nonnegative. Alternatively, there are (7") sequences of m 1’s and 
n+ 1 —1’s that end with a —1. Each of them has n +1 distinct conjugates beginning 
with a 1, of which exactly one has all partial sums nonnegative except for the last 
partial sum. This gives directly the expression 1 (*) for the number of plane 
binary trees with m + 1 endpoints. 


5.4 The Lagrange Inversion Formula 


The set x K {{x]] of all formal power series a}x +a2x? + --- with zero constant 
term over a field K forms a monoid under the operation of functional composition. 
The identity element of this monoid is the power series x. Recall from Exam- 
ple 5.2.5 that if f(x) =a,x + ajax? +--- € K[[x]], then we call a power series 
g(x) a compositional inverse of f if f(g(x))=ge(f(x)) =x, in which case we 
write g(x) = f‘-!) (x). The following simple proposition explains when f(x) has 
a compositional inverse. , 


5.4.1 Proposition. A power series f(x)=a,x + aox? +--+. © K[[x]] has a 
compositional inverse f‘~"(x) if and only if a, # 0, in which case f‘"(x) 
is unique. Moreover, if g(x)=b,x + box? +--+ satisfies either f(g(x))=x or 
g(f(x)) =x, then g(x) = f(a). 

Proof, Assume that g(x) = byx +.byx7 +--+ satisfies f(g(x)) =x. We then have 


ay(byx + box? + b3x3 +.+-)+a(byx + box? +... 4+ 43(byx +> pur, 
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Fquating coefficients on both sides yields the infinite system of equations 


ayb, =] 
ayb2 + ayb* =0 
ayb3 + 2ayb,b2 + a3b} = 0 


We can solve the first equation (uniquely) for b, if and only if a; 4 0. We can then 
solve the second equation uniquely for bo, the third for b3, etc. Hence g(x) exists if 
and only if a; # 0, in which case it is unique. The remaining assertions are special 
cases of the fact that in a group every left or right inverse is a two sided inverse. 
For the present situation, suppose for instance that f(g(x)) =x and A( f(x)) =x. 
Substitute g(x) for x in the second equation to get h(x) = g(x), etc. oD 


In some cases the equation y = f(x) can be solved directly for x, yielding 
x = f'~)(y), For instance, one can verify in this way that 


(e* — 1) = log(1 4+ x) 
oe 

CRN Ee, i a, 

c+dx b—dx 


In most cases, however, a simple explicit formula for f‘—! (x) will not exist. We can 
still ask if there is a nice formula or combinatorial interpretation of the coefficients 
of f'—)(x). For instance, from (5.44) we have 


(xe) = Le. (5.52) 


n>1 


Recall that we are always assuming that char K =0. With this assumption, 
the Lagrange inversion formula will express the coefficients of f'~!(x) in terms 
of coefficients of certain other power series. This will allow us to derive re- 
sults such as (5.52) in a routine, systematic way. Somewhat more generally, 
we obtain an expression for the coefficients of [f'"(x)}* for any k€P. In 
offect this determines g( f‘—-(x)) for any g(x), since if g(x) = }° byx* then 
of PM) = Tb f-PE. 

We will give three proofs of the Lagrange inversion formula. The first proof is 
a direct algebraic argument. The second proof regards power series as ordinary 
generating functions and is based on our enumeration of plane forests (Theo- 
vem 5.3.10). Our final proof regards power series as exponential generating func- 
zions and is based on our enumeration of planted forests (Theorem 5.3.4). Thus we 
will give two combinatorial proofs of Lagrange inversion, one using (unlabeled) 
>lane forests and the other (labeled) planted forests. 
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5.4.2 Theorem (The Lagrange inversion formula). Let F(x) =a,x +apx74+--- 
€ xK[[x]], where a, 4 0 (and char K =0), and letk,n € Z. Then 


nlx" ED x)k = kp] (4) = kl F(x)”. (5.53) 


(The second equality is trivial.) Equivalently, suppose G(x) € K[[x]] with G(O) ¢ 
0, and let f(x) be defined by 


f(x) = xG(f()). (5.54) 
Then 
nix" | f(x) = kx” “G(x”. (5.55) 


Nore 1. If k < 0 then F‘-)(x)* and f(x) are Laurent series of the form 
ae pix'. Note also that ifm < & then both sides of (5.53) and (5.55) are 0. 


Nore 2. Equations (5.53) and (5.55) are equivalent since the statement that 
f(x) = F(x) is easily seen to mean the same as f(x) =xG(f(x)) where 
G(x) =x/F(x). 


First Proof of Theorem 5.4.2. The first proof is based on the following innocuous 
observation: If y= }°-7 cnx” is a Laurent series, then 


[x7"]ly’ = 0, (5.56) 
i.e., the derivative of a Laurent series has no x~! term. 
Now set 
FOU ay = pir 
i>k 
so 


x* = SS piF (xy. 


i>k 
Differentiate both sides to obtain 


kxk I = ip F(xy! F'(x) 


i>k 
=> cae ya F(x) 7"! F’(x) (5.57) 
= l i . . 
Fax . 
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Here we are expanding both sides of (5.57) as elements of K ((x)), i.e., as Laurent 
series with finitely many negative exponents. For instance, 


kxko! kxk-! 


Fay (ayx + ax? +--.)" 


= kx! 1G, +dayx+-- 7", 


We wish to take the coefficient of x~! on both sides of (5.57). Since 


sap dana i are 
F(x)" | F (x) = —— — F(x), ; # n, 
i—ndx 


it follows from (5.56) that the coefficient of x~! on the right-hand side of (5.57) is 


[x7 npn F(x) F'(x) = [x np, (a) 


AX + ax? +--- 


— [x!]np, (- 4... :) 
x 


= Pn. 
Hence 
k k~1 
Ca oa = npn = nx" FPO), 
which is equivalent to (5.53). oO 
Second Proof (only fork > 1). Let t, 4),... be (commuting) indeterminates, 
and set 


Gix)=wHpthyxt::-. 


If o is a plane forest, set 


ae ae (5.58) 


i>0 


where r;(o’) is the number of vertices of o of degree i. Now set 
5S, = pa 
vr 


summed over all plane trees with 1 vertices. For instance, 


S| = fo, 52 = lot, 


; 
53 = olf +h. 
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Let 
LOSS i (5.59) 


n>] 


If t is a plane tree whose root has j subtrees, then t is obtained by choosing j 
(nonempty) plane trees, arranging them in linear order, and adjoining a root of 
degree j attached to the roots of the j plane trees. Thus 


tixf(x) = 3 De) (5.60) 
n>] T 


where Tf runs over all plane trees with n vertices whose root is of degree j. Summing 
over all j > 1 yields 


xG(f(x)) = f(x). (5.61) 
Now let k € P. By the definition (5.59) of f(x), we have 
fal = (re fe (5.62) 
n>1 o 


where o runs over all plane forests with n vertices and k components. On the other 
hand, from Theorem 5.3.10 we have 


k n 
[x"] f(x)* =)ir=- Si ( yor trey 
a n San To, Tl],-+-+ 


summed over all N-sequences 7o, 71, ... Satisfying )> r; =n and )\(i~ 1)ri = ~&, 
or equivalently }* 7; =n and )\ir; =n —k. But 


G(x)" = (fo + tx +--+)" 


n ys 
y ( Jerr a ee 
rotr|+--=n YO, Pi, oy 


Thus 
n k k n—-k n 
[x"]f@y = ae ]G(x)", 


which is equivalent to (5.55). Since G(x) has “general coefficients” (i.e., indepen- 
dent indeterminates), the proof follows. ee 


Note that this proof yields an explicit combinatorial formula (5.62) for the 
coefficients of F'—!(x)* = f(x)* in terms of the coefficients of x/F (x) = G(x). 
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Third Proof of Theorem 5.4.2 (again only fork > 1). This proof is analogous to 
the previous proof, but instead of plane forests we use planted forests on (n]. Since 
the vertices are labeled (by elements of {n]), it is necessary to use exponential 
rather than ordinary generating functions. Thus we set 


G(x) = ya — 


n>0 


If o is aplanted forest on [n], en let r;(o) be the number of vertices of degree i, 
and as in (5.58) set r° =f” . Now set 


Sy = Pa 
t 
summed over all rooted trees on [7], and let 


f@) = es 


n>1 
2 3 


x XxX 
= fox + 2ioti + (6tot? + Sih) = cere 


If r is a rooted tree on {n] whose root has degree k, then t is obtained by choosing 
aroot r € [n] and then placing k rooted trees on the remaining vertices [n] ~— {r}. 
By Proposition 5.1.3, we have 


me E( 


where ¢ runs over all ordered k-tuples of rooted trees with total vertex set [7]. 
Thus (since rooted trees are nonempty, so there are k! ways to order k of them on 


[n]), 


x fy = 3b | = (5.63) 


n>l 


where o runs over all planted forests on [”] with k components. Hence by 
Proposition 5.1.15 (equations (5.15) and (5.19)), we have that 


x f(xyh = (Se). 
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where now ¢ runs over all rooted trees on [7] whose root has degree k. Summing 
over all k > 1 yields, as in (5.61), f(x) =xG(f(x)). 
Now let k € P. We have from (5.63) and Corollary 5.3.5 that 


er 1 1 ~ kn (n — k)\t°t;' --- n 
S| are es Olvolin... chad) 


summed over all N-sequences ro, r},... satisfying )>r; =n and )-ir; =n — k. 
Equivalently, 


k n por... 
n Ri Post at raters 
[x"] f(x) Pid a; ( ) QVvopin...” 


TO.) ro.T1, 
urj=n 
Lir;=n—-k 
But 
( x x2 n 
. = Saami = eee 
G(x) = ertg, hea Y ) 
= ( . ) Jes om 
Vojin... 
rotriteesn TO; T1,--- Olro]! 
Thus 
n k k n—k i 
Le" fay = BIG)", 
as desired. . 


5.4.3 Corollary. Preserve the notation of Theorem 5.4.2. Then for any power 
series H(x) € K[[x]] (or Laurent series H(x) € K((x))) we have 


n ~({—1) — fy"-1 ’ ee. : 
n[x" HC (x)) = [x 1’) (Es). (5.64) 
Equivalently, 
nix" JH (f(x)) = [x" "JA" G(x)", (5.65) 


where f(x) =xG(f(x)). 


Proof. By linearity (for infinite linear combinations) it suffices to prove (5.64) or 
(5.65) for H(x) =x*. But this is equivalent to (5.53) or (5.55). oO 
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Let us consider some simple examples of the use of the Lagrange inversion 


formula. Additional applications appear in the exercises. 


5.4.4 Example. We certainly should be able to deduce the formula 
—xy(-1) n—1%" 
(xe *) B n 7 


(equivalent to (5.44)) directly from Theorem 5.4.2. Indeed, letting F(x) =xe™~ 
and k = 1 in (5.53) gives 


[x"](ce* A) = —_— 
n 


1 nn?! ne nr! 
n(n—l! nt | 


More generally, for any k € Z we get 
k 
[x"] ((xem*y-D)* = —[x"*Je™ 
n 


k nee 
ma a Gao (5.66) 


Thus the number of k-component planted forests on [1] is equal to 


nik nik ae ae 
Ay Ae pena ene nk 
k! n (n—k)! k-1 


agreeing with Proposition 5.3.2. Note also that setting k = —1 in (5.66) yields 


1 n” 
ny. = — ——__— >—I ith 0° = 1). 
: een Geil oO me 


Hence 
(> ey ae Se Cea, 
A little rearranging yields the interesting identity 
( —S-@-1 12 “\" = Dati a (5.67) 
n>1 n>0 


Compare Exercise 5.42. 
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5.4.5 Example. Let A be a subset of {2, 3, .. .}. Let ¢4() denote the number of 
ways of beginning with an n-set S, then partitioning S into k blocks where k ¢ A, 
then partitioning each non-singleton block into k blocks where k € A, etc., until 
only singleton blocks remain. (In particular, we can never have a block whose 
cardinality is strictly between 1 and min A.) Set t4(0)=0, and set y=E,,(x). 
Then, as a generalization of both (5.26) and (5.28), we have 


y 
aoe 
néA Hs 
Hence 
{~1} 
k 
x 
bio ( = ye = , 
keA “*° 
so by Theorem 5.4.2, 


x” x21 xk! ee 
n= bla (-55r} | 


When A consists of a single element k, then we have 


j xk-1\ 2 n+ j~1\xi&-D 
ks = oe j ki 


j20 
3 Gua oe 
0 j ki Gk 1) 


Thus (writing % for t4;) (2) =0 unless n = j(k — 1) + 1 for some j € N, and 
Jk\ Gk — 1))! 
AGk-1+1)= ¢ a 
_ Gk)! 
tk’ 


A combinatorial proof can be given along the lines of Example 5.2.6. 


5.5 Exponential Structures 


There are many possible generalizations of the compositional and exponen- 
tial formulas (Theorem 5.1.4 and Corollary 5.1.6). We will consider here a 
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generalization involving partially ordered sets much in the spirit of binomial posets 
(Chapter 3.15). 


5.5.1 Definition. An exponential structure is a sequence Q=(Qi, Qo, ...) of 
posets satisfying the following three axioms: 


(El) For eachn € P, Q, is finite and has a unique maximal element 1, (denoted 
simply by 1), and every maximal chain of Q, has n elements (or length 
n—1). 

(E2) If € Q,, then the interval [z, 1] is isomorphic to I, (the lattice of partitions 
of [k]) for some k. We then write |z | =k. Thusif |z | =k, then every saturated 
chain from to [ has k elements. 

(E3) Suppose z € Q,, and p is a minimal element of Q,, satisfying o < z. Thus 
by (E1) and (E2), [p, 1} = T],. It follows from Example 3.10.4 that{o, 7] = 
MS’ x Ty? x --+ x M% for unique a, a2,...,@, € N satisfying )“ia; =n 
(and }° a; = |z|). We require that the subposet A, ={o € Q, :0 < m} of 
Q,, be isomorphic to Qi" x Q3? x --- x Q%. In particular, if p’ is another 
minimal element of Q, satisfying p’ < 7, then [o, 7] = [p’, 7]. We call 
(@,, a2, ..., Q,) the type of x. 


Intuitively, one should think of Q, as forming a set of “decompositions” of some 
structure S, of “size” n into “pieces” that are smaller S;’s. Then (E2) states that 
given a decomposition of S,, one can take any partition of the pieces of the de- 
composition and join together the pieces in each block in a unique way to obtain a 
coarser decomposition. Moreover, (E3) states that each piece can be decomposed 
independently to form a finer decomposition. 

IfQ=(Q}, Qz, ...)isan exponential structure, then let M(n) denote the number 
of minimal elements of Q,. As will be seen below, all the basic combinatorial 
properties of Q can be deduced from the numbers M(n). We call the sequence 
M=(M(1), M(Q), ...) the denominator sequence of Q. M(n) turns out to play 
a role for exponential structures analogous to that of the factorial function of a 
binomial poset (see Definition 3.15.2(c)). 

We now proceed to some examples of exponential structures. 


5.5.2 Example. (a) The prototypical example of an exponential structure is given 
by Q, =T],. In this case we have M(n) = 1. 

(b) Let V, =V,(q) be an n-dimensional vector space over the finite field F,. 
Let Q,, consist of all collections {W,, W2,..., W,} of subspaces of V,, such that 
dim W; > 0 for all i, and such that V, = W, @ W. ®--- ® W, (direct sum). An 
element of Q, is called a direct sum decomposition of V,. We order Q, in an 
obvious way by refinement, viz., {W1, W2,..., Wi} < (Wy, Wy,..., Wi} if each 
W, is contained in some Wy. It is easily seen that (Qi, Qo, ...) is an exponential 
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structure with 
M(n) = gn)! /nt, 


where (n)!=(1+g)1+9g+q47)---d+q+---+ g"7!)as in Section 1.3. 

(c) Let Q=(Q1, Q2,...) be an exponential structure with denominator sequence 
M =(M(1), M(2), ...). Fix r € P, and define Q“ to be the subposet of Q,, con- 
sisting of all z € Q,, of type (a), @,...,@,-n) such that a; =O unless r divides 
i. Then Q™ =(Q", Sa ...) is an exponential structure with denominator se- 
quence M“?) =(M,(1), M,(2), .. .) given by 


= Mcrn)(rn)! 


MQ) = entre 


(5.68) 


(Equation (5.68) can be seen by a direct argument and is also a special case of 
Lemma 5.5.3.) For instance, if @ =IT=(M), Mo,...), then 1 consists of all 
partitions of [rn] whose block sizes are divisible by r. 

(d) Let r € P, and let S be an n-set. An r-partition of S is a set 


mw = {(By, Bi,..-, Bir), (Ba, Bao, ..., Bar), «+5 (Ber, Bea, ..., Ber)} 


satisfying: 

(i) For each j € [r], the set 7; =(B,;, Bj, ..., Byj} forms a partition of S (into 
k blocks), and 

(ii) For fixed i, #Biy = #B; Ste =#B8;,. 


The set Q, = Q,,(S) of all r-partitions of S has an obvious partial ordering by refine- 
ment which makes (Q), Qz, ...) into an exponential structure with M(n) =n ek, 
(A minimal element po of Q,,(S) may be identified with an (r — 1)-tuple (w),..., 
w,-) of permutations w; € G(S) (the group of all permutations of the set S) via 


p ={(%, wir), ..-, Wr-1(%)), (Y, W1(Y), «++ Wr-1Y)) «+ J 


where S = {x, y,...}, and where we abbreviate a one-element set (z} as z.) The 
type (@1,a2,...,@n) of 7 € Q, is equal to the type of any of the partitions 77, 
i.e., 7; has a; blocks of size 7. (By (ii), all the 2;’s have the same type.) 


The basic combinatorial properties of exponential structures will be obtained 
from the following lemma. 


5.5.3 Lemma. LetQ=(Q1, Qo,...) be an exponential structure with denomina- 
tor sequence (M(1), M(2), ...). Then the number ofx € QO, of type (a), a2, .--» Qn) 
is equal to 
n! M(n) 
1141... n'@rayt+--a,! M1)" ++» M(n)%— 
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Proof. LetN =N(q,...,4a,)be the number of pairs (p, mv.) where p is aminimal 
element of Q, such that p < m and type 7 =(@),...,@,). On the one hand we 
can pick p in M(n) ways, and then pick 2 > p. The number of choices for x 
is the number of elements of I,, of type (a1, ...,@,), which is easily seen (e. g., 
by a simple variation of Proposition 1.3. 2) to equal n!/(1!7 ---n!9ay!---a,!). 
Hence 


n! M(n) 


114. -nltayt-+-a,! 


N= (5.69) 


On the other hand, if K is the desired number of x € Q,, of type (a), ...,a,), then 
we can pick mz in K ways and then choose p < 7. Since Q, has M(n) minimal 
elements, the posetA, = Q{'x x O*™ has M(1)*! --- M(n)™ minimal elements. 
Hence there are M(1)"' -- °M es choices for 9, so 


N=K.-M(1)*--»-M(n)”. (5.70) 
The proof follows from (5.69) and (5.70). oO 
We come to the main result of this section. 


5.5.4 Theorem (The compositional formula for exponential structures). Let(Qj, 
Q2,.. .)be an exponential structure with denominator sequence (M(1), M(2), ...). 
Given functions f :P + K and g:N— K with g(0)=1, define a new function 
h:N- K by 


hin) = Sf" FQ? fae), nd, 


reQ, 
h(O) = 1, 
where type m = (a1, @,...,4n) (so \m| =a, +a, +---+a,). Define formal power 


series F,G, H € K[[x]] by 


F(x) = AO ae ice 
G(x) = E,(x) = oe 
n>0 
A h 
(x) = » Omer 


Then H(x) = G(F(2)). 
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Proof. By Theorem 5.1.4, we have 


= FY)" (£0) 
Ee | ere = Mo oe (Be) - (e my" g(\z\), (5.71) 


reli, 


where type 7 = (a),...,@,). Write t(Q,3 a), a2, ...) for the number of 2 € QO, of 
type (a), @2,...). By Lemma 5.5.3 we have 


See aimee) «| MMO). a, 
t(I1,; 1, a2, dons) i M(1)% iss - M(n)% : 


Hence (5.71) may be rewritten 


|owren = Yo FO)" + $Y (iz), 


TEQn 


ir 

as desired. Oo 
Putting g(n) = 1 forall n > 0 yields: 

5.5.5 Corollary (The exponential formula for exponential structures). Let (Q1, 

Q2, ...)be an exponential structure with denominator sequence (M(1), M(2), ...). 


Given a function f :P — K, define anew functionh:N— K by 


h(n) = > f+ Fey, n> I 


TEO, 
h(O) = 1, 
where type m =(a\,...,Qn). Define F(x) and H(x) as in Theorem. 5.5.4. Then 


A(x) = exp F(x). 
Let us turn to some examples of the use of Corollary 5.5.5. 
5.5.6 Example. Let (Qi, Qo, ...) be an exponential structure with denominator 


sequence (M(1), M(2),...), and write g(n) =#Q,,.. Letting f(i)=1 for all i in 
Corollary 5.5.5 yields h(n) = g(n), so 


daa N= ) PL ay niM(n)” 


n> 


For instance, if n!M(n) = g@)(n)!, then by Example 5.5.2(b) we have that g(n) is 
the number of ways to express V,,(q) as a direct sum (without regard to order) of 
nontrivial subspaces. 

More generally, let Sg(, &) denote the number of z € Q,, satisfying |x| = 
(so for Q= IT, Sg(n, k) becomes the Stirling number S(n, k) of the second kind). 
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Define a polynomial 


Wit) = So rl = > Sot ae (5.72) 


TEQn 


with Wo(t)= 1. Putting f@)=1 and g(k)=t* in Theorem 5.5.4 (or f(i)=¢ in 
Corollary 5.5.5) leads to 


n>0 


x" x" 
pe, WO aah = o0( 2, its) (5.73) 


which is analogous to Example 5.2.2. 


5.5.7 Example. We now consider a generalization of the previous example. Let 
r € P, and define a polynomial 


Parth= So tl nbd, 


mi SST, 


Pot P= "1s 


where the sum ranges over all r-element multichains in Q,,. In particular, P,(1, f) = 
W,,(t) and Pa(r, 1)=Z(Q,,r +1), where Z(Q,, -) is the zeta polynomial of QO, 
(see Section 3.11). Now let Q,, denote Q, witha 6 adjoined, and let ¢ denote the 
zeta function of Q,, (as defined in Section 3. 6). Then clearly forn > 1, 


P,(r,t)= \~ [o°0, 2) — 27 16, 2)] 2), (5.74) 


nmEQ, 
The right-hand side makes sense for any r € Z and thus yields an interpretation 


of Pa(r, t) for r < 0. In particular, since ¢°(0, 7) =0 for all x € Q,,, putting r =0 
in (5.74) yields 


Pn(O, 1) = — ° Un (6, x)" 


TEQn 
=r"! _ 10,2), (5.75) 


where “2, denotes the Mobius function and x the characteristic polynomial (as 
defined in Section 3.10) of @,,. Note that 


Be te d 
My i= Ln (0, = —[t] P,(, t) = — ay PaO t)| 9: (5.76) 
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Now put f(i) = P;(r — 1, 1) and g(k) =1* in Theorem 5.5.4 to deduce 


So Par, t)-——— aE 5 ras = 00 do Par - 1,1) wats) 


n>0 n>] 


= (> P,(r, 1) was) (5.77) 


n>0 
Note that from (5.75) we have 


P,(0, 1) = — )° pn, x) 
TEQ, 
= pn(0,0) = 1, 


by the recurrence (3.14) for Mobius functions. (This also follows from putting 
r = | in (5.77) and comparing with (5.73).) Hence setting r =0 in (5.77) yields 


» P, (0, t) toes | 
mae 2, niM(n) ]— 


n>0 


Applying d/dt to both sides and ens t =0 yields from (5.77) that 
x" 
- ——. 5.78 
2 nim ~ 82s mime oe 


For instance, suppose Q, = 1, the poset of partitions of [2n] with even block 
sizes (Example 5.5.2(c)). By (5.68) we have M(n) = (2n)! /2"n!. Hence 


2" x n 
Te (2n ‘oa oe) 4 (2n)!" 


n>] 


Put 2x = y? to obtain 


“Lind YI = log coshy, 


n>1 


or equivalently (by ae d/dy), 
,2 Mn On Dl = tanh y 
2n-1 


n-| 
on Ly Ea On — DI pr 


n>1 


where E>,_; denotes an Euler (or tangent) number (see the end of Section 3.16). 
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Thus for Q, = 11), we have 
ben = (—1)" Ean-1. 


A primary reason for our discussion of exponential structures is to provide a 
general framework for extending our results on symmetric matrices with equal 
row and column sums (Examples 5.2.7—5.2.8) to arbitrary square matrices. (For 
rectangular matrices, see Exercise 5.65.) Thus let M(n, r) denote the set of alln xn 
N-matrices A =(A;;) for which every row and column sums to r. For instance, 
M«(n, 0) consists of the m x m zero matrix, while M(n, 1) consists of then! n xn 
permutation matrices. We assume that the rows and columns of A are indexed 
by [n]. By a k-component of A € M(n,r), we mean a pair (S, 7) of nonempty 
subsets of [] satisfying the following two properties: 


(i) #S=#T =k, 

(ii) Let ACS, T) be the & x k submatrix of A whose rows are indexed by S and 
whose columns are indexed by T, i.e., A(S, T) =(Ai,;), where (i, j) € S x T. 
Then every row and column of A(S, 7) sums to r, i.e., ACS, T) € M(k, r). 


We call (S, T) a component of A if it is ak-component for some k. A component 
(S, T) is irreducible if any component (S’, T’) with S’C S and T’ CT satisfies 
(S’, T')=(S, T). The matrix AGS, T) is then also called irreducible. For instance, 
({i}, {7}) is a 1-component (in which case it is irreducible) if and only if Ai; =r. 
It is easily seen that the set of irreducible components of A forms a 2-partition 
mz =m Of [n], as defined in Example 5.5.2(d). Conversely, we obtain (uniquely) 
amatrix A € M(n,r) by choosing a 2-partition 7 of [m] and then “attaching” an 
irreducible matrix to each block (5, 7) € x. There follows from Corollary 5.5.5 in 
the case Q; = mn? the following result. 


5.5.8 Proposition. Leth,(a),..., @,)denote the number ofmatrices A € M(n, r) 
such that A has a; irreducible i-components (or equivalently, type tT, = 

(a\,.-.,@n)). Let f,(n) be the number of irreducible n x n matrices A € M(n, r). 
Then 


s- > h, (a, xe, an)ty' Sata i - = exp)» fmin~y. 


n>OQ Qy,...,4n n> 


5.5.9 Corollary. (a) Let H(n,r)=#M(n,r). Then 


DAO. Ns =e DFO. 


n>0 n>] 


(b) Let H*(n, r) denote the number of matrices in M(n,r) with no entry equal 
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tor. Then 


* x" x" 
dans = exp MG 


n>0 n>2 


=e") H(n, n=. (5.79) 


n>0 


Proof. (a) Put each ¢; = 1 in Proposition 5.5.8. 
(b) Since ({i}, {7}) is an (irreducible) 1-component if and only if Aj; =r, the proof 
follows by setting 7} = 0, t2 =f; = --- = 1 in Proposition 5.5.8 (and noting that 


fC) = 1). 0 


There is a simple graph-theoretic interpretation of the 2-partition 2,4 associated 
with the matrix A € M(n,r). Let X = {x),...,x,} and Y={y,,..., y,}, and de- 
fine a bipartite graph I'(A) with vertex bipartition (X, Y) by placing A;; edges 
(or a single edge weighted by A;;) between x; and y;. Thus I'(A) is regular of 
degree r. Then the connected components of (A) correspond to the irreducible 
components of A. More precisely, if IY’ is a connected component of I, then define 


S = {j : x; is a vertex of I} 
T = {j : y; isa vertex of I}. 


Then (S, 7) is an irreducible component of A (or block of 274), and conversely 
all irreducible components of A are obtained in this way. Thus an irreducible 
A € M(n, r) corresponds to a connected regular bipartite graph of degree r with 
2n vertices. As an example, suppose 


0200 1 0 
1002 0 0 
gale 2 DO A 
000 1 0 2 
003 00 0 
01002 0 


The bipartite graph I(A) is shown in Figure 5-15. The 2-partition zr, is given by 
mw = {(234, 146), (16, 25), (S, 3)}, 
of type (1, 1, 1). 


It is not difficult to compute f)(7). Indeed, an irreducible matrix A € M(n, 2) is 
of the form P + PQ, where P is a permutation matrix and Q a cyclic permutation 
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2 4 3 6 1 5 


4 1 6 5 2 3 


Figure 5-15. A bipartite graph '(A). 


matrix. In graph-theoretic terms, (A) is a connected bipartite graph of degree 
two (and therefore a cycle of even length >2) with vertex bipartition (X, Y) where 
#X =#Y =n. There are easily seen to be i(n — 1)!n! such cycles for n > 2, and 
of course just one for n = 1. (Equivalently, there are n! choices for P and (n — 1)! 
choices for Q. If n > 1 then P and PQ could have been chosen in reverse order.) 
There follows from Proposition 5.5.8: 


5.5.10 Proposition. We have 


5 goake 1 x" 
me » hoa, ...,4n)ty! arn = s9(ns+ syee), (5.80) 


n>O G1 ,..,4n n>2 


5.5.11 Corollary. We have 


Y_ H(n,2)=5 = (1 — xy te? 
ni2 


n>0 


Y\ Hn, 2) = (Lx) eB. (5.81) 
ni2 


n>0 
Proof. Put t; = 1 in (5.80) to obtain 


1 x” 1 1 x” 
e015") m0 x45 <) 


n>2 
= ex : ae (l—x)7! 
= p ae 7 98 x 
ay a2, 


Similarly put 4 =O and 1=t;=---=1 (or use (5.79) directly) to obtain 
(5.81). Oo 
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5.6 Oriented Trees and the Matrix—Tree Theorem 


A famous problem that goes back to Euler asks for what graphs G there is a closed 
walk that uses every edge exactly once. (There is also a version for non-closed 
walks.) Such a walk is called an Eulerian tour (also known as an Eulerian cycle). 
A graph which has an Eulerian tour is called an Eulerian graph. Euler’s famous 
theorem (the first real theorem of graph theory) states that G is Eulerian if and only 
if it is connected (except for isolated vertices) and every vertex has even degree. 
Here we will be concerned with the analogous theorem for directed graphs D. We 
want to know not just whether an Eulerian tour exists, but how many there are. We 
reduce this problem to that of counting certain subtrees of D called oriented trees. 
We will prove an elegant determinantal formula for this number, and from it derive 
a determinantal formula, known as the Matrix—Tree Theorem, for the number of 
spanning trees of any (undirected) graph. An application of the enumeration of 
Eulerian tours is given to the enumeration of de Bruijn sequences. For the case 
of undirected graphs no analogous formula is known for the number of Eulerian 
tours, explaining why we consider only the directed case. 

We will use the terminology and notation associated with directed graphs intro- 
duced at the beginning of Section 4.7. Let D=(V, E, ~) be a digraph with vertex 
set V={v,..., vp} and edge set E = {e),..., e,}. We say that D is connected 
if it is connected as an undirected graph. A four in D is a sequence e), €2,..., €; 
of distinct edges such that the final vertex of e; is the initial vertex of e;4; for 
all 1 < ¢ < r — 1, and the final vertex of e, is the initial vertex of e,. A tour 
is Eulerian if every edge of D occurs at least once (and hence exactly once). A 
digraph that has no isolated vertices and contains an Eulerian tour is called an 
Eulerian digraph. Clearly an Eulerian digraph is connected. (Even more strongly, 
there is a directed path between any pair of vertices.) The outdegree of a vertex v, 
denoted outdeg(v), is the number of edges of G with initial vertex v. Similarly the 
indegree of v, denoted indeg(v), is the number of edges of D with final vertex v. A 
loop (edge of the form (v, v)) contributes one to both the indegree and outdegree. 
A digraph is balanced if indeg(v) = outdeg(v) for all vertices v. 


5.6.1 Theorem. A digraph D without isolated vertices is Eulerian if and only if 
it is connected and balanced. 


Proof. Assume D is Eulerian, and let e), ..., e, be an Eulerian tour. As we move 
along the tour, whenever we enter a vertex v we must exit it, except that at the very 
end we enter the final vertex v of e, without exiting it. However, at the beginning 
we exited v without having entered it. Hence every vertex is entered as often as it is 
exited and so must have the same outdegree as indegree. Therefore D is balanced, 
and as noted above D is clearly connected. 

Now assume that D is balanced and connected. We may assume that D has at 
least one edge. We first claim that for any edge e of D, D has a tour (not necessarily 
Eulerian) for which e = e. If e; isa loop we are done. Otherwise we have entered 
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@----=<---¢@ 


Figure 5-16. A nonmaximal tour in a balanced digraph. 


the vertex fin(e,) for the first time, so since D is balanced there is some exit edge 
eé2. Either fin(e2) = init(e,) and we are done, or else we have entered the vertex 
fin(e2) once more than we have exited it. Since D is balanced there is a new edge 
e3 with fin(ez) = init(e3). Continuing in this way, either we complete a tour or else 
we have entered the current vertex once more than we have exited it, in which case 
we can exit along a new edge. Since D has finitely many edges, eventually we 
must complete a tour. Thus D does have a tour for which e = e1. 

Now let e),..., e, be a tour C of maximum length. We must show that r=q, 
the number of edges of D. Assume to the contrary that r <q. Since in moving 
along C every vertex is entered as often as it is exited (with init(e,) exited at the 
beginning and entered at the end), when we remove the edges of C from D we 
obtain a digraph H that is still balanced, though it need not be connected. However, 
since D is connected, at least one connected component H of H contains at least 
one edge and has a vertex v in common with C. Since H, is balanced, there is an 
edge e of H, with initial vertex v. See Figure 5-16, where the edges of a tour C 
are drawn as solid lines, and the remaining edges as dotted lines. The argument of 
the previous paragraph shows that H has a tour C’ of positive length beginning 
with the edge e. But then when moving along C, when we reach v we can take the 
“detour” C’ before continuing with C. This gives a tour of length longer than r, a 
contradiction. Hence r = q, and the theorem is proved. oO 


Our primary goal is to count the number of Eulerian tours of a connected bal- 
anced digraph. A key concept in doing so is that of an oriented tree. An oriented 
tree with root v is a (finite) digraph T with v as one of its vertices, such that 
there is a unique directed path from any vertex u to v. In other words, for every 
vertex u there is a unique sequence of edges e1,..., e, such that (a) init(e,) =u, 
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(b) fin(e,) = v, and (c) fin(e;) = init(e;4,) for 1 < i < r — 1. It is easy to see that 
this means that the underlying undirected graph (i.e., “erase” all the arrows from 
the edges of 7) is a tree, and that all arrows in T “point toward” v. There is a 
surprising connection between Eulerian tours and oriented trees, given by the next 
result. 


5.6.2 Theorem. Let D be a connected balanced digraph with vertex set V. 
Fix an edge e of D, and let v = init(e). Let t(D, v) denote the number of oriented 
(spanning) subtrees of D with root v, and let e(D, e) denote the number of Eulerian 
tours of D starting with the edge e. Then 


€(D, e) = t(D, v) | [Coutdeg) —1)!. (5.82) 
ueV 
Proof. Lete=e1, e2,...,é, be an Eulerian tour E in D. For each vertex u ¥ v, 


let e(u) be the /ast exit from u in the tour, 1.e., let e(u) =e; where init(e;) =u and 
init(e,) ~u for any k > j. 


Claim I. The vertices of D, together with the edges e(u) for all vertices u 4 v, 
form an oriented subtree of D with root v. 


Proof of Claim 1. This is a straightforward verification. Let T be the spanning 
subgraph of D with edges e(u), u # v. Thus if #V = p, then T has p vertices and 
p — 1 edges. We now make the following three observations: 


(a) T does not have two edges f and f’ satisfying init( f) = init( f’). This is clear, 
since both f and f’ can’t be last exits from the same vertex. 

(b) T does not have an edge f with init(f) =v. This is clear, since by definition 
the edges of T consist only of last exits from vertices other than v, so no edge 
of T can exit from v. 

(c) T does not have a (directed) cycle C. For suppose C were such a cycle. Let f 
be that edge of C which occurs after all the other edges of C in the Eulerian 
tour E. Let f’ be the edge of C satisfying fin( f) = init( f’) (=u, say). We 
can’t have u = v by (b). Thus when we enter u via f, we must exit u. We can’t 
exit u via f’, since f occurs after f’, in &. (Note that we cannot have f = f’, 
since then f would be a loop and therefore not a last exit.) Hence /f’ is not the 
last exit from u, contradicting the definition of T. 


It is easy to see that conditions (a)-(c) imply that T is an oriented tree with root v, 
proving the claim. 


Claim 2. We claim that the following converse to Claim | is true. Given a con- 
nected balanced digraph D and a vertex v, let T be an oriented (spanning) subtree 
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of D with root v. Then we can construct an Eulerian tour A as follows. Choose an 
edge e, with init(e,) = v. Then continue to choose any edge possible to continue 
the tour, except we never choose an edge f of T unless we have to, i.e., unless 
it’s the only remaining edge exiting the vertex at which we stand. Then we never 
get stuck until all edges are used, so we have constructed an Eulerian tour A. 
Moreover, the set of last exits of A from vertices u 4 v of D coincides with the 
set of edges of the oriented tree T. 


Proof of Claim 2. Since D is balanced, the only way to get stuck is to end up at 
v with no further exits available, but with an edge still unused. Suppose this is the 
case. At least one unused edge must be a last exit edge, i.e., an edge of T. Let u be 
a vertex of T closest to v in T such that the unique edge f of T with init(f) =u 
is not in the tour. Let y = fin(/). Suppose y + v. Since we enter y as often as we 
leave it, we don’t use the last exit from y. Thus y =v. But then we can leave v, a 
contradiction. This proves Claim 2. 


We have shown that every Eulerian tour A beginning with the edge e has associ- 
ated with it a last-exit oriented subtree T = T(A) with root v = init(e). Conversely, 
we have also shown that given an oriented subtree T with root v, we can obtain all 
Eulerian tours A beginning with e and satisfying T = T (A) by choosing for each 
vertex u # v the order in which the edges from u, except the edge of 7, appear 
in A. Thus for each vertex u we have (outdeg(u) — 1)! choices, so for each T we 
have [ ],,(outdeg(u) — 1)! choices. Since there are t(D, v) choices for T, the proof 
follows. Oo 


5.6.3 Corollary. Let D be aconnected balanced digraph, and let v be a vertex of 
D. Then the number t(D, v) of oriented subtrees with root v is independent of v. 


Proof. Lete be an edge with initial vertex v. By equation (5.82), we need to show 
that the number €(G, e) of Eulerian tours beginning with e is independent of e. 
But e,e2 --- e, is an Eulerian tour if and only if e;e;41 «+ ege1e2 «++ e;-1 is also an 
Eulerian tour, and the proof follows. oO 


In order for Theorem 5.6.2 to be of use, we need a formula for t(G, v). To this 
end, define the Laplacian matrix L = L(D) of a directed graph D with vertex set 
V ={v1,..., Up} to be the p x p matrix 


—mMij; if i ~ j and there are m;; edges with 
Lj = initial vertex v; and final vertex v; 
outdeg(v;) — Mi ifi= J: 


Note that the diagonal entry outdeg(v;) — mj; is just the number of nonloop edges 
of D with initial vertex v;. Hence the Laplacian matrix L(D) is independent of 
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the loops of D. Note also that if every vertex of D has the same outdegree d, then 
the adjacency matrix A (defined in Section 4.7) and Laplacian matrix L of D are 
related by L=dI — A, where I denotes the p x p identity matrix. In particular, if 
A has eigenvalues 41, ...,4,, then L has eigenvalues d — Aj,...,d — Ape 


5.6.4 Theorem. Let D be a loopless digraph with vertex set V ={v,,..., Up}, 
and let 1 < k < p. LetL be the Laplacian matrix of D, and define Lo to be L with 
the k-th row and column deleted. Then 


det Lo = t(D, v,). (5.83) 


Proof. Induction on q, the number of edges of D. First note that the theorem is true 
if D is not connected, since clearly t(D, vy) = 0, while if D, is the component of D 
containing v; and Dy, is the rest of D, then det Lo(D) = det Lp(D,)- det L(D2)=0. 
The least number of edges that D can have is p ~ 1 (since D is connected). Suppose 
then that D has p — 1 edges, so that as an undirected graph D is a tree. If D is not 
an oriented tree with root vz, then some vertex v; # v, of D has outdegree 0. Then 
Lo has a zero row, so det Lp = 0= t(D, vx). If on the other hand D is an oriented 
tree with root vz, then there is an ordering of the set V — {v,} so that Lo is upper 
triangular with 1’s on the main diagonal. Hence det Ly = 1 = t(D, vx). 

Now suppose that D has g > p — 1 edges, and assume the theorem for di- 
graphs with at most g — 1 edges. We may assume that no edge f of D has initial 
vertex vz, Since such an edge belongs to no oriented tree with root 1, and also 
makes no contribution to Lo. It then follows, since D has at least p edges, that 
there exists a vertex u # v; of D of outdegree at least two. Let e be an edge with 
init(e) =u. Let D, be D with the edge e removed. Let D2 be D with all edges e’ 
removed such that init(e) =init(e’) and e’ # e. (Note that D) is strictly smaller 
than D, since outdeg(u) > 2.) By induction, we have det Lo(D,) = t(D, vg) and 
det Lo(D2) = t(Da, v,). Clearly t(D, vg) = t(D}, vg) + T(Do, vx), since in an ori- 
ented tree T with root v; there is exactly one edge whose initial vertex coincides 
with that of e. On the other hand, it follows immediately from the multilinearity 
of the determinant that 


det Lo(D) = det Lo(D1) + det Lo(D2). 
From this the proof follows by induction. 0 
The operation of removing a row and column from L(D) may seem somewhat 
contrived. In the case when D is balanced (so t(D, v) is independent of v), we 
would prefer a description of t(D, v) directly in terms of L(D). Such a description 


will follow from the next lemma. 


5.6.5 Lemma. Let M be a p x p matrix (with entries in a field) such that the 
sum of the entries in every row and column ts 0. Let Mo be the matrix obtained 
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from M by removing the i-th row and j-th column. Then the coefficient of x in 
the characteristic polynomial det(M — xI) of M is equal to (—1)'+/*" p - det(Mp). 
(Moreover, the constant term of det(M — xI) is 0.) 


Proof. The constant term of det(M — xI) is det(M), which is 0 because the rows 
of M sum to 0. 

For definiteness we prove the rest of the lemma only for removing the last row 
and column, though the proof works just as well for any row and column. Add 
all the rows of M — xI except the last row to the last row. This doesn’t affect the 
determinant, and will change the entries of the last row all to —x (since the rows 
of M sum to 0). Factor out —x from the last row, yielding a matrix N(x) satisfying 
det(M — xI) = —x det N(x). Hence the coefficient of x in det(M — xI) is given 
by —det N(0). Now add all the columns of N(O) except the last column to the last 
column. This does not effect det N(0). Because the columns of M sum to 0, the 


last column of N(0) becomes the column vector [0, 0,..., 0, p]’. Expanding the 
determinant by the last column shows that det N(0) = p - det Mo, and the proof 
follows. oO 


Suppose that the eigenvalues of the matrix M of Lemma 5.6.5 are equal to 
[1,.--5 Up With 4p =0. Since det(M —xI) =—x Fees (uj; — x), we see that 


(1y tp - det My = — fh + + [bp-t1- (5.84) 


This equation allows Theorem 5.6.4, in the case of balanced digraphs, to be restated 
as follows. 


5.6.6 Corollary. Let D bea balanced digraph with p vertices and with Laplacian 
matrix L. Suppose that the eigenvalues of L are 4,..., Up with Up =0. Then 
for any vertex v of D, 


1 
t(D, v) = —H1- ++ Mp-1- 
Dp 


Combining Theorems 5.6.2 and 5.6.4 yields a formula for the number of Eulerian 
tours in a balanced digraph. 


5.6.7 Corollary. Let D be a connected balanced digraph with p vertices. Let e 
be an edge of D. Then the number €(D, e) of Eulerian tours of D with first edge 
e is given by 


«(D, e) = (detLo(D)) | [(outdeg(w) — 1)!. 


ueV 


Equivalently (using Corollary 5.6.6), if L(D) has eigenvalues 11,..., Up with 


60 5 Trees and the Composition of Generating Functions 


[Lp =, then 


1 
€e(D,e)= ao) "++ [bp | [Coutdeg@) —1)!. 


ueV 


Let us consider an important special case of Corollary 5.6.7. The Laplacian 


matrix L = L(G) of the undirected graph G with vertex set V = {v;,..., vp} is the 
Pp X p matrix 
Mi; ifi ~ j and there are m;; edges between 
Li = vertices v; and v; 


deg(v;) — mii ifi = ds 


where deg(v;) denotes the degree (number of incident edges) of v;. Let G be the 
digraph obtained from G by replacing each edge e = uv of G witha pair of directed 
edges u > v and v — u. Clearly G is balanced, and G is connected whenever 
G is. Choose a vertex v of G. There is an obvious one-to-one correspondence 
between spanning trees 7 of G and oriented spanning trees T of G with root 
v, namely, direct each edge of T toward v. Moreover, L(G) =L(G). Let c(G) 
denote the number of spanning trees (or complexity) of G. Then as an immediate 
consequence of Theorem 5.6.4 we obtain the following determinantal formula for 
c(G). This formula is known as the Matrix—Tree Theorem. 


5.6.8 Theorem (The Matrix—Tree Theorem). Let G be a finite connected p- 
vertex graph without loops, with Laplacian matrix L=L(G). Let 1 <i < p, and 
let Lo denote L with the i-th row and column removed. Then 


c(G) = det Lo. 


Equivalently, if L has eigenvalues 11, ..., Lp with w, =0, then 


1 
C(G) = =f -++ Mp-1. 
P 


Let us look at some examples of the use of the results we have just proved. 


5.6.9 Example. Let G = K,, the complete graph on p vertices. We have L(K p) = 
pI — J, where J is the p x p matrix of all 1’s, and I is the p x p identity 
matrix. Since J has rank one, p — 1 of its eigenvalues are equal to 0. Since tr J 
= p, the other eigenvalue is equal to p. (Alternatively, the column vector of all 
1’s is an eigenvector with eigenvalue p.) Hence the eigenvalues of pI — J are 
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Pp (p — 1 times) and 0 (once). By the Matrix—Tree Theorem we get 
Lal -2 
c(Kp) = —p?" =p’, 
P 
agreeing with the formula for ¢(n) in Proposition 5.3.2. 


5.6.10 Example. Let I be the group (Z/2Z)” of n-tuples of 0’s and 1’s under 
componentwise addition modulo 2. Define a “scalar product” a - B on T by 


(41,...54n)- (D1, -++1 bn) = > aid; € Z/2Z. 


' Note that since (—1)” depends only on the value of the integer m modulo 2, such 
expressions as (—1)*8+Y° are well defined for a, B, y, 6 € I whether we interpret 
the addition in the exponent as taking place in Z/2Z or in Z. In particular, there 
continues to hold the law of exponents (—1)*+# =(—1)*(—1)8. Let C, be the 
graph whose vertices are the elements of I’, with two vertices a and B connected 
by an edge whenever a + 8 has-exactly one component equal to 1. Thus C, may 
be regarded as the graph formed by the vertices and edges of an n-dimensional 
cube. Equivalently, C,, is the Hasse diagram of the boolean algebra B,,, regarded 
as a graph. Let V be the vector space of all functions f : T — Q. Define a linear 
transformation ® : V — V by 


(®f (a) = nf) — >> (8), 
B 


where B ranges over all elements of I adjacent to a in C,,. Note that the matrix of 
with respect to some ordering of the basis [ of V is just the Laplacian matrix 
L(C,,) (with respect to the same ordering of the vertices of C,,). Now for each 
y € T define a function x, € V by 


xy(a) = (-1)"”. 
Then 
(Dx, (a) = n(-1)*” — }(- 18", 
B 
with f as above. If y has exactly k 1’s, then for exactly n — k values of B do we 
have B-y =a-y, while for the remaining k values of B we have B- y =a-y +1. 


Hence 


(Dx, )(a@) = (n — [(n — k) — k)) (—1)*” 
= 2k xy (a@). 


62 5 Trees and the Composition of Generating Functions 


It follows that x, is an eigenvector of ® with eigenvalue 2k. It is easy to see that 
the x,’s are linearly independent, so we have found all 2” eigenvalues of L, viz., 
2k is an eigenvalue of multiplicity (4), 0 <k <n. Hence from the Matrix-Tree 
Theorem there follows the remarkable result 


n 


(Cn) = x [ene 


k=1 


a ie. (5.85) 
k=1 


A direct combinatorial proof of this formula is not known. 


5.6.11 Example (The efficient mail carrier), A mail carrier has an itinerary of 
city blocks to which he must deliver mail. He wants to accomplish this by walking 
along each block twice, once in each direction, thus passing along houses on each 
side of the street. The blocks form the edges of a graph G, whose vertices are 
the intersections. The mail carrier wants simply to walk along an Eulerian tour in 
the digraph G defined after Corollary 5.6.7. Making the plausible assumption that 
the graph is connected, not only does an Eulerian tour always exist, but we can tell 
the mail carrier how many there are. Thus he will know how many different routes 
he can take to avoid boredom. For instance, suppose G is the 3 x 3 grid illustrated 
below: 


This graph has 192 spanning trees. Hence the number of mail carrier routes 
beginning with a fixed edge (in a given direction) is 192 - 1!42!43! = 18432. The 
total number of routes is thus 18432 times twice the number of edges, viz., 18432 x 
24 = 442368. Assuming the mail carrier delivered mail 250 days a year, it would 
be 1769 years before he would have to repeat a route! 


5.6.12 Example (Binary de Bruijn sequences). A binary sequence is just a se- 
quence of 0’s and 1’s. A (binary) de Bruijn sequence of degree n is a binary 
sequence A = @142 - + + a2 such that every binary sequence b, - -- b, of lengthn oc- 
curs exactly once as a “circular factor” of A, i.e., as a Sequence aj;Q;+41 +++ Qi+n-1, 
where the subscripts are taken modulo n if necessary. Note that there are exactly 2” 
binary sequences of length n, so the only possible length of a de Bruijn sequence 
of degree n is 2”. Clearly any conjugate (cyclic shift) ajaj+1 +++ aqnaja2 +--+ aj_1 of 
ade Bruijn sequence ad? - - - a2 is alsoa de Bruijn sequence, and we call two such 
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sequences equivalent. This relation of equivalence is obviously an equivalence re- 
lation, and every equivalence class contains exactly one sequence beginning with 
n 0’s. Up to equivalence, there is one de Bruijn sequence of degree two, namely, 
0011. It’s easy to check that there are two inequivalent de Bruijn sequences of de- 
gree three, namely, 00010111 and 00011101. However, it’s not clear at this point 
whether de Bruijn sequences exist for all n. By a clever application of Theorems 
5.6.2 and 5.6.4, we will not only show that such sequences exist for all positive 
integers n, but will also count them. It turns out that there are lots of them. For 
instance, the number of inequivalent de Bruijn sequences of degree eight is equal 
to 


13292279957849 15872903807060280344576. 


Our method of enumerating de Bruijn sequence will be to set up a correspon- 
dence between them and Eulerian tours in a certain directed graph D,,, the de Bruijn 
graph of degree n. The graph D,, has 2”—! vertices, which we will take to consist 
of the 2"—! binary sequences of length n — 1. A pair (a1@2 - + - Qn—1, b1b2- -- Dn—1) 
of vertices forms an edge of D,, if and only if a2@3 -- - d,_1 = b1b2--- Dn_2, 1.€., 
e is an edge if the last n — 2 terms of init(e) agree with the first n — 2 terms of 
fin(e). Thus every vertex has indegree two and outdegree two, so D,, is balanced. 
The number of edges of D, is 2”. Moreover, it’s easy to see that D, is connected 
(see Lemma 5.6.13). The graphs D3 and Dy, are shown in Figure 5-17. 

Suppose that E =e é2 --- eg is an Eulerian tour in D,,. If fin(e;) is the binary 
sequence aj14j2 -* - Gj,n—1, then replace e; in E by the last bit a; ,_1. It is easy to see 
that the resulting sequence B(E) = a1 n—142,n—1 ++ + A2",,—1 isa de Bruijn sequence, 
and conversely every de Bruijn sequence arises in this way. In particular, since 
D, is balanced and connected, there exists at least one de Bruijn sequence. In 
order to count all such sequences, we need to compute det Lg(D,,). One way to do 
this is by a clever but messy sequence of elementary row and column operations 
which transforms the determinant into triangular form. We will give instead an 
elegant computation of the eigenvalues of L(D,,) (and hence of det Lo) based on 
the following simple lemma. 


5.6.13 Lemma. Let u and v be any two vertices of D,. Then there is a unique 
(directed) walk from u to v of lengthn — 1. 


Proof. Suppose u =d,a2--+d,_; and v=b,b2 ---b,_,. Then the unique path of 
length n — 1 from u to v has vertices 


Q1Q2***An—1, @2Q3+--An—1b1, A304 -- + A,—\b bp, 
wey An—1 D1 +++ Dg_2, 0102 --- by}. O 


5.6.14 Lemma. The eigenvalues of L(D,) are 0 (with multiplicity one) and 2 
(with multiplicity 2"~' — 1). 
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Figure 5-17. The de Bruijn graphs D3 and D4. 


Proof. Let A(D,) denote the directed adjacency matrix of Dn, i.e., the rows and 
columns are indexed by the vertices, with 


1 if (u, v) is an edge, 
Auy = ‘ 
0 otherwise. 


Now Lemma 5.6.13 is equivalent to the assertion that A"~! = J, the 2"-! x pie 
matrix of all 1’s. If the eigenvalues of A are A,,...Agn-1, then the eigenvalues of 


J=A"™! are An!” ..., ae By Example 5.6.9, the eigenvalues of J are 2”7' 
(once) and 0 (2”—! — 1 times). Hence the eigenvalues of A are 2¢ (once, where ¢ 
is an (n — 1)-st root of unity to be determined), and 0 (2”~! — 1 times). Since the 


trace of A is 2, it follows that ¢ = 1, and we have found all the eigenvalues of A. 
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Now L(D,,) = 21 — A(D,,). Hence the eigenvalues of L are2—A,,...,2—Ag-1, 
and the proof follows from the above determination of A;, ..., Agr-1. Oo 


5.6.15 Corollary. The number Bo(n) of de Bruijn sequences of degree n begin- 
ning with n 0’s is equal to 2" ~". The total number B(n) of de Bruijn sequences 
of degree n is equal to 27". 


Proof. By the above discussion, Bo(n) is the number of Eulerian tours in D,, 
whose first edge is the loop at vertex 00---0. Moreover, the outdegree of every 
vertex of D, is two. Hence by Corollary 5.6.7 and Theorem 5.6.14 we have 


1 nl a-t iy 
Bo(n) — ee 1_y = 92 t : 
Finally, B(n) is obtained from Bo(n) by multiplying by the number 2” of edges, 
and the proof follows. O 
Notes! 


The compositional formula (Theorem 5.1.4) and the exponential formula (Corol- 
lary 5.1.6) had many precursors before blossoming into their present form. A 
purely formal formula for the coefficients of the composition of two exponential 
generating functions goes back to Faa di Bruno [23][24] in 1855 and 1857, and 
is known as Fada di Bruno’s formula. For additional references on this formula, 
see [2.3, p. 137]. An early precursor of the exponential formula is due to Jacobi 
[38]. The idea of interpreting the coefficients of e*“) combinatorially was con- 
sidered in certain special cases by Touchard [69] and by Riddell and Uhlenbeck 
[56]. Touchard was concerned with properties of permutations and obtained our 
equation (5.30), from which he derived many consequences. Equation (5.30) was 
earlier obtained by Pélya [50, Sect. 13], but he was not interested in general com- 
binatorial applications. It is also apparent from the work of Frobenius (see [27, 
bottom of p. 152 of GA]) and Hurwitz [37, §4] that they were aware of (5.30), 
even if they did not state it explicitly. Riddell and Uhlenbeck, on the other hand, 
were concerned with graphical enumeration and obtained our Example 5.2.1 and 
related results. 

It was not until the early 1970s that a general combinatorial interpretation of 
e¥) was developed independently by Foata and Schiitzenberger [26], Bender and 
Goldman [3.3], and Doubilet, Rota, and Stanley [3.12]. The approach most like the 
one taken here is that of Foata and Schiitzenberger. Doubilet, Rota, and Stanley 
use an incidence-algebra approach and prove a result (Theorem 5.1) equivalent 
to our Theorem 5.1.11. The most sophisticated combinatorial theory of power 


! reference such as [mm.n] refers to reference n of the Notes section to Chapter m. A reference without 
a prefix refers to the reference list of this chapter (which follows these notes). 
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series composition is the theory of species, which is based on category theory and 
which was developed after the above three references by A. Joyal [3.23] and his 
collaborators. For further information on species, see [2]. Another category theory 
approach to the exponential formula was given by A. W. M. Dress and T. Miiller 
[16]. The exponential formula has been frequently rediscovered in various guises; 
an interesting example is [51]. A g-analogue has been given by Gessel [29]. 

Let us turn to the applications of the exponential formula given in Section 5.2. 
Example 5.2.3 first appeared in [4.36, Example 6.6]. The generating functions 
(5.27) and (5.28) for total partitions and binary total partitions, as well as the 
explicit formula b(n) =1-3.-5.--(2n — 3), are given by E. Schréder [60] as the 
fourth and third problems of his famous “vier combinatorische Probleme.’ (We will 
discuss the first two problems in Chapter 6.) A minor variation of the combinatorial 
proof given here of the formula for b(n) appears in [21, Cor. 2], though there may 
be earlier proofs of a similar nature. See Exercise 5.43 for a generalization and 
further references. For further work related to Schréder’s fourth problem, see the 
solution to Exercise 5.40. The generating functions and recurrence relations for 
Sn(2) and S*(2) in Examples 5.2.7 and 5.2.8 were found (with a different proof 
from ours) by H. Gupta [35, (6.3), (6.4), (6.7), and (6.8)]. For a generalization, 
see R. Grimson [34]. Example 5.2.9 is due to I. Schur [61] and is also discussed 
in [53, Problem VII.45]. Schur considers some variants, one of which leads to 
the generating function for 7,,(2) given in Example 5.2.8. On the other hand, the 
generating function for 7,*(2) (equation (5.29)) essentially appears (again in a 
different context, discussed here in Exercise 5.23) in [19]. 

We already mentioned that equation (5.30) is due to Pélya (or possibly Frobenius 
or Hurwitz). It seems clear from the work of Touchard [69] that he was aware of the 
generating function exp >> dir (x? /d) of Example 5.2.10. The first explicit statement 
is due to Chowla, Herstein, and Scott [11], the earlier cases 7 = 2 andr prime having 
been investigated by Chowla, Herstein, and Moore [10] and by Jacobstahl [39], 
respectively. Comtet [2.3, Exer. 9, p. 257] discusses this subject and gives some 
additional references. For a significant generalization, see Exercise 5.13(a). 

Example 5.2.11 was found in collaboration with I. Gessel. Similar arguments 
appear in Exercise 5.21 and in the paper [48] of Metropolis and Rota. 

The concept of tree as a formal mathematical object goes back to Kirchhoff 
and von Staudt. Trees were first extensively investigated by Cayley, to whom the 
term “tree” is due. In particular, in [9] Cayley states the formula r(n) =n"~* for 
the number of free trees on an n-element vertex set, and he gives a vague idea of 
a combinatorial proof. Cayley pointed out, however, that an equivalent result had 
been proved earlier by Borchardt [4]. Moreover, this result appeared even earlier 
in a paper of Sylvester [68]. Undoubtedly Cayley and Sylvester could have fur- 
nished a complete, rigorous proof had they had the inclination to do so. The first 
explicit combinatorial proof of the formula t(n) = n"—2 is due to Priifer [52], and 
is essentially the same as the case k = 1 of our first proof of Proposition 5.3.2. 
The second proof of Proposition 5.3.2 (or more precisely, the version given for 
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trees at the beginning of the proof) is due to Joyal [3.23, Example 12, pp. 15-16]. 
The more general formula for ps(n) given in Proposition 5.3.2 was also stated by 
Cayley and is implicit in the work of Borchardt. Raney [55] uses a straightfor- 
ward generalization of Priifer sequences to give a formal solution to the functional 


equation 
) Aje®* =X. 
i 


A less obvious generalization of Priifer sequences was given by Knuth [40] and is 
also discussed in [47, §2.3]. 

The connection between Priifer sequences and degree sequences of trees was 
observed by Neville [49]. It was also pointed out by Moon [45][46, p. 72] and 
Riordan [57], who noted that it implied the case k= 1 of Theorem 5.3.4. The 
second proof of Theorem 5.3.4 is based on the paper [42] of Labelle. 

The enumeration of plane (or ordered) trees by degree sequences (the case 
k =1 of Theorem 5.3.10) is due to Erdélyi and Etherington [20]; their basic tool 
is essentially the Lagrange inversion formula. (Erdélyi and Etherington work with 
“non-associative combinations” rather than trees, but in [22] Etherington points out 
the connection, known to Cayley, between non-associative combinations and plane 
trees.) The first combinatorial proof of Theorem 5.3.10, essentially the proof given 
here, is due to Raney [54, Thm. 2.2]. (Raney works with “words” or more generally 
“lists of words” rather than trees; his words are essentially the Lukasiewicz words 
of equation (5.50).) Raney used his result to give a combinatorial proof of the La- 
grange inversion formula, as discussed below. The crucial combinatorial result on 
which the proof of Theorem 5.3.10 is based is Lemma 5.3.7. This result (including 
the statement after Example 5.3.8 that if é(w) = —k then precisely k cyclic shifts 
of w belong to B*) is part of a circle of results known as the Cycle Lemma. The 
first such result (which includes the case A= {xo, x_1} of Lemma 5.3.7) is due to 
Dvoretsky and Motzkin [17]. For further information and references, see [18]. For 
further information on the extensively developed subject of tree enumeration, see 
for instance [33][41, §2.3][46][47]. 

The Lagrange inversion formula (Theorem 5.4.2) is due, logically enough, to 
Lagrange [43]. His proof is the same as our first proof. This proof is repeated by 
Bromwich [5, Ch. VII, 855.1], who gives many interesting applications (see our 
Exercises 5.53, 5.54, and 5.57). The first combinatorial proof is due to Raney [54]. 
His proof is essentially the same as our second proof, though as mentioned earlier 
he worked entirely with words and only implicitly with plane trees and forests. 
Streamlined versions of Raney’s proot appear in Schiitzenberger [62] and Lothaire 
[4.21, Ch. 11]. Our third proof of Theorem 5.4.2 is essentially the same as that of 
Labelle [42]. For some further references, see [2.3, pp. 148-149] and [28]. 

There have been many generalizations of the Lagrange inversion formula. For 
fascinating surveys of multivariable Lagrange inversion formulas and their inter- 
connections, see Gessel [30] and Henrici [36]. Gessel gives a combinatorial proof 


68 5 Trees and the Composition of Generating Functions 


which generalizes our third proof of Theorem 5.4.2. There has also been consider- 
able work on qg-analogues of the Lagrange inversion formula. Special cases were 
found by Jackson and Carlitz, followed by more general versions and/or appli- 
cations due to Andrews, Cigler, Garsia, Garsia and Remmel, Gessel, Gessel and 
Stanton, Hofbauer, Krattenthaler, Paule, et al. A survey of these results is given by 
Stanton [66]. A subsequent unified approach to g-Lagrange inversion was given 
by Singer [63]. Finally, Gessel [28] gives a generalization of Lagrange inversion 
to noncommutative power series (as well as a g-analogue). 

Exponential structures (Definition 5.5.1) were created by Stanley [65]. Their 
original motivation was to “explain” the formula uw, =(—1)" E2,-; of Exam- 
ple 5.5.7, which had earlier been obtained by G. Sylvester [67] by ad hoc reasoning. 
(An equivalent result, though not stated in terms of posets and Mobius functions, 
had earlier been given by Rosen [59, Lemma 3].) Exponential structures are closely 
related to the exponential prefabs of Bender and Goldman [3.3]; see [65] for further 
information. 

We have already encountered the function H(n, r) of Corollaries 5.5.9 and 5.5.11 
in Section 4.6 (where it was denoted H,,(r)). In that section we were concerned 
with the behavior of H(n,r) for fixed n, while here we are concerned with fixed 
r. Corollary 5.5.11 was first proved by Anand, Dumir, and Gupta [4.1, §8] using 
a different technique (viz., first obtaining a recurrence relation). The approach we 
have taken here first appeared in [4.36, Example 6.11]. 

The characterization of Eulerian digraphs given by Theorem 5.6.1 is a result of 
Good [32], while the fundamental connection between oriented subtrees and Eule- 
rian tours in a balanced digraph that was used to prove Theorem 5.6.2 was shown 
by van Aardenne-Ehrenfest and de Bruijn [1, Thm. Sa]. This result is sometimes 
called the BEST Theorem, after de Bruijn, van Aardenne-Ehrenfest, Smith, and 
Tutte. However, Smith and Tutte were not involved in the original discovery. (In 
[64] Smith and Tutte give a determinantal formula for the number of Eulerian tours 
in a special class of balanced digraphs. Van Aardenne-Ehrenfest and de Bruijn re- 
fer to the paper of Smith and Tutte in a footnote added in proof.) The determinantal 
formula for the number of oriented subtrees of a directed graph (Theorem 5.6.4) is 
due to Tutte [70, Thm. 3.6]. The Matrix—-Tree Theorem (Theorem 5.6.8) was first 
proved by Borchardt [4] in 1860, though a similar result had earlier been published 
by Sylvester [68] in 1857. Cayley [8, p. 279] in fact in 1856 referred to the not yet 
published work of Sylvester. For further historical information on the Matrix-Tree 
Theorem, see [47, p. 42]. Typically the Matrix-Tree Theorem is proved using the 
Binet—Cauchy formula (a formula for the determinant of the product of anm x n 
matrix and ann xm matrix); see [47, §5.3] for such a proof. Additional information 
on the eigenvalues of the adjacency matrix and Laplacian matrix of a graph may 
be found in [12][13][14]. 

The fundamental reason underlying the simple product formula for c(C,,) given 
by equation (5.85) is that the graph C,, has a high degree of symmetry, viz., it is a 
Cayley graph of the abelian group Tr = (Z/2Z)". This is equivalent to the statement 
that I’ acts regularly on the vertices of C,, i.e., I is transitive and only the identity 


Notes 69 


element fixes a vertex. For the complexity of an arbitrary Cayley graph of a finite 
abelian group, see Exercise 5.68. In general, it follows from group representation 
theory that the automorphism group of a graph G “induces” a factorization of the 
characteristic polynomial of the adjacency matrix of G; see e.g. [13, Ch. 5] for an 
exposition. For further aspects of Cayley graphs of (Z/2Z)", see [15]. 

The de Bruijn sequences of Example 5.6.12 are named after Nicolaas Govert de 
Bruijn, who published his work on this subject in 1946 [6]. However, it was found 
by Stanley in 1975 that the problem of enumerating de Bruijn sequences had been 
posed by de Riviére [58] and solved by Flye Sainte-Marie in 1894 [25]. See [7] 
for an acknowledgment of this discovery. De Bruijn sequences have a number of 
interesting applications to the design of switching networks and related topics. For 
further information, see [31]. Additional references to de Bruijn sequences may 
be found in [44, p. 92]. 
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Exercises 


5.1. a. [2—] Each of n (distinguishable) telephone poles is painted red, white, blue, 


5.2. a. 


or yellow. An odd number are painted blue and an even number yellow. In 
how many ways can this be done? 

[2] Suppose now the colors orange and purple are also used. The number of 
orange poles plus the number of purple poles is even. Now how many ways 
are there? 


[3-] Write 


ne al 
1+ >) fax = exp) n—, 


n>1 n>1 


where h,, € Q (or any field of characteristic 0). Show that the following four 
conditions are equivalent for fixed N € P: 
(i) fp € Z for all n € [N]. 

(ii) hn € Zand ee ha w(n/d) = 0 (mod n) for all n € [N], where 
denotes the ordinary number-theoretic Mébius function. 

(iii) hy» € Z for all n € [N], and hy, = hnyp (mod p’), whenever n € [N] 
and p is a prime such that p’|n, p’t! fn, r > 1. 

(iv) There exists a polynomial P(t)= []}(t — a;) € Z[t] (where a; € C) 
such that hn = D>, a” for all n € [N]. 


. [2+] (basic knowledge of finite fields required) Let S be a set of polynomial 


equations in the variables x), ..., x, over the field F,. Let N, denote the 
number of solutions (@), ..., @,) to the equations such that each a; € Fn. 
Show that the generating function 


Z(x)= exp 2 Nn — 


n>1 


has integer coefficients. 


. [3-] Show that ifa,,...,a@y € C and aw € Zfor all n € P, then 


Tht — a) € Ziel. 


- [2-] Let f(n)=1-3-5---(2n — 1) and g(n) = 2"n!. Show that E,(x)= 


E,(x). 


. [3-] Give a combinatorial proof based on Proposition 5.1.1. 


[2] A threshold graph is a simple (i.e., no loops or multiple edges) graph 
which may be defined inductively as follows: 
(i) The empty graph is a threshold graph. 


5.5. 


5.6. 


5.7. 
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(ii) If G is a threshold graph, then so is the disjoint union of G with a 
one-vertex graph. 

(iii) If G is a threshold graph, then so is the (edge) complement of G. 

Let t(n) denote the number of threshold graphs with vertex set [n] (with 

(0) = 1), and let s(m) denote the number of such graphs with no isolated 

vertex (so s(0) = 1, s(1) =0). Set 


re 3 x4 
T(x) = E(x) = 1x 425-485 + 46 +: a 
x2 x3 x4 
S(x) = E,@x) =14+ 5 +45 4235 4-. 


Show that T(x) = e* S(x) and T(x) =2S(x) + x — 1 to deduce 


T(x) = e*(1 — x)/(2 — e*), 
S(x) = (1 — x)/(2 — e*). (5.86) 


b. [2] Let c(n) denote the number of ordered partitions (or preferential arrange- 
ments) of [], so by Example 3.15.10 E,(x) =1/(2 — e*). It follows from 
(5.86) that s(n) = c(n) — nc(n — 1). Give a direct combinatorial proof. 

c. [3-] Let T, denote the set of all hyperplanes x; +x; =0,1 <i <j <n, 
in IR”. The hyperplane arrangement T,, is called the threshold arrangement. 
Show that the number of regions of 7, (i.e., the number of connected com- 
ponents of the space R” — (Jy. H) is equal to t(n). 

d. [3-] Let L,, be the intersection poset of J,,, as defined in Exercise 3.56. Show 
that the characteristic polynomial of L,, is given by 


atl 


Ye D'xtbn. a == 9(5 =) : 


n>0 


This result generalizes (c), since by Exercise 3.56(a) the number of regions 
of S, is equal to |x(L,, —1)I. 
[2+] Let b,(n) be the number of bipartite graphs (without multiple edges) with 
k edges on the vertex set [1]. For instance, bg(3) = 1, b1(3) = 3, b2(3) = 3, and 
b3(3) = 0. Show that 


yD heeng’ — = (sea +qy- aC Nz a. 


n>0 k>0 n>0 
[2] Let x (Kmn, 7) denote the chromatic polynomial (as defined in Exercise 3.44) 
of the complete bipartite graph K,,,. Show that 


n 


dx Kn D— — (e+ 07-191. 


m,n>0 


In this exercise we develop the rudiments of the theory of “combinatorial trigo- 
nometry.” Let E,, be the number of alternating permutations 7 of [n], as discussed 


a ee 
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at the end of Chapter 3.16. Thus 7 = aya) -- - a,, where a) > a2 <a3>---a,, 
a. [2] Using the fact (equation (3.58)) that - 


Boe 
"En re = tanx + secx, 


n>0 


give a combinatorial proof that 1 + tan* x = sec? x. 
b. [2+] Do the same for the identity 
tanx + tan y 


tan(x + y) = 1 — (tanx) (an y)’ (5.87) 


* 5.8. a. [2] The central factorial numbers T(n, k) are defined forn,k € N by 


T(n, 0) = T(0, k) =0, T(1,1)=1, 
Tin, ky=hT(n-1,K)+Tn—1,k-1) — for(n,k) € P ~{(1, 1}, 


Show that 
qe k- 
(-1k-J 
T(n,k) =2 
a) Fea 
and 
5 1 Xx \2k 
LT. WSS = Bp (2sinb5) (5.88) 


n>0 


b. [2] Show that 


xk 
Yo Tin, Ex" ae a eee 


n>0 


c. [2] Show that T(n, k)is equal to the number of partitions of the set {1, 1’, 2, 2’, 
..,n,n’} into k blocks, such that for every block B, if i is the least integer 
for which i € B ori’ € B, then bothi € B andi’ € B. 
d. [2+] The Genocchi numbers G,, are defined by 


a i 3x© 17x8 = 155x!9 —-2073x12 


=x-~— a et ae Sanat i —_—————— — ... 


2! 4! 6! us 8! 10! 12! 


Show that Gan, =Oifm > 1, and that (—1)"G 2, is an odd positive integer. 
(Sometimes (—1)”G2,, is called a Genocchi number.) Note also that 


xtan5 = )\-1"Ga, ony yr 


n>1 


e. 


f. 
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[3] Show that 


n 
Ganga = D(- DG! Fun, i). 

i=l 

[3] Show that (—1)"G2_ counts the following: 

(i) The number of permutations 7 ¢ S>,_ : 
2n — 21 and 2n — 2j < 1(2i) < 2n aN 
(ii) The number of permutations 7 € G2,,_; with descents after even num- 
bers and ascents after odd numbers, e.g., 2143657 and 3564217. (Such 


such that | < wQi — 1) < 


Permutations must end with 27 — |.) 

(iii) The number of pairs (a,, a2, ..., dy,—,) and (h,, ba, .. +» Qn—1) such that 
aj, bj € [i] and every 7 € [nm — 1] occurs at least once among the a;’s 
and b;’s. 


(iv) The number of reverse alternating permutations a; < @2 > @3 < a4 > 
"++ > Gn) Of [2n— 1] whose inversion table (as defined in Section 1.3) 
has only even entries. For example, for n = 3 we have the three permuta- 
tions 45231, 34251, 24153 with inversion tables 42200, 42000, 20200. 


5.9. Let S be a “structure” that can be puton a finite set by choosing a partition of S and 
putting a “connected” structure on each block, so that the exponential formula 
(Corollary 5.1.6) is applicable. Let f(n) be the number of structures that can be 
put on an n-set, and let F(x) = E(x), the exponential generating function of f. 


5.10. 


a. 


Cc. 


[2—] Let g(n) be the number of structures that can be put on an n-set so that 
every connected component has even cardinality. Show that 


E,(x) = J F(x)F(—x). 


- [2] Let e(m) be the number of structures that can be put on an n-set so that 


the number of connected components is even. Show that 


1 1 
E(x) = 5 (Fo + mm) ; 


. [2-] Let k > 2. Give a generating function proof that the number f;,(n) of 


permutations x € G,, all of whose cycle lengths are divisible by k is given by 
17-2-3---k— 1k + Ik +2)--- Qk — Ik + D7(2k +2)---(n—-1) 


if k |n, and is 0 otherwise. 


. [2] Give a combinatorial proof of (a). 


[2] Let k € P. Give a generating-function proof that the number g;(n) of 
permutations z € G, none of whose cycle lengths is divisible by k is given by 
1-2---(k-1)?(K 41)--- (2k —2)(2k ~ 1° (2k +-1)---(n—Dn 
ifk}n 
1-2---(k—-1% (K+ 1)--- (2k ~ 2)(2k ~ 1202k +:1)-- (nn — 2)(n — 1° 
if k |n. 


. [3+] Give a combinatorial proof of (c). 
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5.11. a. [2] Let a(n) be the number of permutations w in G,, that have a square root, 
ie., there exists u € G, satisfying u? = w. Show that 


b. [2—] Deduce from (a) that a(2n + 1) = (2n + 1)a(2n), Is there a simple 
combinatorial proof? 
5.12. [2+] Let f(n) be the number of pairs (u, v) of permutations in G,, satisfying 
u? = v*. Find the exponential generating function F(x) = a oo f(m)x" /n!. 
5.13. a. [2+] Let G be a finitely generated group, and let Hom(G, G,,) denote the set 


of homomorphisms G + G,,. Let jg(G) denote the number of subgroups 
of G of index d. Show that 


x” x4 
#Hom(G, G,)— = iW(G)— ]. 
2, om( oo Ja(G) _ 


Note that equation (5.31) is equivalent to the case G = Z/rZ. 
b. [1+] Let F; denote the free group on s generators. Deduce from (a) that 


d 
yale = oa( iar) (5.89) 


n>0 d>]) 


c. [3-] With G as above, let ug(G) denote the number of conjugacy classes of 
subgroups of G of index d. In particular, if every subgroup of G of index d 
is normal (e.g., if G is abelian) then uz(G) = jg(G). Show that 


Y\ #Hom(G x Z,6,)— =[]a-x4, (5.90) 
ni 
n>0 : d>1 
d. [1+] Let cy(n) be the number of commuting m-tuples (u1,..., Um) 


€ GS? ie., ujuj; =uju; for alli and j. Deduce from (c) that 


Yenle = daa ee, 


n>0 : d>1 


e. [3-] Let h;(n) be the number of graphs (with multiple edges allowed) on the 
vertex set [n] with edges colored 1, 2,...,k — 1 satisfying the following 
properties: 

(i) For each i, the edges colored i have no vertices in common. 

(ii) For each i < k — 1, every connected component of the (spanning) 
subgraph consisting of all edges colored i andi + 1 is either a single 
vertex, a path of length two, a two-cycle (that is, an edge colored i and 
an edge colored i + 1 with the same vertices), or a six-cycle. 

(iii) For each i, j such that j — i > 2, every connected component of the 
subgraph consisting of all edges colored i and / is either a single vertex, 
a single edge (colored either i or j), a two-cycle, or a four-cycle. 
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Show that 


n d 
Do hein) = a(Sriaeo% 


n>0 dk! 


5.14. a. [2—] Let A,(t) denote an Eulerian polynomial, as defined in Section 1.3, and 


set y= ae, A,(t)x"/n!. Show that y is the unique power series for which 
there exists a power series z satisfying the two formulas 
1+ y =exp(tx + z) 
1+27'y =exp(x + 2). 


b. [2+] Show that the power series z of (a) is given by 
x” 
2= DT Anil. 
| n! 
c. [2+] Set(1 + y)? = eee, B,(q, t)x” /n!. Show that 
Bq, t) = gr tay. 


where m(w) denotes the number of left-to-right minima of w, and d(w) 
denotes the number of descents of w. 

d. [2—] Deduce that the coefficient of x”/n! in (1 + y)9/" is a polynomial in g 
and ¢ with integer coefficients. 


. [2] For each of the following sets of graphs, let J (n) be the number of graphs 


G on the vertex set [n] such that every connected component of G is isomor- 
phic to some graph in the set. Find for each set E f= oo f(x"/n!. (Set 
f(0)=1,) 7 

a. Cycles C; of length i > k (for some fixed k > 3) 

b. Stars K);,i > 1 (K;s denotes a complete bipartite graph) 

c. Wheels W; with i > 4 vertices (W, is obtained from C;_, by adding a new 

vertex joined to every vertex of C;_1) 
d. Paths P; withi > 1 vertices (so P; is a single vertex and P> is a single edge). 


. Let G be a simple graph (i-¢., no loops or multiple edges) on the vertex set [7]. 


The (ordered) degree sequence of G is defined tobe d(G) =(dj,..., d,), where 
d; is the degree (number of incident edges) of vertex i. Let f() be the number 
of distinct degree sequences of simple graphs on the vertex set [n]. For instance, 
all eight graphs on [3] have different degree sequences, so f(3)=8. On the 
other hand, there are three graphs on [4] with degree sequence (1, 1, 1, 1), so 
f4 < 9G) = 64. (In fact, f(4) = 54.) 

a. [3+] Show that 


finy = 5° max{1, SOOT. (5.91) 
x 
where X ranges over all graphs on [77] such that every connected component 


is either a tree or has a single cycle, and al] cycles of X are of odd length; 
and where c(X) denotes the number of (odd) cycles of X. 
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[3-] Let 
Fa)=) fm 
n>0 
= pe ee daa pie gaa 
= 14x25 485 +545 +5335 + 6944 $0, 


Assuming (a), show that 


1/2 
l ade ee 
F(x) = 5 (1425 =) (1- Yan =) 


n'-2x7 fn} 
x Erne! / ‘ 


where we set 0° = | in the term n = | of the second sum on the right. 


[2] Fix k,n € P. In how many ways may n people form exactly k lines? (In 
other words, how many ways are there of partitioning the set [n] into k blocks, 
and then linearly ordering each block?) Give a simple combinatorial proof. 


. [2—-] Deduce that 
*ni(n-1 u 
+E ane 
fol tal *! k-—] ! l-—u 
. [2+] Let a € P. Extend the argument of (a) to deduce that 
"ni (n+t(a—Wk—-1\ ,u" XU 
> eo =( jee = exp (5.92) 
il ok! n—k n! (1 — u) 
and 
"Vn! k m 
1+ el Sexpxud tw. (5.93) 
k!i\n—-k n! 
n>] k=1 


Nore. Since these identities hold for all a € P, they also hold if a is an 
indeterminate. 


. [2] Fix k,n,a € N. Let A be a set of cardinality a disjoint from [n]. In 


how many ways can we choose a subset S of [n], then choose a partition 7 
of S into exactly k blocks, then linearly order each block of 7, and finally 


choose an injection f : S > 5 U A, where 5 =[n] — S? Give a simple 
combinatorial proof. 


. [2-] Deduce that 


. n pu” -—a~—1 Xu 
) ) (a+ n)n~X°— =U — 4) exp 
k ni l-—u 


n>0 k=0 


(Note that we obtain (b) by setting a = —1.) 
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3.18. [2] Call two permutations 7,0 € G, equivalent if every cycle C of 7 is a power 
D! (where j depends on C) of some cycle D ofa. Clearly this is an equivalence 
relation; let e() be the number of equivalence classes (with e(0) = 1). Show that 


r" x” 
) e(n)— =exp ) ’ 
! 
n>O ee n=l non) 
where ¢ is Euler’s phi-function. 


3.19. [3-] Define polynomials K,,(a) by 


ul ur 
> K,(a)— = exp( au + <) . 
ni 2 


n>0 


Thus it follows from Example 5.2.10 that 
K,(a) = ya (5.94) 
Tw 


where z ranges over all involutions (i.e., 7* = 1) in G,,, and c,(z) is the number 
of 1-cycles (fixed points) of 2. Using (5.94), give a combinatorial proof of the 


identity 
a 7 abx + 4(a? + b?)x? 
> Kn(@)Kn(b)— =x) 7 re . (5.95) 
n>0 ze 


5.20. a. [2+] A block is a finite connected graph B (allowing multiple edges but not 
loops) with at least two vertices such that the removal of any vertex v and 
all edges incident to v leaves a connected graph. Let B be a collection of 
nonisomorphic blocks. Let b(n) be the number of blocks on the vertex set [n] 
which are isomorphic to some block in B. In other words, if Aut B denotes 
the automorphism group of the block B, then 


n! 
b(n) = pe HAut By’ 


summed over all n-vertex blocks B in B. Call a graph G a B-graph if it is 
connected and its maximal blocks (i.e., maximal induced subgraphs which 
are blocks) are all isomorphic to members of B. For n > 2, let f(n) be the 
number of rooted B-graphs on an n-element vertex set V (i.e., a B-graph 
with a vertex chosen as a root). Set f(0) =0 and f(1) = 1, and put 


B(x) = Bx(x) =) b(n) — 


n>2 


FQ) = Ex) = > fy. 


n>1 
Show that 


F(x) = xe2 FO), (5.96) 
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and hence 


x x 


For instance, if B contains only the single block consisting of one edge, then 
a 5-graph is a (free) tree. Hence f(n) is the number of rooted trees on n ver- 
tices, B(x) = ea fot and F(x) = xe") (agreeing with Proposition 5.3.1). 

b. [2] Let g(x) be the total number of blocks without multiple edges on an 
n-element vertex set. Show that 


where 
peer 2(3) wai 
ys 2G) x 


5.21. [3—] Find a combinatorial proof of equation (4.39). More specifically, using the 
notation of Chapter 4.7, givenapair(z, u), wherex € G, andu € B*, associate 
with it in bijective fashion a permutation o € G,, with a cyclic shift vc of an 
element of B/ attached to each k-cycle C of o. The multiset of letters in u should 
coincide with those in all the vc’s so that the bijection is weight-preserving. 

5.22. [2] Let L(n) be the function of Example 5.2.9, so in particular L(n) is the number 
of graphs on the vertex set [n] for which every component is a cycle (including 
loops and double edges). Give a direct combinatorial proof that 


G(x) = 


Lat Nephi (3) u0 aa 


5.23. [2] Let A bea set {5,,...,6,} of n straight lines in the plane lying in general 
position (i.e., no two are parallel and no three meet at a point). Let P be the 
set of their points 6; 1 4; of intersection, so #P = (ie ). A cloud is an n-subset 
of P containing no three collinear points. Find a bijection between clouds and 
regular graphs on [7] (without loops and multiple edges) of degree two. Hence, 
by (5.29), if c(n) is the number of clouds for #A = n, then 


n 2 

x x x 
3 7 = (1) — x)! pa tire merece 
eer ( x) exp 5 _) 


n>) 


5.24. a. [2+] Let X,, be the convex polytope of all n x n symmetric doubly stochastic 
matrices. Show that the extreme points (vertices) of ©, consist of all matrices 
3(P + P'), where P is a permutation matrix corresponding to a permutation 
with no cycles of even length > 4. 
b. [2+] Let M(n) be the number of vertices of &,,. Show that 


n 1/4 2 
a x 1+x x x 
as ees Se Ne (5.98) 
D Man)— (=) exp(5 + =) 


n=O 


5.25. 


5.26. 


5.27. 


5.28. 
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c. [2+] Find polynomials po(n), ..., p3(7) such that 
M(n+1) = po(n)M(n)+ pin) M(n = 1) + po(n) M(n—2)+ p3(n)M(n-3), 
for alln > 3. 

d. [5—] Is there a direct combinatorial proof of (c), analogous to Exercise 5.22? 


a. [2+] Let UF be the convex polytope of all n x n symmetric substochastic 
matrices (i.e., the entries are >0, and all line sums are < 1). Show that the ver- 
tices of &* are obtained from those of ©,, (defined in the previous exercise) 
by replacing some 1’s on the main diagonal by 0’s. 

b. [2] Let M*(n) be the number of vertices of 2X. Show that 


x" x” 
Trmh emo”, 
n=O n! eo n! 
where M(n) is defined in Exercise 5.24. 
c. [2] Find polynomials pj(n), ..., p3() such that 
M*(n + 1) = pa(n)M*(n) + py (n)M*(n — 1) + p3(n)M*(n — 2) 
+ p3(n)M*(n — 3). 

[2+] Let f(m) be the number of sets S of nonempty subsets of [n] (including 
S = @) such that any two elements of S are either disjoint or comparable (with 


respect to inclusion). Let g(n) be the number of such sets § which contain [n], 
with g(0) = 0. Set 


x? x3 eo be 
F(x) = Es(x)=1 + 2x +8 + 645 + 83277 + 15104 ++ 
x? x? x? x? 
G(x) = E,(x) = nha ar 32 + AIG 1552 Be 2 
Show that F(x) = 1 + 2G(x) and F(x) = e*+&), Hence [why?] 
G(x) = (log(1 + 2x) — xy) (5.99) 


x {-]) 
F(x)-1= (toe +x) -— =) : 


[2] Find the number e(n) of trees with n + 1 unlabeled vertices and n labeled 
edges. Give a simple bijective proof. 

[2+] Letk € P. A k-edge colored tree is a tree whose edges are colored from 
a set of k colors such that any two edges with a common vertex have different 
colors. Show that the number 7;.(”) of k-edge colored trees on the vertex set [7] 
is given by 


a 
Ti(n) = k(nk — n)\(nk ~n —1)---(nk —2n+3) =k(n ->(" wa) 


5.29. a. [2] Let P, be the set of all planted forests on [n]. Let uv be an edge of a forest 


F é P,, such that w is closer than v to the root of its component. Define F to 
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cover the rooted forest F’ if F’ is obtained by removing the edge uv from F, 
and rooting the new tree containing v at vu. This definition of cover defines 
the covering relation of a partial order on P,,. Under this partial order P,, is 
graded of rank n — 1. The rank of a forest F in P,, is its number of edges, 
Show that an element F of P, of rank i covers i elements and is covered by 
(n — t — 1)n elements. 

b. [2] By counting in two ways the number of maximal chains of P,,, deduce 
that the number 7 (7) of rooted trees on [n] is equal to neo". 

c. [2+] Let P, be P, with a I adjoined. Show that 


w(0, 1) =I" - 1", 
where ju denotes the Mébius function of P,. 
[2+] Let R={1,2,...,r}and S={1', 2’,..., s’} be disjoint sets of cardinal- 
ities r and s, respectively. A free bipartite tree with vertex bipartition (R, S) is 
a free tree T on the vertex set R U S such that every edge of T is incident to a 


vertex in R and a vertex in §. By modifying the two proofs of Theorem 5.3.4, 
give two combinatorial proofs that 


> (I) (I) 


T i€R yes 
= (X1-° XO yr +e $4) TO +e + 5), (5.100) 


summed over all free bipartite trees 7 with vertex bipartition (R, S). In partic- 
ular, the total number of such trees (i.e., the complexity c(K,s) of the complete 
bipartite graph K,;) is r°~!s’—, agreeing with the computation at the end of the 
solution to Exercise 2.11(b). 


a. [1+] Let S and T be finite sets, andforeacht € T let x; be an indeterminate. 
Show that 


¥ sw=(28)" 


fT ses teT 


where the first sum ranges over all functions f : S$ > T. 
b. [3-] By considering the case S = [n] and T = [n + 2], show that 


#A-1 cas 


AC{n] ieA eA’ 


where A’ = [n] — A. Note that when A = @, we have 


#A-1 
Xn+1 (se + S| = 1. 


icA 
c. [2—] Deduce from (b) that 


n 


Gato So. (j)xs — kai My + kay, 


k=0 


5.32. a. 
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where x, y, Z are indeterminates. Note that the case z=0 is the binomial 
theorem. 


. [2-] Deduce from (c) the identity 


ie ae gee 
Vat = (=> =] (Der =). 


n>0 n>0 
where we set 0° = 1. 


[2+] Let f :[n] — [n], and let D f denote the digraph of f, i.e., the directed 
graph on the vertex set [n] with an arrow from? to j if f(i) = 7. Thus every 
connected component of Dy contains a unique cycle, and every vertex i of 
this cycle is the root of a rooted tree (possibly consisting of the single point i) 
directed toward i. Let w (i) = tj, (an indeterminate) if vertex i is at distance 
k from a j-cycle of Dr. Let 


wf) = ] [ er. 
i=] 


For instance, if Dy is given by Figure 5-18, then w (1) =#31, w¢(2) = 630, 
w ¢(3) =130, w (4) = th, we(5) = 831, we (6) = ho, We(7) = ha, we (8) = 
ty, ws(9) = f32, wW¢(10) = ta, so 

w(F) = Bots Bahiotty. 


The (augmented) cycle index or cycle indicator Znlt jx) of the symmetric 
semigroup A, =[n]"! of all functions f : [n] — [n] is the polynomial 
defined by 


Znltjk) = > w(f). 
fear 
For instance, 


7 2 2 
2= tig + tog + 2tjot11. 


Figure 5-18. The digraph D,; of a function f : [10] — [10]. 
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Note that 
5 5 a 73 
Zr(tjedr=0 for k>0 = Z(Gn, fo, bos bo, oo mF 


where Z(G,,) is defined in Example 5.2.10. 


Show that 
j 
tj2xe 
Z nt) = ey t joxe exe? . (6.101) 
n>0 jal J 


b. [1+] Put each t;, =1 to deduce (with 0° = 1) that 


-1 


II 
Pe eee 
_— 
| 
= 
a] 
= 
3 
! 
(7% 
Se 
{ 


c. [2] Fix a, b € P. Let g(m) denote the number of functions f : (an) > [4] 
satisfying f7 = f+? (exponents denote functional composition). Show that 


j 


xe™ 
x 1 xe 
> g(in)— = exp), - xe*© (5.102) 
moO jie J ; 
ae’s 
In particular, if a = 1 then 
De gn) = exp) = ~(xe*). (5.103) 


n>0 jo J 


d. [2] Deduce from (a) or (c) that the number h(1) of functions f : [n] — [x] 
satisfying f = f!*? for some b € P is given by 


h(n) = Yoke, (5.104) 


while the number g(7) of idempotent functions f :[”] > [n] (ie, f? =f) 
is given by 


gin) = Kr G) (5.105) 
k=1 


: [2-] How many functions f :[] — [n] satisfy f° = ft! forsomea € P? 
f. [1+] How many functions f : [n] —~ [n] have no fixed points? 
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3,33. [2] Find the flaw in the noe argument. Let c(m) be the total number of 
chains 0 = Xo <X) <--) <x =T1in II,,. Thus from Chapter 3.6, 
e(n) = (2—¢)7'0, by, 


where ¢ is the zeta function of I1,. Since 


1, CS 
(2~ Oxy) = | : 
-l, x<y, 
we have 
Ey (a) =x a1 pore 


n>2 
Thus by Theorem 5.1.11, the generating function 
xn 
y := Ea)= Eo 
satisfies 
l+2y-e =x. 
Equivalently, 
y=(1+2x —et)) 
which is the same as (5.27). 
5.34. a. [2] Fixk € P, and forn € N define W,, to be the subposet of Tz,41 consist- 
ing of all partitions whose block sizes are = 1 ied k). Thus W,, is graded 


of rank n with rank function given by p(z) =n — i (\r| — 1). Note that if 
k =1, then W, = T1,41. It is aa to see that ifo <2 in W,, then 


[o, mT] = Wy x Wi x ++ x Wee 


for certain a; satisfying i 1a; = oe 7) (= the length of the interval [o, z]) 
and )~ a; = ||. As in Section 5.1, we can define a multiplicative function 
f: P+ K on¥=(%, Wj, ...), and the product (convolution) fg of two 
multiplicative functions. Lemma 5.1.10 remains true, so the multiplicative 
functions f : P -> K on W forma monoid M(W) = M(W, K). 

As in Theorem 5.1.11, define a map g : M(W) +> xK[[x]] by 


kn 
y(f) = LOG ah Tape 


Show that gy is an anti-isomorphism of monoids, so v( fg)=¢(g)(M(f)) 
(power series composition). a 
b. [1+] Let g, =#W, and yn = Uw, (0, 1). Show that 


kt 
a een D! = ex(€x(x)) 
kre 


— 27h 
esr, (kn + 1)! _ €, (x), 
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where e(x)= > o9 x4"*!/(kn + 1)!. In particular, when k =2, e,(x) = 
sinh x. 7 

c, [2] Let x,(t) denote the characteristic polynomial of W,, (as defined in Section 
3.10). Show that 


ket 


ra era ie Ve (MRM Gg)), (5.106) 
n>0 

Deduce that when k = 2, 
Xn(t) = (t — y(t — 37) [¢ — (Qn — 19°]. (5.107) 


In particular, wy =(—1)"[1-3-5---(2n — 1)]?. 

5.35. In this exercise we develop a noncrossing analogue of the exponential for- 
mula (Corollary 5.1.6) and its interpretation in terms of incidence algebras 
(Theorem 5.1.11). 

a. [2+] Show that the number of noncrossing partitions of [n] (as defined in 
Exercise 3.68) of type 51,..., 5, (i.e., with s; blocks of size i) is equal to 
(n)e—-1/51!---Sq!, wherek = }5;. 

b. [2+] Let NC,, denote the poset (actually a lattice) of noncrossing partitions of 
[], as defined in Exercise 3.68 (where P,, is used instead of NC,,). Let K be 
a field. Given a function f : P — K, define a new function h : P + K by 


hiny= YF By) f (HB) --- f GBR). 


m={B},...,B,}€NC, 


Let F(x)=1+ 30,51 f(n)x" and H(x)=1+ Yon>1 A(n)x". Show that 


a {—1) 


c. [3-] Let NC = (NC2, NC3, ...). For each n > 2, let f, € I(NC,, K), the 
incidence algebra of NC,,. It is easy to see that every interval [o, 2] of NC, 
has a canonical decomposition 


[o, 7] = NC} x NC} x +--+ x NC®, (5.109) 


where |o | — |7| = }°(i ~ 1)a;. Suppose that the sequence f =(fo, f3,..-) 
satisfies the following property: there is a function (also denoted f) f :P—> K 
such that if o < 7 in NC, and [o, 7] satisfies (5.109), then 


filo, ©) = f(2)" FB)" --- f(y”. 


We then call f a multiplicative function on NC. (This definition is in ex- 
act analogy with the definition of a multiplicative function on IT following 
Corollary 5.1.9.) 

Let M(NC) denote the set of all multiplicative functions on NC. Define 
the convolution fg of f, g € M(NC) analogously to (5.12). It is not hard to 
see that fg ¢ M(NC). Given f € M(NC), set f(1)=1 and define 


(-1) 
1 n 
Ty(x) = (x f(n)x , 


n>1 


5.36. 
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Show that y, =I", I’, for all f, g € M(NC). (In particular, M(NC) is a 
commutative monoid. This fact also follows by reasoning as in Exercise 3.65 
and using the fact that every interval of NC, is self-dual.) 


. [2+] Find the coefficients of the power series 


y=[jU+2x- ey” — [log(1 + 2x) — ie .; 


. [1+] Let t(7) be the number of total partitions of n, as defined in Exam- 


ple 5.2.5. Let g(m) have the same meaning as in Exercise 5.26. Deduce from 
(a) that g(n) = 2” t(n) form > 1. 


. [2+] Give a simple combinatorial proof of (b). 
. [2+] Let 1 = po(x), pi(x), ... be a sequence of polynomials (with coeffi- 


cients in some field K of characteristic 0), with deg p, =n for alln € N. 
Show that the following four conditions are equivalent: 

(i) Pa® +Y)= Vyso (F) Pe) Pn~x(y), for all n € N. 

(ii) There exists a power series f(u) =a,u+azu?+--- € K[[u]] such that 


> Pn(X)— = expxf(u). (5.110) 


n>0 


Nore: The hypothesis that deg p, =n implies that a, 4 0. 
(iii) Vaso Pa = (Caso Pair) - 
(iv) There exists a linear operator Q on the vector space K [x] of all poly- 
nomials in x, with the following properties: 
® Qx is a nonzero constant 
© Q isa shift-invariant operator, i.e., for alla € K, Q commutes with 
the shift operator E® defined by E% p(x) = p(x + a). 
® We have 


Op, (Xx) = NPy—1(X) for alln € P. (5.111) 


Nore: A sequence po, pi, ... of polynomials satisfying the above con- 
ditions is said to be of binomial type. The operator Q is called a delta 
operator, and the (unique) sequence 1 = po(x), pi(x), ... satisfying 
(5.111) is called a basic sequence for Q. 


b. [3-] Show that the following sequences are of binomial type (with 


po(x) = 1 and with n > 1 below): 


Pn(x) = x" 

Pr(X) = (X)n = XX —1)---  —n +1) 

prix) =x = x(x +1)---(x+n-1) 

Pn(x) = x(x —an)""| forfixeda ¢ K (Abel polynomials) 


n 
Pri(X) = > S(n, k)x* (exponential polynomials) 
k=l 


n 


ni(n+(a—-—1)k-1 
Pr(X) = = ely )e for fixeda € K 


(Laguerre polynomials at — x, fora = 1) 
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Boys). (Jer tet 


k=1 


In each case, find the power series f(u) of (a)(ii) above. What is the operator 


QO of (a)(iv)? 


. [2+] Let T be a shift-invariant operator, and let Q be a delta operator with 


basic sequence p,,(x). Show that 


gr" 
r= ean 


n>0 


where 


an = [T pn(X)]x=0- 


. [2+] Let Q be a delta operator with basic polynomials p,,(x). Show that there 


exists a unique power series g(u) = b,;u+---(b; # 0) satisfying g(D) = Q, 
where D is the shift-invariant operator d/dx. Show also that the power series 
fu) of (5.110) is given by f(w) =g—)w). 


. [2+] Suppose that 1 = po, pi, ... is a sequence of polynomials of binomial 


type. Let 


Gn({X) => Pn(X + an), n> 0, 


x+an 


where @ is a parameter. Show that the sequence qo, qi, q2,... is also a se- 
quence of polynomials of binomial type. 


. [2-] Let P be a binomial poset with factorial function B(n), and let Z,,(x) 


be the zeta polynomial of an n-interval of P. (See Sections 3.11 and 3.15 for 
definitions.) Show that n!Z,(x)/B(n), n > 0, is a sequence of polynomials 
of binomial type, as defined in the previous exercise. 


. [2-] LetQ =(Q1, Qo, .. .) be an exponential structure with denominator se- 


quence (M(1), M(2),...),andlet P,,(r, t) be the polynomial (in ) of equation 
(5.74). Set M(0) = 1. Show that for fixedr € Z (or evenr an indeterminate), 
the sequence of polynomials P,,(7, x)/M(n), n > 0, is a sequence of poly- 
nomials of binomial type. Note the special cases r = 1 (equation (5.72)) and 
r = 0 (equation (5.75)). 


{2+]Let f(r) be the number of partial orderings of [n] which are isomorphic to 
posets P that can be obtained from a one-element poset by successive iterations 
of the operations + (disjoint union) and @ (ordinal sum). Such posets are called 
series—parallel posets. For instance, all 19 partial orderings of [3] are counted 
by f(3). Let 


x3 4 


xn x? 
F(x) = DOs, SES Cary + 195 


x? x6 
yale h ee pn on ae tee, 
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Figure 5-19. The eight inequivalent series—parallel posets on [3]. 
Show that 


(5.112) 


2 
1+ FO) = exp + a) |. 


14+ FC) 
Hence 


x2 {-1) 
F(x) = (ioe +x)- i =) 


= 2B Dy A 3S AY ge 65 (-1) 
= (e— Bx + fat — fat fad 


5.40. a. [2+] Suppose that in the previous exercise we consider P, @ P2 and P2® P) to 
be equivalent. This induces an equivalence relation on the set of series-parallel 
posets on [”]. The equivalence classes are equivalent to what are called 
series-parallel networks. (The elements of the poset P correspond to the 
edges of a series—parallel network.) Figure 5-19 shows the eight inequivalent 
series-parallel posets on [3]. Let s(n) be the number of equivalence classes 
of series-parallel posets on [”] (or the number of series-parallel networks on 
n labeled edges), and set 


n 


x 
S(x) = 2; 
x2 3 xt x5 x6 
SDB a oe ge Ag, 8 tes 
Show that 
1+ S(x) = exp($[x + S(x)]). (5.113) 
Hence 


S(x) = [2 log(1 + x) — xy) 


pine eae ea Dsl ou Cc 
= (x —x° + S03 — bxtg ox — Gx8 ty. 


90 
b. 
c 
5.41. a. 
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[3-] Two graphs G; and G2 (without loops or multiple edges) on the vertex 
set [n] are said to be switching-equivalent if G2 can be obtained from G, by 
choosing a subset X of [n] and interchanging adjacency and non-adjacency 
between X and its complement [”] — X, leaving all edges within or outside 
X unchanged. Let t(7) be the number of switching equivalence classes E of 
graphs on [n] such that no graph in £ contains an induced pentagon (5-cycle). 
Show that t(7) = s(n — 1). 


. [3-]A (real) vector lattice is areal vector space V with the additional structure 


of a lattice such that 


xXx<y = x4+2<y4+2z forallx,y,zeV 
x>0 = ax>0, forallxeV,aeR. 


There is an obvious notion of isomorphism of vector lattices. Show that the 
number of non-isomorphic n-dimensional vector lattices is equal to the num- 
ber of non-isomorphic unlabeled equivalence classes (as defined in (a)) of 
n-element series-parallel posets. 


[2+] A tree on a linearly ordered vertex set is alternating (or intransitive) if 
for every vertex i the vertices adjacent to i are either all smaller than i or all 
larger than 7. Let f(m) denote the number of alternating trees on the vertex 
set {0,1,..., nm}, and set 


x” 
F(x) = 2 fi 
Da x3 x* x 
= DP Eig oe ig OO ag ary 
x® x? 
eat + 21652) peer, 


Show that F(x) satisfies the functional equation 


x 
F(x) = exp (Fur + i). 


(Compare the similar but apparently unrelated (5.113).) 


. [2] Deduce that 
1 (n 
n)=— k+1)"71. 
fm=5 d (7) ) 
. (2] Let f,(1) denote the number of alternating trees on {0,1,..., 7} such 


that vertex 0 has degree k. Set 


P,(q) = 9) felrdq*. 
k=1 


For instance, 
Pq@=l Pi@=4q, P(@=qta, 


P3(q) = q? +3? + 3q. 
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Figure 5-20. A local binary search tree. 


Show that 
> Pag) = F(x). 
n} 


n>0 


. [2+] Show that 


P,(q) = @r + kyl 
0 


. [3] Show that if z is acomplex number for which P,,(z) = 0, then either z = 0 


or R(z) = —n/2, where R denotes real part. 


. [2] Deduce from (e) that if O,(¢) = P,(q)/q, then 


Q,(q)=(—-D""'!Q,(-g — 7). 


. [3-] Alocal binary search tree is a binary tree, say with vertex set [7], such that 


every left child of a vertex is less than its parent, and every right child is greater 
than its parent. An example of such a tree is shown in Figure 5-20. Show that 
f (”) is equal to the number of local binary search trees with vertex set [7]. 
[3] Let £, denote the set of all hyperplanes x; —x,;=1,1 <1 <j <n, 
in IR”. Show that the number of regions of £,, (i.e., the number of connected 
components of the space R" — Je, H) is equal to f (7). 

[3] Let L,, be the intersection poset of £,,, as defined in Exercise 3.56. Show 
that the characteristic polynomial of L,, is given by 


x(Ln, q) _ (—1)" P,(—q). 


This result generalizes (h), since by Exercise 3.56(a) the number of regions 
of L, is equal to |x(Ln, — 1}. 


. [3-] An alternating graph on [n] is a graph (without loops or multiple edges) 


on the vertex set [7] such that every vertex is either smaller than all its 
neighbors or greater than all its neighbors. Let g,() denote the number of 
alternating graphs on [n] with k edges. Show that 


er r&C), 
2, 2 sung ae yD ee 


where (*)q—: denotes the q-binomial coefficient (7) with the variable q 
replaced by g + |. 
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k. [2+] An edge-labeled alternating tree is a tree, say with n + 1 vertices, 
whose edges are labeled 1, 2, .. . , such that no path contains three consec- 
utive edges whose labels are increasing. How many edge-labeled alternating 
trees have n + 1 vertices? 


a. [2] Let y= R(x) =), 5,2" '4.. Show from y = xe? that 
-1_ nx” 
(- Ray t=1+ Son 


n>1 


b. [2+] Give a combinatorial proof, based on the fact that n”—! is the number 
of rooted trees and n” the number of double rooted trees on [7]. 


[2] Generalize the bijection of Example 5.2.6 to show the following. Fix a se- 
quence (71, 72,...), withr; € Nand oir; =n < 00. LetkK=n+1—)07;. 
Then the number of (unordered) rooted trees with m + 1 vertices and k leaves (or 
endpoints), whose leaves are labeled with the integers 1,2,...,k, and with 7; 
nonleaf vertices of degree (= number of successors) 7, is equal to the number 
of partitions of the set [7] into n + 1 — k blocks, with r; blocks of cardinality i. 


[3-] Let a1, a2,..., a be positive integers summing ton. Let f(a), ..., ay) be 
the number of permutations w)w> - - - w, of the multiset {1%, ..., k**} such that 
if there is a subsequence of the form x yyx, then there must be an x between the 
two y’s. More precisely, ifr <5 <t < u, w,=wWy,, and w, = w; ~ w,, then 
thereisas < v < ¢ with w, = wy. Show that f(aj,...,a,)=n'!/(n—k+1)!. 
[2+] A recursively labeled tree is a tree on the vertex set [”], regarded as a poset 
with root 1, such that the vertices of every principal order ideal consist of con- 
secutive integers. See Figure 5-21 for an example. Similarly define a recursively 
labeled forest. Let t, (respectively, f,) denote the number of recursively labeled 
trees (respectively, forests) on the vertex set [7]. Show that 


1 (/3n —2 1 3n 
ti, = —- ’ i — . 
n\n-1 2n+1\n 


Note that by Theorem 5.3.10 or Proposition 6.2.2, f, is the number of plane 
ternary trees with 3n + 1 vertices (or, by removing the endpoints, the number of 


Figure 5-21. A recursively labeled tree. 


5.46. 


5.47. a 
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ternary trees with n vertices). Similarly it is not hard to see that f, is the number 
of ternary trees on 7 vertices except that the root has only two (linearly ordered) 
subtrees (rather than three). Equivalently, f, is the number of ordered pairs of 
ternary trees with a total of m — 1 vertices. 


[2+] A tree on a linearly ordered vertex set is called noncrossing if ik and jl 
are not both edges wheneveri < j . k < 1. Show that the number f(7) of 
noncrossing trees on [1] is equal to —— Ce \ which by Theorem 5.3.10 or 
Proposition 6.2.2 is the number of ternary trees with n — | vertices. 


. [2+] Show that the number of ways to write the cycle (1, 2,...,n) € G, 
as a product of m — | transpositions (the minimum possible) is n"~?. For 
instance (multiplying right to left), (1, 2,3) =(1, 2)(2, 3) =(2, 3), 3) = 
(1, 3)(1, 2). 

[3-] Define two factorizations of (1,2, ...,7) into n — 1 transpositions to 
be equivalent if one can be obtained from the other by allowing transposi- 
tions with no common elements to commute. Thus the three factorizations 
of (1, 2, 3) are all inequivalent, while the factorization (1, 5)(2, 4)(2, 3)(1, 4) 
of (1,2, 3, 4,5) is equivalent to itself and (2, 4)(1, 5)(2, 3)(1, 4), (1, 5) 
(2, 41, 4)(2, 3), (2, Hd, 5, 42, 3), and (2, 4)(2, 3)(1, 5), 4). Show 
that the number g(n) of equivalence classes is equal to the number of 
noncrossing trees o the vertex set [7], as defined in Exercise 5.46, and 
hence is equal to Cs )) 


moi 


» [3+] Let A=(Aq, Az, -..) hes a partition of 7, and let w be a permutation 


of 1,2,...,n of cycle type A. Let f(A) be the number of ways to write 
W =t1t) ---t, where the ¢;’s are transpositions that generate all of G,,, and 
where k is minimal with respect to the condition on the ¢;’s. (It is not hard 
to see thatk =n + &(A) — 2, where £(A) denotes the number of parts of 2.) 
Show that (writing £ for £(A)) 


ral 


fa=Mt+e- aint [TA 


a. [3-] Let t be a rooted tree with vertex set [7] and root 1. An inversion of 


tT is a pair (i, 7) such that 1 <i < j and the unique path in t from 1 toi 
passes through /. For instance, the tree t of Figure 5-22 has the inversions 
(3, 4), (2, 4), (2, 6), and (5, 6). Let inv(r) denote the number of inversions 


5 


Figure 5-22. A tree with four inversions. 
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of t. Define 
Loy ©, (5.114) 
t 
summed over all n"~* trees on [n] with root 1. For instance, 
iit) =1 
bit) = 1 
Lit)=2+t 


L(t) =6+6t4+3°4+2 
I5(t) = 24 + 36¢ + 3017 + 2027 + 1024 + 425 + 16 
I(t) = 120 + 240 + 27007 + 24013 + 18024 + 12025 + 7025 + 3527 
4.1578 57? 4.7)". 
Show that 
PIpddtyn= Sore, 
G 


summed over all connected graphs G (without loops or multiple edges) on 
the vertex set [”], where e(G) is the number of edges of G. 

It follows by a simple application of the exponential formula (Corol- 
lary 5.1.6) that 


ya +0= =exp 7" 7,(1 +e, (5.115) 


n>0 n>1 
SO 


xn i ae 
se I = I)log ¥ > ¢@r — 1) =a 


n>1 n>0 


b. [2] Deduce from (5.115) that 


n+1 n 
x” A 
Shane — yt = Sst, 
n>0 ny ut ai 
5.49. a. [2] There aren parking spaces 1, 2, ..., m (in that order) on a one-way street. 


Cars C,,..., C, enter the street in that order and try to park. Each car Ci 
has a preferred space a;. A car will drive to its preferred space and try to 
park there. If the space is already occupied, the car will park in the next 
available space. If the car must leave the street without parking, then the 
process fails. If w = (a), ...,d,) is a sequence of preferences that allows 
every car to park, then we call a a parking function. Show that a sequence 
(a1,...,@n) € [n]” is a parking function if and only if the increasing real- 
rangement b, < by <--- < b, of a), a2, ..., @, satisfies b; < i. In other 
words, @ = (a),...,@,) is a parking function if and only if the sequence 
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(a; —1,..., 4, — 1) is a permutation of the inversion table of a permutation 
x € G,, as defined in Section 1.3. 

. [2+] Regard the elements of the group G = Z/(n + 1)Z as being the integers 
0,1,..., 7. Let H be the (cyclic) subgroup of order 7 + 1 of the group G” 
generated by (1, 1, ..., 1). Show that each coset of H contains exactly one 
parking function. Hence the number P(n) of parking functions of length n 
is given by 


P(n) =(n+1)""!. (5.116) 


. [3-] Let P,, denote the set of all parking functions a = (a1, ... , @n) of length 
n, and write |a| =a; +--+ + a,. Show that 


1» plel — 102) Ingi(1/t), 


aeP,, 


where J, (t) is defined in equation (5.114). Try to give a bijective proof. (Note 
also that putting t = 1 yields (5.116).) 

. [2] Let w =(a1,..., @,) be a parking function. Suppose that when the cars 
C,,...,C, park according to a, then C; occupies space w(z). Hence w 
is a permutation of 1,2,...,”, which we denote by w(a). For instance, 
w(3, 1, 3,5, 1,3) =314526. Given u=u1---Un € Gp, let v(u) be the 
number of parking functions a for which w(@) =u. For1 <j <7, define 


t(u, j) =1+max{k:j —1,j —2,...,j —k precede j in u}, 
and set T(u) =(t(u, 1), ..., T(u, 2)). For instance, (314526) = (1, 2, 1, 
2, 3, 6). Show that 
v(u) = t(u, 1)--- Tu, n). 
. [3-] Giveno ¢€ P", let 
T, ={ue GS, : tu) =o}. 


For instance, 7(1,2,1,2,1) = (53412, 35412, 53142, 35142, 31542, 51342, 
15342, 13542}. Suppose that o =(S1,...,5n) =T(u) for some u € Gy. 
(For the characterization and enumeration of the sequences T(u), U € Gn, 
see Exercise 6.19(z).) Define 


t; =max{j : Si4- <r forl <r < j}. 
(If 5341; > 1 then set t; = 0.) Show that 
n! 
#T. = ——_—_—_—___——_—.. 
7 (81 + t1)(52 + 2) +++ Gn + th) 


. (3-] A parking function a = (@.... , An) is said to be prime if for all 
1 < j <n-—1,at least j + 1 cars want to park in the first j places. (Equiv- 
alently, if we remove some term of o equal to 1, then we still have a parking 
function.) Show that the number Q(n) of prime parking functions of length 
n is equal to (n — 1)""’. 
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5.50. a. [3-] Let S, denote the set of all hyperplanes x; —x; =0,1(1 <i < j <n) 
in R”. (Hence #S,, = n(n —1).) Show bijectively that the number of regions of 
S» (i.e., the number of connected components of the space R” — Uy. s, 4) 
is equal to (n + 1)""1. 

b. [2+] Let A be a finite hyperplane arrangement in R” with intersection poset 
L, as in Exercise 3.56. Suppose that A is defined over Z, i.e., the equations of 
the hyperplanes in .A can be written with integer coefficients. If p is a prime, 
then we define A, to be the arrangement A “reduced modulo p,” i.e., regard 
the equations of the hyperplanes in A as being defined over the field F,. 
Hence A, is an arrangement of hyperplanes in F p- Let x(L, g) denote the 
characteristic polynomial of L. Show that for p sufficiently large, we have 


x(L, p)=#(F7- LJ a 
HéA, 


c. [3-] Let Ls, denote the intersection poset of S,,. Use (b) to show that 


x(Ls,.g)=4(q —n)"". 


This result generalizes (a), since by Exercise 3.56(a) the number of regions 
of S,, is equal to |x(Ls,, — Dj. 

d. [3] Let Ro be the region of S,, defined by x; — 1 < x; < x; foralli < j. 
For any region R of S,,, let d(R) be the number of hyperplanes H € S,, that 
separate R from Ro, ie., R and Ro lie on different sides of H. Define the 
polynomial 


Inq) = Yo g®®, 
R 


summed over all regions of S,,. Show that 


Inq) = q® Ing Q/Q), 


where /,,(t) is defined in equation (5.114). 

e. [2+] Show that (d) is equivalent to the following result. Given a permutation 
x € G,, let Pp ={Gi, j):1<i<j <n, m@) < 1(j)}. Define a partial 
ordering on P, by (i, j) < (&, Difk <i <j <1. Let F(J(P,), g) denote 
the rank-generating function of the lattice of order ideals of P, . (For instance, 
ifm =n,n—1,..., 1, then P, =@ and F(J/(?P;), g)=1.) Then 


S> F(Pn)s @) = Ing1(Q)- 


TEGn 


f. [3-] Show that the number of elements of rank k in the intersection poset Ls, 
is equal to the number of ways to partition the set [n] into n — k blocks, and 
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then linearly order each block. (It is easy to see that this number is given by 


n! n—1 
(n—k)i\ k OP 
see Exercise 5.17.) 


5.51. [2+] Let A(x) =ax+---, B(x)=bx +---, C(x)=ct--- € K[[x]] with 
abc # 0. Show that the following two formulas are equivalent: 


(i) AQ)? = Cr) BX) 
x 
C(A(x)) 


(ii) = [xC(B(x))]". 


5.52. a. [2] Let F(x) =x + D755 fn% € KI[x]]. Givenk € P, let 


x” 
F(x) =x+ Dl nk). (5.117) 
eS ni 
Show that for fixed n, the function g,,(k) is a polynomial in k (whose coef- 
ficients are polynomials in fo,..., f,). For instance, 
g2(k) = fok 


ga(k) = fak +3 fz (3) 
3) (k 3(* 
gatk) = fak + (10 fof + 3f2)()) + 18 f5 (3) 


p(k) = fok + (ISfafa + 10f5 + 25f2.6)(3 | 


+ (130 f2 fs + 75 f') 6) + 1803 ({). 


b. [2] Since g,(k) is a polynomial in k, it can be defined for any k € K (or fork 
an indeterminate). Thus (5.117) allows us to define F(x) for any k. Show 
that for all 7, k € K, we have 

FU (x) = FU) (FH (x) 


In particular, the two ways of defining F'-)(x) (viz., by putting k = —1 in 
(5.117), or as the compositional inverse of F'(x)) agree. 
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c. [5—] Investigate the combinatorial significance of “fractional composition.” 
For instance, setting 


1 x? 1x? 1x 7 x6 1 x’ 


2 By tee et aH 
159 x8 843 x? 1231 x10 2359233 x!! 


ee of OR oe T To Tn 
13303471 x!2 271566005 x}3 
ge <5. TS BIS gt 
10142361989 x!4 126956968965 x!5 
+6 gy 
10502027401553 x!6 
SS oe 


do the coefficients a, have a simple combinatorial interpretation? (Unfortu- 
nately, they are not integers, nor do their signs seem predictable.) 


5.53. [2+] Find the sum of the first 7 terms in the binomial expansion of 


iy 1 l/n+1 
t= a ee i fies 
( 5) tant 7( , )+ 


For instance, when n = 3 we get 1 + 3 te $ = 4. (Use the Lagrange inversion 
formula.) 

5.54, [2+] For each of the following four power series F(x), find for all n € P the 
coefficient of 1/x in the Laurent expansion about 0 of F(x)~”: sinx, tanx, 
log(1+x),1l+x—V14<x?. 

5.55. a. [2] Find the unique power series F\(x) € QJ[[x]] such that for alln € N, we 

have [x"]Fy(x)'t! = 1. 

b. [2+] Find the unique power series F(x) € Q[[x]] such that for alln € N, 
we have [x"]Fo(x)*"*! = 1. 

c. [2+] Letk € P,k > 3. What difficulty arises in trying to find an explicit ex- 
pression for the unique power series F,(x) € Q[[x]] such that for alln € N, 
we have [x"]Fy.(x)"*! = 1? 

5.56. a. [2+] Let F(x) =ayx + aox* +--+: € K[[x]] with a; 4 0, and letn € P. 

Show that 


1) n 
n[x"] log a = wi) ; (5.118) 


(This formula may be regarded as the “correct” case k = 0 of (5.53).) 
b. [2] Find the unique power series G(Xx)=1 4+ x — 3x? + --- satisfying 
G(0) = 1, [x]JG(x) = 1, and [x”]G(x)’ =0 forn > 1. 
5.57. [2] Show that the coefficient of x”~! in the power series expansion of the rational 
function (1 + xr! + x)~” is equal to 5. Equivalently, the unique power 


5.58. 


5.59. 


5.60. 


5.61. 


5.62, 
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series J(x) € Q[[x]] satisfying 
n~1, JG)" _ 1 
It+x 2 
is given by J(x) =(1 + x/2 +X). 
[3—] Let f(x) and g(x) be power series with g(0) = 1. Suppose that 
F(x) = gx f(xy), (5.119) 
where @ is a parameter (variable). Show that 
(+ cen)[x"] fc)’ = tlx"] g(x)", 
as a polynomial identity in the two variables ¢ and a. 


[2+] Let f(x) € K[[x]] with f (0) =0. Let F(x, y) € K[Lx, y]], and suppose 
that f satisfies the functional equation f = F(x, f). Show that for every k € P, 


[x foralln ¢ P 


k 
ia = > ~ Ly" “IFC, y)". 


n>1 


- [2] Let Aw) =1+4+ aS Qnx” € K[[x]]. For fixed k € N, define forn € Z 


gk(n) = [x*] A(x)". 


Show that g;() is a polynomial in n of degree < k. 
b. [2] Let F(x)=x + D055 fn(x"/n!) € K[Lx]] (where char K =0). Define 
functions p;(n) by 7 


i] 


nth 


ot) _ 2 S> pelnye" a+b 


n>0 k>0 


Show that p;,(7) is a polynomial in n (of degree <2k). 
c. [2+] Let F(x) and p;(m) be as in (b). Since Px(n) is a polynomial in 7, it is 
defined for all n € Z. Show that 
xntk 


FM) Ss So pen — k)t” nt+k! 


n>0 k>0 


d. [2] What are p,(n) and p,(—n — k) in the special case F(x) = e* — 1? 
e. [2] Find p,(n) when F(x)=x/(1 — x). What does (c) tell us about p;,(n)? 
f. [2] Find p,(m) when F(x) = xe~*. Deduce a formula for 


n 
—x\(=1) n-1*_ 
exp t(xe*) = expt) n ae 
n>1 
a. [2] Let P and Q be finite posets with i’s. For any poset T let T =T vu {6}, 
and for any finite poset T with 0 and 1 let w(7) = w7(0, 1). Show that 
—w(P x Q) = WP x Q) = w(P)u(Q). 
b. [2] Use (a) and Corollary 5.5.5 to give a direct proof of equation (5.78). 


a. [2+] Let f,(m) be the number of n x n N-matrices A with every row and 
column sum equal to r and with at most two nonzero entries in every row 
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(and hence in every column [why?]). Find 


x” 
LO. 
=o n! 
b. [1] Use (a) to find f3(7) explicitly. 
5.63. [2+] Let N;(n) denote the number of sequences (P;, Po, .. ., Px) ofn xn 
permutation matrices P; such that each entry of Pj + P)+---+ Pox is 0, k, 
or 2k. Show that 


x" a) 9k -— 1 

YM) =(1—x)\ * Zexp{xj1— . 

ac n! k 

5.64. a. [2+] Let D, be the set of all m x n matrices of +1’s and —1’s. Fork € P let 
fin) = 2" 'Y° (det Myé 


MeD, 


gn) = 2" S~ (per M)*, 
MED, 
where per denotes the permanent function, defined by 


per(mi;) = > MM} x (1)12,0(2) °° * Mn, x(n)- 
TE6,, 


Find fi(m) and g,(n) explicitly when k is odd or k =2. 
b. [3-] Show that f4(7) = g4(n), and show that 


> fs S(baayee-". (5.120) 


n>0 


HIntT. We have 


4 
Yet My* = (x EM x(1) °° ‘nna . 
M 


M NEG, 
Interchange the order of summation and use Exercise 5.63. 
c. [2+] Show that for(n) < gox(n) if k > 3 andn > 3. 
d. [3] Let D,, be the set of all n x n O-1 matrices. Let f/(n) and gi,(n) be 
defined analogously to f,(n) and g;(n). Show that f{(1)=2- fi(n + 1). 
Show also that 


gi(n) = 2-"n! 
ee Cee ee 7 
&(n) = 4%n! Get ae eer i 


5.65. a. [3-] Let f(m, n) be the number of m x n N-matrices with every row and 
column sum at most two. For instance, f(1,n)=1+2n+ G ). Show that 


F(x, y):= D> f(m,n) 


m,n>0 


lt yh 
min!) 


1 = 1 mr 


: | Exercises 101 
4 


b. [2] Deduce from (a) that 


— = _ 2e@i%1-t ——, 


n=0 n>0 . 


The latter sum may be rewritten as Jo[(2 — t)/./t — 1], where Jo denotes 
the Bessel function of order zero. 
5.66. [2+] Let L=L(K,,) be the Laplacian matrix of the complete bipartite graph 
Kys. 
a. Find a simple upper bound on rank(L — rI). Deduce a lower bound on the 
number of eigenvalues of L equal to r. 
b. Assume r # 5, and do the same as (a) for s instead of r. 
c. Find the remaining eigenvalues of L. 
d. Use (a)-(c) to compute c(K,,), the number of spanning trees of K;;. 
5.67. [3] Let g be a prime power, and let If, denote the finite field with q ele- 
ments. Given f: (2) —> F, and a free tree T on the vertex set [n], define 


fQM= Il. f (e), where e ranges over all edges (regarded as two-element sub- 
sets of [n]) of T. Let P,(g) denote the number of maps f for which 


> f(T) #0 (ink), 
T 


where T ranges over all n”~* free trees on the vertex set {n]. Show that 


Pom (q) = 9™" Yq — 1g? — 1)---(g?""! — 1) 
Pm =9g" 'G =e? = hwsg 1), 


5.68. [3—] This exercise assumes a basic knowledge of the character theory of finite 
abelian groups. Let I be a finite abelian group, written additively. Let ! denote 
the set of (irreducible) characters y : T — C of I, with the trivial character 
denoted by xo. Leto : F — K bea weight function (where K is a field of 
characteristic zero). Define D = D, to be the digraph on the vertex set [ with 
anedgeu — u+v of weight o(v) for allu, v € I’. Note that D is balanced as a 
weighted digraph (every vertex has indegree and outdegree equal to y cpa: 
If T is any spanning subgraph of D, then let o(T) = |], o(e), where e ranges 
over all edges of T. Define 


Co(D) =) \o(T), 
T 


where T ranges over all oriented (spanning) subtrees of D with a fixed root. 


Show that 
1 
co(D) = [] docu - xa. 
xe? ve. 
X#XO 
5.69. Choose positive integersa,,..., apy-1.Let D= D(q,,..., dp—1) bethe digraph 


defined as follows. The vertices of D are vj,..., vp. Foreach1 <i < p—1, 
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there are a; edges from x; to x;41 and a; edges from x;+ to x;. For instance, 
D 1, 3, 2) looks like 


a. [2-] Find by a direct argument (no determinants) the number t(D, v) of 
oriented subtrees with a given root v. 
b. [2—] Find the number €(D, e) of Eulerian tours of D whose first edge is e. 


5.70. [2] Let d > 1. A d-ary de Bruijn sequence of degree n is a sequence 
A =a 2 --- Ag whose entries a; belong to {0, 1,..., d —1} such that every d- 
ary sequence by by - - - b,, of lengthn occurs exactly once as acircular factor of A. 
Find the number of d-ary de Bruijn sequences of degree n that begin with n 0’s. 


5.71. [2+] Let G be a regular graph of degree d with no loops or multiple edges. Let 
Ay = Az = +++ = Am be nonzero real numbers such that for all £ > 1, the 
number W(£) of closed walks in G of length @ is given by 


We) = Do Ai. (5.122) 
j=l 


Find the number c(G) of spanning trees of G in terms of the given data. 


5.72. [3-] Let V be the subset of Z x Z on or inside some simple closed polygonal 
curve whose vertices belong to Z x Z, such that every line segment that makes 
up the curve is parallel to either the x-axis or the y-axis. Draw an edge e be- 
tween any two points of V at distance one apart, provided e lies on or inside the 
boundary curve. We obtain a planar graph G, an example being 


Let G’ be the dual graph G* with the “outside” vertex deleted. (The vertices of 
G* are the regions of G. For every edge e of G there is an edge e* of G* con- 
necting the two regions that have e on their boundary.) For the above example, 


5.73. 


5.74. 


oe P 
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G’ is given by 


LetA,,..., 4, denote the eigenvalues of G’ (i-e., of the adjacency matrix A(G’)). 
Show that 


P 
c(G) =| ]4-ay. 
i=] 


[5—] Let B(n) be the set of (binary) de Bruijn sequences of degree n, and let S, 
be the set of all binary sequences of length 2”. According to Corollary 5.6.15 
we have [#B(n)]°? = #S(n). Find an explicit bijection B(n) x B(n) > S(n). 
Let D be a digraph with p vertices, and let £ be a fixed positive integer. Suppose 
that for every pair u, v of vertices of D, there is a unique (directed) walk of 
length € from u to v. 


a. [2+] What are the eigenvalues of the (directed) adjacency matrix A = A(D)? 

b. [2] How many loops (v, v) does D have? 

c. [3—] Show that D is connected and balanced. 

d. [1] Let d be the indegree and outdegree of each vertex of D. (By (c), all ver- 
tices have the same indegree and outdegree.) Find a simple formula relating 
p,d, and £. 

e. [2] How many Eulerian tours does D have starting with a given edge e? 

f. [S—] What more can be said about D? Must D be a de Bruijn graph (the 
graphs used to solve Exercise 5.70)? 

Solutions to Exercises 
a. Let A(n) be the desired number. By Proposition 5.1.3, we have 


E,(x) 


n 2 2n+1 2n 
Xx x x 
5 a) yao) a) 


- ex —e™ et +e% 
. 2 2 


1 
= zt 1) 
ra ni? 


whence h(n) = 4"~!, 
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b. Pick a set S of 2k poles to be either orange or purple, and pick a subset of § 
to be orange in 27 ways. Thus we obtain an extra factor of 


2n 
Xx 1 
yen — (22 2x : 
2 Qn 2 +e) 
Hence 
En(x) = g(e* — 1): 4(e* +e) 
_ 5 (e% -_ 2 8), 


so h(n) = $16" — (—2)"]. 
5.2. a. By Exercise 1.40, there are unique numbers a; such that 
La pS | 0 aa: 
n>] i> 


It is easily seen that f, € Z for alln € [N] if and only if a; € Z for all 
t € [N]. Now by the solution to Exercise 1.40 


hy = » dag, 
d|n 
so by the classical Mébius inversion formula, 


1 
a, = — ) ha wn/d), 


aln 


and the equivalence of (i) and (ii) follows. 
Now let p|n, and let S be the set of distinct primes other than p which 


divide n. If T C S then write I(T) = Toer q. Then 


A, = Yoh u(n/d) = yi (hnsniry — hnjprr))- (5-123) 
dln TCS 


Hence if (iii) holds for alln € [N], then by (5.123) we have p” | A,. Thus 
An = 0 (mod n). Conversely, if (ii) holds for alln € [NV] then (iii) follows 
from (5.123) by an easy induction on n. 

Finally observe that 


- 6 1 
v9 (Soar) nn (1 — ayx)---(1—ayx) 


n>1 \i=l 


From this it is immediate that (iv) => (i). Conversely, if (i) holds then let 


-1 
(: +E ne] =4 + So enx". 


n>1 n>1 


Clearly e, ¢ Zforn € [N]. Set 


N N 
14 Dente = T]a — o;t). 
n=l 1 


Then A, = eae a? for all n € [N], as desired. 
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The equivalence of (ii) and (iv) goes back to W. Janischen, Sitz. Berliner 
Math. Gesellschaft 20 (1921), 23-29. The condition (iii) is due to I. Schur, 
Comp. Math. 4 (1937), 432-444, who obtains several related results. The 
equivalence of (i) and (ii) in the case N > 00 appears in L. Carlitz, Proc. 
Amer. Math. Soc. 9 (1958), 32-33. Additional references are J. S. Frame, 
Canadian J. Math. 1 (1949), 303-304; G. Almkvist, The integrity of ghosts, 
preprint; A. Dold, Inv. Math. 74 (1983), 419-435. 


. Let us say that a solution aw =(q@, ..., a) has degree n if n is the smallest 


integer for which a@ € ee By a simple Mobius inversion argument, the 
number M,, of solutions of degree n is given by M, = ai Na w(n/d). 
Write a/ =(a7...., 0%). If @ is a solution of degree n, then the k-tuples 
a, a7,a7,...,a% aredistinctsolutions of degree n. Hence M, is divisible 
by n. Now use the equivalence of (i) and (ii) in (a). See for instance K. Ireland 
and M. Rosen, A Classical Introduction to Modern Number Theory, second 
ed., Springer-Verlag, New York/Berlin/Heidelberg, 1990 (§L1.1). 

A considerably deeper result, first proved by B. Dwork, Amer. J. Math. 
82 (1959), 631-648, is that the generating function Z(x) (known as the 
zeta function of the algebraic variety defined by the equations) is ratio- 
nal. A nice exposition of this result appears in N. Koblitz, p-adic Num- 
bers, p-adic Analysis, and Zeta-Functions, second ed., Springer-Verlag, New 
York/Heidelberg/Berlin, 1984 (Ch. V). For further information on zeta func- 
tions, see e.g. R. Hartshorne, Algebraic Geometry, Springer-Verlag, New 
York/Heidelberg/Berlin, 1977 (App. C). 


. See A. A. Jagers and I. Gessel (independently), Solution to E2993, American 


Math. Monthly 93 (1986), 483-484. 


. Since 1-3-.5---(2n —1)= (2n)!/2"n!, we have 


E(x) = Yo 2 (7) x" 


n>0 
=(L=22)r¥?, 
by Exercise 1.4(a). Hence 
E s(x) = (1 — 2x)! 


= E,(x). 


. First Proof. f (n)is the number of 1-factors (i.e., graphs whose components 


are all single edges) on 2n vertices, while g(m) is the number of permutations 
x of [n] with each element of [n] labeled + or —. Hence given a labeled 
permutation 7, we want to construct a pair (G, H), where G is a 1-factor on 
a set of 2k vertices labeled by i and i’, where i ranges over some subset S of 
[n], while H is a 1-factor on the 2(n — k) complementary vertices j and j’, 
where 7 € T =[n] — S. Define S (respectively, T) to consist of all i such 
that the cycle of 7 containing i has least element labeled + (respectively, 
—). If (a) = b, then draw an edge from either a or a’ to either b or b’, as 
follows: If a is the least element of its cycle and a ¥ b, then draw an edge 
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5 7 8 1 6 9 2 4 
H== 
: 5 7 8 1 6 9 2 4 


Figure 5-23. A pair of 1-factors. 


from a to b (respectively, b’) if b is labeled + (respectively, —). If neither a 
nor b is the least element of its cycle, then inductively assume that an edge is 
incident to either a or a’. Draw a new edge from the vertex a or a’ without 
an edge to b (respectively b’) if b is labeled + (respectively —). Finally, if 
b is the least element of its cycle, then only two vertices remain for the last 
edge — it goes from a or a’ (whichever has no edge) to b’. This procedure 
recursively defines G and H. O 


Example. Let 
rwm=(1692)(3 57)(4)(8) 
es i i ie, ae 


Then G and H are given by Figure 5-23. 
This bijection is based on work of D. Dumont, Univ. Beograd. Publ. Elek- 
trotechn. Fak. Ser. Mat. Fiz., nos. 634-677 (1979), pp. 116-125 (Prop. 3). 


Second Proof. (I. Gessel) It is easy to see that the number of permutations 
2 - - - dz», of the multiset {17, 27, ... , 27} with no subsequence of the form 
bab witha < b is equal to f(n). (Write down two 1’s in one way, then two 
consecutive 2’s in three ways relative to the 1’s, then two consecutive 3’s 
in five ways relative to the 1’s and 2’s, etc.) Hence by Proposition 5.1.1, 
Ey (x)? is the exponential generating function for pairs (7, 0), where 7 is a 
permutation of some multiset M = {i?, eee i7} C {17,2?,...,n*} ando is 
a permutation of {17, 2”,..., ”?} — M; and where both 7 and o satisfy the 
above condition on subsequences bab. But to obtain and o we can place 
the two 1’s in two ways (i.e., in either 7 or 0), then the two 2’s in four ways, 
etc., for a total of 2-4---(2n) =2”"n! ways. O 


To obtain a threshold graph G on [7m], choose a subset J of [7] to be the set of 
isolated vertices of G, and choose a threshold graph without isolated vertices 
on [n] — J. From Proposition 5.1.1 it follows that T(x) = e* S(x). 

A threshold graph G with n > 2 vertices has no isolated vertices if and only 
if the complement G has an isolated vertex. Hence t(n) = 2s(n) for n > 2. 
Since t(0) =s5(0)=1, t(1)=1, s(1)=0, it follows that T(x) =2S(x) + 
xl. 

These results, as well as others related to the enumeration of labeled thresh- 
old graphs, are essentially due to J. S. Beissinger and U. N. Peled, Graphs 
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and Combinatorics 3 (1987), 213-219. For further information on threshold 
graphs, see N. V. R. Mahadev and U.N. Peled, Threshold Graphs and Related 
Topics, Ann. of Discrete Math. 56, North-Holland, Amsterdam, 1995. 


b. Let G be a threshold graph on [7] with no isolated vertices. Define an or- 


dered partition (B;, ..., By) of [n] as follows. Let B, be the set of isolated 
vertices of G,so G = B; + Gy, where G, is threshold graph with no isolated 
vertices. Let Bz be the set of isolated vertices of G\. Iterate this procedure 
until reaching G,_; = B,. We obtain in this way every ordered partition 
(Bi, ..., By) of [n] satisfying #B, > 1. Since there are clearly nc(n — 1) 
ordered partitions (Bi,..., By) of [n] satisfying #B, =1, it follows that 
s(n) =c(n) —nc(n — 1). 

c. The polytope P of Exercise 4.31 is called a zonotope with generators v1, ..., 
uz. Let Z, be the zonotope generated by all vectors e; +ej,1<i<j <n, 
where e; is the /th unit coordinate vector in R”. The zonotope Z,, is called the 
polytope of degree sequences. By a well-known duality between hyperplane 
arrangements and zonotopes (see e.g. A. BjOrmer, M. Las Vergnas, B. Sturm- 
fels, N. White, and G. M. Ziegler, Oriented Matroids, Cambridge University 
Press, Cambridge, 1993 (Prop. 2.2.2)), the number of regions of 7,, is equal 
to the number of vertices of Z,. The number of vertices of Z, was computed 
by J. S. Beissinger and U. N. Peled, Graphs and Combinatorics 3 (1987), 
213-219. Further properties of Z,, appear in R. Stanley, in Applied Geometry 
and Discrete Mathematics: The Victor Klee Festschrift, DIMACS Series in 
Discrete Math. and Theor. Comput. Sci. 4, American Mathematical Society, 
1991, pp. 555-570. 


d. This result can be deduced from Exercise 5.50(b). It is also a consequence of 


the theory of signed graph colorings developed by T. Zaslavsky in Discrete 
Math. 39 (1982), 215-228, and 42 (1982), 287-312 (esp. §5). Is there a more 
direct proof? 


Let c,(m) be the number of ways to choose a connected bipartite graph on [7] 
with k edges. Let f;(n) (respectively, g,()) be the number of ways to choose a 
weak ordered partition (A, B) of [n] into two parts, and then choose a bipartite 
graph (respectively, connected bipartite graph) with k edges on [m] such that 
every edge goes from A to B. Let 


B(x) = d, 2, bing, 


and similarly for C(x), F(x), and G(x). (The sums for C(x) and G(x) start at 
n= 1.) It is easy to see that 


F(x =) > (Si + ate(7)) — 


n=0 


F(x) = exp G(x), B(x) = exp C(x), G(x) = 2C(x), 


and the proof follows. 


. It suffices to assume that g € P. Let Kmn have vertex bipartition (A, B). By 


an obvious extension of Proposition 5.1.3, the coefficient of x”y"/m!n! in 
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(e* + e” — 1)? is the number of q-tuples m =(5S,,..., Sz) where each S; is 
a (possibly empty) subset of A or of B, the S;’s are pairwise disjoint, and 
) S; = A U B. Color the vertices in S; with the color i. This yields a bijection 
with the q-tuples z and the q-colorings of K,, and the proof follows. Note that 
there is a straightforward extension of this result to the complete multipartite 
graph K,,,....n,, yielding the formula 


k 
ye x(Kn, an OO ed a 


a. Let A, (respectively, B,) be the set of all pairs (7,0) such that 7 and o 
are alternating permutations of some complementary subsets § and [2] — S 
of [2n] of odd (respectively, even) cardinality. Proposition 5.1.1 shows that 
the identity 1 + tan? x = sec” x follows from giving a bijection from A, 
to B, for n > 1. Suppose that m =aja)---a, and o = bi bp --+ bon_,. 
Then exactly one of the pairs (a, a2 - - - dy b2,_4, b)b2 - - + bon_~—1) and (a,az 
+++ ay_1, b1b2 +++ b2,a,) belongs to B,, and this establishes the desired bi- 
jection. 

b. The identity (5.87) is equivalent to 


m n 

Yo Emin = PY etan! xy(tant y) + tan! xy(tan* yy). 

Pager mint tS 
m-+n odd 

Let m,n > 0 with m +n odd, and let 7 be an alternating permutation of 

[m +n]. Then either n =0, or else 2 can be uniquely factored (as a word 

@,a2--+Am-+n) in the form 


TE = €101010202 + + + OfOK0441€2, 


where (i) é; is an alternating permutation (possibly empty) of some subset of 
[m] of even cardinality, (ii) e2 is a reverse alternating permutation (possibly 
empty) of some subset of [77] of even cardinality, (iii) each 0; is a reverse al- 
ternating permutation of some subset of [m] of odd cardinality, and (iv) each 
6; is an alternating permutation of some subset of {m + 1,m +n] of odd 
cardinality. Using the bijection of (a) (after reversing e2), we can transform 
the pair (€1, e2) into a pair (e}, e5) where the e;’s are alternating permutations 
of sets of odd cardinality, unless both e; and e2 are empty. It follows that 
>>, E zai a t Sod + tan? x)(tan* x)(tan*+! y) 
mn — tanx + n° x y 


m,n>O0 k>0 
m-+n odd 


= )"[(tan* x)(tan**! y) + (tan**? x)(tan* y)]. 
k>0 


5.8. For further information on central factorial numbers (where our T (7, k) is de- 


noted T(2n, 2k)), see J. Riordan, Combinatorial Identities, John Wiley & Sons, 
New York, 1968 (§6.5). Part (e) is equivalent to a conjecture of J. M. Gandhi, 
Amer, Math. Monthly 77 (1970), 505-506. This conjecture was proved by L. 
Carlitz, K. Norske Vidensk. Selsk. Sk. 9 (1972), 1-4, and by J. Riordan and 
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P.R. Stein, Discrete Math. 5 (1973), 381-388. A combinatorial proof of 
Gandhi’s conjecture was given by J. Francon and G. Viennot, Discrete Math. 
28 (1979), 21-35. The basic combinatorial property (f)(i) of Genocchi numbers 
is due to D. Dumont, Discrete Math. 1 (1972), 321-327, and Duke Math. J. 
41 (1974), 305-318. For many further properties of Genocchi numbers, see the 
survey by G. Viennot, Séminaire de Théorie des Nombres, 1981/82, Exp. No. 11, 
94 pp., Univ. Bordeaux I, Talence, 1982. A more recent reference is D. Dumont 
and A. Randrianarivony, Discrete Math. 132 (1994), 37-49. 
5.9. a. If C(x) is the exponential generating function for the number of connected 
structures on.an n-set, then Corollary 5.1.6 asserts that F(x) = exp C(x). 
Hence 


E,(x) = exp 5[C(x) + C(—x)] = \ F(x) F(—x). 


b. Let cx(m) be the number of k-component structures that can be put on an 


n-set, and let 
x? 
F(x,t)= » > c(n)re—, 

n>0 k>0 he 

By Example 5.2.2 we have F(x, t) = F(x)’, so 
1 1 1 
E = -[F(x,1)+ F(x, -—1)] = — | F(x) + —— }. 
e(X) 5 (x,1)+ F(x, -1)] ( ®+ gs) 
This formula was first noted by H. S. Wilf (private communication, 1997). 
5.10. a. Put 


jl oifk {i 
‘10 ifkfi 
in (5.30) to get 
n ki 
x x 
2, fun, = 8 pes 


: 1 ky-1 
= emp logit — x") 


= (1 — xk)-WV/k 


— —I/k _1\nykn 
=> ( ‘ ) 1x". 


n>0 


Hence fi(kn) = (kn)!(~/*)(—1)", which simplifies to the stated answer. 

b. Suppose & |. We have n — 1 choices for (1), then n — 2 choices for 7r2(1), 
down ton —k + 1 choices forz*~!(1). For 7*(1) we haven — k + 1 choices, 
since 2*(1)=1 is possible. If 2*(1) 4 1 we have n — k — 1 choices for 
a**1(1), while if *(1) = 1 we again have n —k — 1 choices for (i), where i 
is the least element of [7] notin the cycle (1, 7(1),..., m*-1(1)). Continuing 
this line of reasoning, for our j-th choice we always have n — j possibilities 
ifk { 7 andn — 7 + 1 possibilities if k | 7, yielding the stated answer. 
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c. Put 
—_ «jO ifk {i 
‘ [1 ifkfi 
in (5.30) to get 


Dany 


n>O 


o(ee-pe) 


i>] i>1 


Ziiecel ky-1 
exp|log(l — 2) =e Er) 
= ( = ehylikq —x)7! 
=(l¢xt+---¢25q —x4F 
1-k 
=f] use k-1 er _1\tykn 
(hea ee OCF cars 


n>=0 


etc. (Compare Exercise 1.44(a).) Note that 


n n . 1 
(x no (Sam) = i, a 


n>0 n>0 1—x 


since every cycle of a permutation either has length divisible by & or length 
not divisible by x. 

d. See E. D. Bolker and A. M. Gleason, J. Combinatorial Theory (A) 29 (1980), 
236-242, and E. A. Bertram and B. Gordon, Europ. J. Combinatorics 10 
(1989), 221-226. A combinatorial proof of a generalization of the case k =2 
different from (c) appears in R. P. Lewis and S. P. Norton, Discrete Math. 138 
(1995), 315-318. 


5.11. a. A permutation w € G, has a square root if and only if the number of cycles 
of each even length 27 is even. A simple variant of Example 5.2.10 yields 


x” x? x4 
Yo am)— =e (cost 5) er 3 (cosh =) Pee 
n>0 a: 2 4 


1/2 2k 
= (; =*) | [cosh am 
l-x roa 2k 
This result appears in J. Blum, J. Combinatorial Theory (A) 17 (1974), 156- 
161 (eq. (5)), and [1.3, §9.2] (but in this latter reference with the factors 
cosh(x~* /2k) misstated as cosh(x* /k)). These authors are concerned with 
the asymptotic properties of a(n). 
b. Let F(x) = > a(n)x" /n!. Then by (a) F(x)/(1 +x) is even, and the result 
follows. See J. Blum, ibid. (Thm. 1). 
5.12. Let a=u and b=uv7!. Then u=a and v=b"'a, so a and b range over 
G,, as u and v do. Note that u*v~* = (aba~')b. Since every element of G,, is 
conjugate to its inverse, the multiset of elements aba~'b (a, b € Gp) coincides 
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with the multiset of elements aba~!b~!. Thus f(n) is equal to the number of 
pairs (a,b)€ G, x G, such that ab=ba. (See Exercise 7.69(h).) Since the 
number k(a) of conjugates of a is the index [G,, : C(a)] of the centralizer of a, 
we have 


fin) = > #C(@) 


acG, 


where p(n) is the number of partitions of n (the number of conjugacy classes of 
G,,). Hence 


Fx) =] fa-x')7. 
i>] 
A less conceptual proof can also be given by considering the possible cycle types 
of u and v. 
Note that the above argument shows the following more general results. First, 
for any finite group G, 


#{(u,v) € G X G:uv = vu} = k(G) - |GI, 


where k(G) denotes the number of conjugacy classes in G. (This result was 
known to P. Erdés and P. Turan, Acta Math. Hung. 19 (1968), 413-435 (Thm. IV, 
proved on p. 431).) Second (using the observation that if aba~! b = 1, then b is 
conjugate to b—!), we have 


#{(u, v) € G x G:u? = v"} = |G}-uG), (5.124) 


where 1(G) is the number of “self-inverse” conjugacy classes of G, 1.e., conju- 
gacy classes K for which w € K © w7! € K. This result can also be proved 
using character theory, as done in Exercise 7.69(h) for a situation overlapping 
the present one when G = G,,. The problem of computing the left-hand side 
of (5.124) was posed by R. Stanley, Problem 10654, Amer. Math. Monthly 105 
(1998), 272. 


5.13. a. A homomorphism f :G — G,, defines an action of G on [n]. The orbits 
of this action form a partition 2 € IT,. By the exponential formula (Corol- 
lary 5.1.6), we have 


x” x? 
> \ #Hom(G, Sn) = exp Yau =) ; 
n>=0 i d 
where gq is the number of transitive actions of G on [d]. Such an action is 
obtained by choosing a subgroup H of index d to be the subgroup of G fixing 
a letter (say 1), and then choosing in (d — 1)! ways the letters 1 # i € [d] 
corresponding to the proper cosets of H. Hence gg =(d — 1)! jg, and the 
proof follows. 

This result first appeared (though not stated in generating-function form) 
in I. Dey, Proc. Glasgow Math. Soc. 7 (1965), 61-79. The proof given here 
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appears in K. Wohlfahrt, Arch. Math. 29 (1977), 455457. For some ramifica- 
tions and generalizations, see T. Miiller, J. London Math. Soc. (2) 44 (1991), 
75-94; Invent. Math. 126 (1996), 111-131; and Enumerating representations 
in finite wreath products, MSRI Preprint No. 1997-048; as well as [16, §3.1]. 
A general survey of the function jg(G) is given by A. Lubotzky, in Proceed- 
ings of the International Congress of Mathematicians (Ziirich, 1994), vol. 1, 
Birkhauser, Basel/Boston/Berlin, 1995, pp. 309-317. 


. If F, has generators x1,...,X;, then a homomorphism gy : F; > Gy is 


determined by any choice of the y(x;)’s. Hence #Hom(F;, G,) =n!°, and 
the proof follows from (a). A recurrence equivalent to (5.89) was found by 
M. Hall, Jr., Canad. J. Math. 1 (1949), 187-190, and also appears as The- 
orem 7.2.9 in M. Hall, Jr., The Theory of Groups, Macmillan, New York, 
1959. Equation (5.89) itself first appeared in [4.36, eqn. (21)]. From (5.89) E. 
Bender, SIAM Rev. 16 (1974), 485~515 (§5), has derived an asymptotic ex- 
pansion for jg(F;) for fixed s. For further combinatorial aspects of jy(F2), see 
A. W. M. Dress and R. Franz, Bayreuth Math. Schr., No. 20 (1985), 1-8, and 
T. Sillke, in Séminaire Lotharingien de Combinatoire (Oberfranken, 1990), 
Publ. Inst. Rech. Math. Av. 413, Univ. Louis Pasteur, Strasbourg, 1990, pp. 
111-119. 


. Letm | d.Chooseasubgroup H of G of index m, and let N(H) denote its nor- 


malizer. Choose an element z € N(H)/H.Definea subgroup K of G x Zby 
K = {(w,da/m)€GxZ:weN(A), w= 2° in N(A)/A}. 


Then (G x Z: K] = d, andevery subgroup K of G x Zof index d is obtained 
uniquely in this way. (This fact is a special case of the description of the sub- 
groups of the direct product of any two groups. See e.g. M. Suzuki, Group The- 
ory I, Springer-Verlag, Berlin/Heidelberg/New York, 1982, p. 141, translated 
from the Japanese edition Gunron, Iwanami Shoten, Tokyo, 1977 and 1978.) 
Once we choose m and H, there are [N(H) : H] choices for z. Since the 
number of conjugates of H is equal to the index [G : N(7)], we see easily that 


1 
Um(G) = — 7 (N(CH): Hl. 


M lg:Al=m 
It follows that 
ja(G x Z) = }° mun(G), (5.125) 
mid 


and the proof follows from (a) and Exercise 1.40. 


Nore. The numbers ug(F;) (where F;, is the free group on s generators) were 
computed by V. Liskovets, Dokl. Akad. Nauk BSSR 15 (1971), 6-9 (in Rus- 
sian), essentially by using equation (5.90). A messier formula for ug(F's) aP- 
pears in J. H. Kwak and J. Lee, J. Graph Theory 23 (1996), 105-109. Note that 


#Hom(Z x F;, Gn) = > #CWw))’, 
wes, 


where C(w) denotes the centralizer of w in G,, (whose cardinality is given 
explicitly by equation (7.17)). Using (5.90) it is then not hard to obtain the 


5.14. a. 


Solutions 113 
formula 


I] (du te) — | [a _ ty Has) 


i>1 \j20 d>1 


which is equivalent to the formula of Liskovets for uy(F;). 


. Observe that 


Cm(n) = #Hom(Z”, G,,). 


Now use (c). An equivalent result (stated below) was first proved by J. Bryan 
and J. Fulman, Annals of Combinatorics 2 (1998), 1-6. 


Note. It is well known (and an easy consequence of Exercise 3.49.5(c) or of 
equation (5.125)) that 


Yo ja(Z" ed = E(8)E(8 —1)++-(s—m+2), (6.126) 
d>1 
where ¢ denotes the Riemann zeta function. For the history of this result, see 
L. Solomon, in Relations between Combinatorics and Other Parts of Math- 
ematics, Proc. Symp. Pure Math. 34, American Mathematical Society, 1979, 
pp. 309-330. By iterating (5.90) or by using (5.126) directly, we obtain the 
formula of Bryan and Fulman, viz., 


3 
oa 1 Aya 
> Cm (1) = I] (; = am) 
121 


n>0 iy gore lin 


. By (a), we want to show that hy(n)=#Hom(G,;, G,). Let s,_,= 


(m,m+1) € G1 <m <k—1.Givenahomomorphism f : G;, > G,, 
define a graph Ir on the vertex set [7] by the condition that there is an edge 
colored m with vertices a 4 bif f(s,)(a) =. One checks that the condi- 
tions (i)—(iii) are equivalent to the well-known Coxeter relations (e.g., J. E. 
Humphreys, Reflection Groups and Coxeter Groups, Cambridge University 
Press, Cambridge, 1990, 81.9) satisfied by the generators s,, of G x. 


Take the logarithm of both formulas, subtract one from the other, and solve 
for y to get 

eer eee 5.127 

ve ae os (5.127) 


Comparing with Exercise 3.81(c) (after correcting a typographical error) 
shows that the only possible y is as claimed. Since the steps are reversible, 
the proof follows. 


. While this result can easily be proved using the explicit formula (5.127) and 


the fact that 
d x” 
ar Aj )—- = ’ 
= SO An-i( =o 
n>2 


we prefer as usual a combinatorial proof. Define a connected A-structure 
on a finite subset S of P to consist of a permutation w= aja2--:a; of 
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S whose smallest element mina; is a;. Define the weight f(w) of w by 
f(w) = 1! +4) Tf #5 =n then it is easy to see that 


=] 
Crt) := > fw) = oa =. ‘ 


n> 1, 


where w ranges over all connected A-structures on S. By the exponential 
formula (Corollary 5.1.6), we have 


De ee 
o( + ) 41005) = > An(t)—, 
n>2 nt n>0 A! 


where 


Anlt)= = >> Cup, (t)--- Con, (0). 


nm={B),..., Bell, 


Given an A-structure w; on each block B; of 2, where the indexing is 
chosen so that minw,; > minw2 > --- > minwuy;, the concatenation 
WwW =W 1W2 °°: Ww, is a permutation of [7] such that 


f (wr) f (we) +++ f(w,) = tte), 


Conversely, given w € G, we can uniquely recover w), w2,..., Wx, since 

the elements min w; are the left-to-right minima of w. (Compare the closely 
ae A 6 

related bijection G,, — G,, of Proposition 1.3.1.) Hence 


AO SOSA); 


wee, 


completing the proof. 


. It follows from the argument above that the number of left-to-right minima 


of w is k, the number of blocks of z. The stated formula is now an immediate 
consequence of the discussion in Example 5.2.2. This result is due to L. Car- 
litz and R. A. Scoville, J. Combinatorial Theory 22 (1977), 129-145 (eqn. 
(1.13)), with a more computational proof than ours. Carlitz and Scoville state 
their result in terms of the number of cycles and excedances (which they call 
“ups”) of w, but the bijection G,, Bak G,, of Proposition 1.3.1 shows that the 
two results are equivalent. 


. If a; is a left-to-right minimum of w=a),a)---a,, then either i =1 or 


i € D(w). Hence 1 + d(w) — m(w) > 0. By (c) we have 


n 
ame. yi!" = ye (= aaa) ~, 
nN: 


n>0 \weé, 


and the proof follows. 
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5.15. a 
E s(x) = exp > 4( i— es 
i>k 
2 k~l 
i exp(—5 een eee | 
2 4 2(k — 1) 
b. 
By) = 0 = +a =| 
2 
Ss exp( = oe +x) 
c. 
i(i — 2)! x' 
B,(0) = ox0( = + )>-—— aoe ) 5] 
i>s 
=(1-—x)"? exp(—5x? ~ 5x3 _ qx). 
d. 


1 
E(x) -oo(<+ 35] 


i>2 


= G+545) 
TNT Set ay 


5.16. a. See R. Stanley, in Applied Geometry and Discrete Mathematics: The Victor 
Klee Festschrift, DIMACS Series in Discrete Math. and Theor. Comput. Sci. 
4, American Mathematical Society, 199!, pp. 555-570 (Cor. 3.4). It would 
be interesting to have a direct combinatorial proof of (5.91). For some work 
in this direction, see C. Chan, Ph.D. thesis, M.I.T., 1992 (§3). 
b. By Proposition 5.3.2 the number of rooted trees on 7 vertices is n"~!, with 
exponential generating function 


R(x) = Le 


n>1 


Hence by Proposition 5.1.3 the exponential generating function for k-tuples 
of rooted trees is R(x)*, and so for undirected k-cycles of rooted trees (ie., 
graphs with exactly one cycle, which is of length k > 3) is R(x)‘ /2k. 

Let h(j, n) be the number of graphs G on the vertex set [7] such that every 
component has exactly one cycle, which is of odd length >3, and such that 
G has a total of 7 cycles. (Such graphs have exactly n edges.) Then by the 
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exponential formula (Cor. 5.1.6) we have 


ee ee ere Cae 


jn>=0 k>1 


= exp — é aE (logfl — R(x)}7! 


logit + RT} ~ RO] 


4 
a (; + R(x) gs et R(x)/2 
1— R(x) 


Thus, 


xn 1/2 
1 Sata =] (EER) mo 2] 


jn>l 
1 2 Me 
ge eee are 
Al ae) : a 


It is easy to deduce from R(x) = xe*) that 


ea we e*) = 1-Sn- pyre (5.128) 
1 — R(x) nt’ n! 


n>0 : n>1 


(for the first of these formulas see Exercise 5.42; the second follows from 
equation (5.67)), so we get 


1+ OG, 


jn>l 


1/2 
1 n e n— 
=5 (142) =) (:- — Sm -1) ie sya 


n>1 


Now by Propositions 5.1.1 and 5.1.6, the exponential generating function for 
the right-hand side of (5.91) is 


( + }o a in| sagt 


jnzl 


where T(x) = Dons n"~?(x" /n1) is the exponential generating function for 
free trees on the vertex set [n], and the proof follows. 
This result appears in R. Stanley, ibid., Cor. 3.6. 
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5.17. a. Line up all 7 persons in ! ways. Break the line in k — 1 of the n — | places 


c 


between two consecutive persons, in ‘ay ways. This yields k lines, but the 
same k lines could have been obtained in any order, so we must divide by the 
k! ways of ordering k lines. Thus there are u(r) ways. (Exercise 1.11(b) 
is essentially the same as this one.) 


. Put f(n)=n! and g(k)=x* in Theorem 5.1.4 (or f(n)=<xn! in Corol- 


lary 5.1.6). 
We have 


Flasae-"(."1)). 


the number of ways to linearly order an r-element set, say 21, Z2,..., Zy, and 
then to place a — | bars in the spaces between the z;’s or before z; (but not after 
Zr), allowing any number of bars in each space. On the other hand, we have 


eo n—-k+1 

op Peas.) 
the number of ways to place ak — 1 bars By, ..., Bax—1 (from left to right) 
in the spaces between a line of n — k dots, or at the beginning and end of 
the line, allowing any number of bars in each space. Put a new bar Bo at the 
beginning and a new bar Bq at the end. Put a new dot just before the bar Bja 
for 1 < j < k. We now have n dots in all. Replace them with a permutation 
of [n] inn! ways. By considering the configuration between Byj—1)a and Bja 
for 1 < 7 < k, we see that our structure is equivalent to an ordered partition 
of [”] into k blocks, such that each block has a linear ordering z;,..., Z; 
together with a — 1 bars in the spaces between the z;’s, allowing bars before 
Z, but not after z,. Since there are k! ways of “unordering” the k blocks, equa- 
tion (5.92) follows from Corollary 5.1.6 (the exponential formula). Equation 
(5.93) is proved similarly. 

Essentially the same argument was found by C. A. Athanasiadis, H. Cohn, 
and L. W. Shapiro (independently). These identities are also easy to prove 
algebraically. For instance, 


Xu u Xx 
exp ———_—_- = ——__—- — 
el ae PD (i — uy k! 


etc. 


. Choose an (n —k)-subset T of [n] in () ways. Choose an injection g : T > 


[n]UA in (@ +7)n—~ ways. We have (7) (@ +7)n—x ways of choosing in all. 
If i € [n] — T and is not in the image of g, then define {i} to be a block of 
zx (which of course has a unique linear ordering). Ifi € [n] — T andi = g(/) 
for some j, then there is a unique m € T for which g’(m) =i for some 
r > 1, and m is notin the image of g. Define a linearly ordered block of 7 by 


m > g(m) > g*(m) > +>. > gm) =i. 
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The remaining elements of [7] (those not in some block of 77) form the set 
S, and the restriction of g to S defines f. 
e. Note that 


(Q—uy*! = Sl@+ Dix 


} 
hs 
j>0 J: 


and that (a + 7); is the number of injections f : S > SUA, where #5 = j. 
Now use Proposition 5.1.1 and (b). There is also an easy algebraic proof 
analogous to that given at the end of (c). 

The polynomials 


n 


1 
LP@=— >) Ql + 1)n—i(—x)" 


* k=0 


are the Laguerre polynomials. The combinatorial approach used here is 
due to D. Foata and V. Strehl, in Enumeration and Design (D. M. 
Jackson and S. A. Vanstone, eds.), Academic Press, Toronto/Orlando (1984), 
pp. 123-140. They derive many additional properties of Laguerre polyno- 
mials by similar combinatorial reasoning. Combinatorial approaches toward 
other classical sequences of polynomials have been undertaken by a number 
of researchers; see for example G. X. Viennot, Une Théorie Combinatoire 
des Polynémes Orthogonaux, lecture notes, Université de Québec 4 Montréal, 
Dépt. de Maths., 1984, 215 pp.; various papers in Springer Lecture Notes in 
Math., Vol. 1171, Springer-Verlag, Berlin, 1985 (especially pp. 111-157); 
J. Labelle and Y. N. Yeh, Studies in Applied Math. 80 (1989), 25-36. See 
also Exercise 5.19 for a further example of this type of reasoning. Additional 
references appear in [2, p. xiv]. 


5.18. If C isa cycle of length 1, then the number of distinct cycles that are powers of C 


5.19. 


is @(n) (since the distinct cycles are C/ where1 < j < nand(/,n)=1). Hence 
if w has cycles C,, Co, ..., Cx, then the number of permutations equivalent to 
x is [[j_,(#C,). Therefore 


e(n)= )> (Teaco) 


TEGn t 


where the C;’s are the cycles of 2. Now use Corollary 5.1.9. 
This result was proposed as a problem by R. Stanley, Amer. Math. Monthly 
80 (1973), 949, and a solution was given by A. Nijenhius, 82 (1975), 86-87. 


We have 
Kyla)Ky() = Yo aH), 


summed over pairs (77, 0) of involutions in G,. Represent (77,0) by a graph 
G(x, 0) on the vertex set [7] by putting a red (respectively, blue) edge between i 
and j if (i, j) isacycle of x (respectively, 0). If (i) = i (respectively, (i) = i), 
then we put a red (respectively, blue) loop on the vertex i. (Thus if 2(i) =i and 
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a(t) =1, then there are two loops on 7, one red and one blue.) There are three 

types of components of G(z, oa): 

(i) A path with a loop at each end and with 2k + | > 1 vertices, with red and 
blue edges alternating. There are (2k + 1)! such paths, and all have one red 
and one blue loop. Thus each contribute a factor ab to the term a0") 1) 

(ii) A path as in (i) with 2k > 2 vertices. There are 5(2k)! paths before we 
color the edges. One coloring produces two red loops and the other two 
blue loops, thus contributing a” and b’, respectively, to a“), 

(iii) A cycle of length 2k > 2 with red and blue edges alternating. There are 
(2k — 1)! such cycles, and all have no loops. Thus a cycle contributes a 
factor of 1 to a! Mp), 

It follows from Corollary 5.1.6 (the exponential formula) that 


(2k + 1)tx2k+! 
is K,(a)Kn o= = = oo bee eELT 


Ly og em (2k) Ex7* (2k — 1)1x2* 
+5 +) >> a 5) ars a 


k>] k>l 


1 — x? 


1,2 202 
== aya BETH + b*)x | 


The Hermite polynomials H,(a) aoe be defined by 


1+ = Hy, @* = = exp(2ax — x 2. (5.129) 


n>l 


(Sometimes a different normalization is used, so the right-hand side of (5.129) 
becomes exp(ax — x*/2).) In terms of the Hermite polynomials, the identity 
(5.95) becomes 


S> An (a) A, oO ~ (1 — 4x2)7!/? ex 


n>0 


A ee — 4(a* + b*)x? 
1 — 4x? 


This identity is known as Mehler’s formula. M. Schiitzenberger suggested find- 
ing a combinatorial proof, and essentially the above proof was given by D. Foata, 
J. Combinatorial Theory (A) 24 (1978), 367-376. For further results along these 
lines, see D. Foata, Advances in Applied Math. 2 (1981), 250-259, and D. Foata 
and A. M. Garsia, in Proc. Symp. Pure Math. (D. K. Ray-Chaudhuni, ed.), vol. 
34, American Mathematical Society, Providence, 1979, pp. 163-179. 


5.20. a. We want to interpret xe? “" as the exponential generating function (e-f.g.) 
for rooted B-graphs on n vertices. By (5.20), B’(x) is the e.f.g. for blocks 
on an (n + 1)-element vertex set which are isomorphic to a block in B. Thus 
by Theorem 5.1.4, B’(F(x)) is the e.f.g. for the following structure on an 
n-element vertex set V. Partition V, and then place a rooted B-graph on each 
block. Add a new vertex uo, and place on the set of root vertices together with 
Uo a block in B. This is equivalent to a B-graph G on n + 1 vertices, rooted 
at a vertex Ug with the property that only one block of G contains ug. 
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It follows from Corollary 5.1.6 that e8*) js the e.f.g. for the following 
structure on an 7-set V. Choose a partition 2 of V. Add a root vertex v4 to 
each block A of zr. Place on each set A U {v4} a B-graph Ga such that v, 
is contained in a single block. 

If we identify all the vertices v4 to a single vertex v,, then we obtain sim- 
ply a B-graph G on V U {v,}. Moreover, given G we can uniquely recover 
the partition 7 and the graphs G4 by removing v, from G, seeing the con- 
nected components which remain (whose vertex sets will be the A’s), and 
adjoining uv, to each component connected in the same way that v, was con- 
nected to that component. Thus e? (*)) is the e.f.g. for connected B-graphs 
on V U {v,}, where #V =n. 

Lastly it follows from (5.19) that xe?" is the e.f.g. for the following 
structure on ann-set W. Choose an element w € W, then add an element w,. 
to W — {w} and place a connected B-graph on (W — {w}) U {w,}. This is 
equivalent to rooting W at w and placing a connected B-graph on W. In other 
words, xe? F@) is the e.f.g. for rooted connected B-graphs on n vertices, 
and hence coincides with F(x). To obtain (5.97), substitute F‘—! (x) for x 
in (5.96) and solve for B(x) = poe, bin + 1) x"/n!}. 

See Figure 5-24 for an example of the decomposition of rooted connected 
B-graphs described by xe2 *), Equation (5.96) is known as the block—tree 
theorem, and is due to G. W. Ford and G. E. Uhlenbeck, Proc. Nat. Acad. 
Sci. U.S.A. 42 (1956), 122-128 (the case yo = 1 of (7)). Ford and Uhlenbeck 
in fact prove a more general result where they keep track of the number of 
occurrences of each block in a B-graph G. They then use Lagrange inversion 
to obtain that the number of G-graphs on an n-element vertex set with kg 
blocks isomorphic to B is equal to 


nt nzeke-! 
k 
Aut B| \"? 
ll ( ) Gi 
B PB 


where the block B has pz, vertices. 


. Let B be the set of all blocks without multiple edges. A B-graph is just a 


connected graph without multiple edges. Letting F(x) and B(x) be as in (a), 


Figure 5-24. The block-tree decomposition. 


5.21. 


5.22. 


5.23. 


Solutions 121 


by (5.37) and (5.21) we have 


F(x) = x log 720. 
dx n! 


n>0 
Now use (5.97). 


Let u =u,U +++ Uy, where u; € A. Represent u as a row of n dots, and connect 
two adjacent dots if they belong to the same word of B when u is factored into 
words in B. If 27 = a)a ---a,, then place a; below the i-th dot. For instance, if 
U =U, U2 +++ Ug where Uy - U2U3U4 «U5 - UgU7 - Ugg represents the factorization 
of u into words in B, and if 7 = 529367148, then we obtain the diagram 


Uy U2 U3 Ug U5 UG UTZ UZ Ug 
« e—e—» 0e© ee o—<e 


5 29 3 67 1 4 8 


Consider the subsequence p of z consisting of the labels of the first elements 
of each connected string. For the above example, we get 9 = 52674. Draw a 
bar before all left-to-right maxima (except the first) of the sequence p. For p = 
52674, the left-to-right maxima are 5, 6, and 7. Thus we get 


Uy U2 Uz U4|U5|UG U7 Ug Ug 
e o—e-—-e e o—e o—_e 
5 2 9 31617 1 4 8 


For each sequence v of u;’s separated by bars, write down the cyclic permuta- 
tion of v whose first element corresponds to the largest possible element of 77. Ar- 
range in acycle the elements of 7 which are below v. For our example, we obtain: 


Uzu4guyu2 (5293) 


us (6) 
Ugleguzug (7148) 


We leave it to the reader to verify that this procedure establishes the desired 
bijection. 

This bijection is due to I. Gessel. 
To form a graph with every component a cycle on the vertex set [n + 1], first 
choose such a graph G on the vertex set [n] (in Z(m) ways). Then insert the 
vertex 1 + 1 into it, either as an isolated vertex (one way) or by choosing an 
edge e of G and inserting m + 1 in the middle of it (7 ways). Every allowable 
graph on [n + 1] will arise exactly once, except that the two ways of inserting 
n+ 1 into a 2-cycle (double edge) result in the same graph. There are (3) pos- 
sible edges, and L(m — 2) graphs which contain a given one of them. Hence 
La+l=+)DL(@) — (3) Lm — 2), as desired. 

This result was first proved by I. Schur, Arch. Math. Phys. Series 3 27 (1918), 
162, in a less combinatorial fashion. See also [53, Problem VII.45]. 
Let N be a cloud. Identify the line 6; with the node i, and the intersection 
5; 16; € N with the edge {i, j}. 

This exercise is taken from [2.3, pp. 273-277]. The connection between clouds 
and graphs goes back to W. A. Whitworth, Choice and Chance, Bell, 1901 
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(reprinted by Hafner, 1965), Exer. 160, p. 269. Whitworth erroneously claimed 
that c(m) = s(n — 1)!. His error was corrected by Robin Robinson, Amer. Math. 
Monthly 58 (1951), 462-469, who obtained the recurrence for c(m) given in 
Example 5.2.8 (where T,*(2) is used instead of c(m)) by simple combinatorial 
reasoning. The generating function (5.29) was derived from the recurrence in an 
editorial note [19], and was used to complete an asymptotic formula for c(71) par- 
tially found by Robinson. Some congruence properties of c(n) were later given by 
L. Carlitz in Amer. Math. Monthly 61 (1954), 407-411, and 67 (1960), 961-966. 


a. By Example 4.6.33(b), the vertex set V(X,,) of X,, satisfies 
V(z,n) © {5(P +P’): Pisann x n permutation matrix} ; 


It is fairly straightforward to check which matrices 5(P + P") are actually 
vertices. See M. Katz, J. Combinatorial Theory 8 (1970), 417-423 (Thm. 1). 
b. Let 5(P + P') € V(Z,,). Suppose that P corresponds to the permutation 7 
of rail Define a graph G = G(P) on the vertex set [7] by drawing an edge be- 
tween i and j if w(!) = j or 7(j) =17. By (a), the components of G are single 
vertices with one loop, single edges, or odd cycles of length >3. Moreover, 
every such G corresponds to a unique vertex of &,, (though not necessarily 
to a unique P). There is one way to place a loop on one vertex or an edge on 
two vertices, and $(2i)! ways to place a cycle on 2/ + 1 > 3 vertices. Hence 


2i+1 
M(n)— = ex eh ! 
2, Ore =o +; (2 ng] 
2 +1 
x xXx 1 x 
eee a 
x x? 1 4 -] 
exp 5 ty tz llosd —» — log] + x) ] 


1l+x ue Bete 
xpf—+— }. 
es ee a 


An equivalent result (but not stated in terms of generating functions) appears 
in M. Katz, ibid. (Thm. 2). 
c. Take the logarithm of (5.98) and differentiate to get 


Mat = (Hae ele (Frost +9 


n>0 


a Te pee 
a ee a ee 


-(Qaot =) aaa ra 


n>0 


5.25. 


5.26. 


5.27. 
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Multiply by 2(1 —x*) and take the coefficient of x” /n! on both sides to obtain 
n 
Ma+l1) = M(n)+n?M(n —1)-— (>) M(n—2)—n(n—1)(n—2)M(n—3). 


This recurrence first appeared (with a misprint) in [6.70, Example 2.8]. 


a. This result is stated without proof (in amore complicated but equivalent form) 
by M. Katz, J. Combinatorial Theory 8 (1970), 417-423, and proved by the 
same author in J. Math. Anal. Appl. 37 (1972), 576-579. 

b. Arguing as in the solution to Exercise 5.24(b), the graph G corresponding to 
a matrix now can have as a component a single vertex with no loop. (Remov- 
ing a 1 from the main diagonal converts a loop to a loopless vertex.) Thus 
when applying the exponential formula as in Exercise 5.24(b), we obtain an 
additional factor of e*. (An erroneous generating function appears in [6.70, 
Example 2.8].) 

c. As in Exercise 5.24(c), we obtain 


5 i x 1 3 
M* ee * ao oie oy eS ae 
Ss +1) (Sar) (oa +d+s) 


n>0 n>0 


from which there follows 
M*(n + 1) = 2M*(n) +n?M*(n —l1)- 3(3) arn — 2) 
—n(n — 1)(n — 2)M*(n — 3). 


Is there a combinatorial proof, analogous to Exercise 5.22? 


Given a set X, let D(X) denote the set of all subsets S of 2* — {@} such that 
any two elements of S are either disjoint or comparable. Write D(n) for D({n]). 
Since form > 1 we have S € Dn) and [n] ¢ S if and only if [n] ¢ S 
and S$ U {[n]} € Dn), it follows that F(x) =1-+ 2G(x). Now let § € D(n), 
and regard S' as a poset ordered by inclusion. It is not hard to see that S is a 
disjoint union of rooted trees, with the successors of any vertex being disjoint 
subsets of [7]. Hence S can be uniquely obtained as follows. Choose a partition 
m ={B,,..., By} of [nm]. For each block B; of 2, choose a set S; € D(B;) 
such that B; € S; (in g(#B;) ways). If #B; = 1, then we can also choose to have 
B; € S;.Finally let S = (J S;. Since there are g(#B;) choices for each B; and one 
extra choice when #8; = 1, it follows from Corollary 5.1.6 that F(x) = ert), 
This exercise is due to I. Gessel. 


Given an edge-labeled tree T with n edges, choosea vertex of T inn +1 waysand. 
label it 0. Then “push” each edge label to the vertex of that edge farthest from 0. 

We obtain a bijection between (a) the (n +1 )e(n) ways to choose T and the vertex 

0, and (b) the (7 + ja ways to choose a labeled tree onn + 1 vertices. Hence 

e(n)=(n + 1)"~*. Essentially this bijection (though not an explicit statement 

of the formula e(7) = (n + 1)"~) appears in J. Riordan, Acta Math. 97 (1957), 

211-225 (See equation (17)), though there may be much earlier references. 
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* 5.28. Suppose that the tree T on the vertex set [7] has ordered degree sequence 


5.29. 


(d,,..., d,) (ie., vertex i has d; adjacent vertices), where necessarily 5° d; = 
2n — 2. Choose a vertex of degree one (endpoint), and adjoin vertices one at a 
time to the graph already constructed, keeping the graph connected. Color each 
edge as it is added to the graph. For the first edge we have k choices of colors. If 
one edge of a vertex of degree d has been colored, then there are (d — 1)! i) 
ways to color the others. It follows easily from Theorem 5.3.4 that the number of 
free trees with ordered degree sequence (d), ... , d,) is equal to the multinomial 


coefficient 
( n—2 
d, —1,d,—-1,...,d,-—1/) 


Hence the total number of k-edge colored trees is given by 


“({k-1 
T,(n) = k(n -— ae ) : | | & s ) 
ite +d, =2n-2 f=1 


= k(n — 2)'[x"-7] (1 + x1)" 


7 = (kK —1)n 
= k(n 2( fo ss i 


This result is due to I. Gessel (private communication). Is there a simple bijective 
proof? 


a. If F € P,, has rank i, then any of the i edges of F' can be removed from F 
to obtain an element that F covers. Hence F covers i elements. To obtain an 
element that covers /’, choose a vertex v of F in n ways, and then choose a 
connected component T of F not containing v inn —i — 1 ways. Attach the 
root of T below v. Thus F is covered by (n — i — 1)n elements. 

b. Let M(n) denote the number of maximal chains in P,,. We obtain a maximal 
chain by choosing a maximal element of P,, in r(m) ways, then an element 
that it covers inn — 1 ways, etc. Hence M(n)=r(n)(n — 1)!. On the other 
hand, we can choose a maximal chain by starting at 6, choosing an element 
u covering Oin (n — 1)n ways, then an element covering u in (m — 2)n ways, 
etc. Hence M(n)=n"~!(n — 1)!, sor(n)=n"-!” 

This elegant proof appears in J. Pitman, Coalescent random forests, J. 
Combinatorial Theory (A), to appear. The same reasoning can be used to 
compute the number p;(v) of planted forests on [”] with k components (i.e., 
the number of elements of P,, of rank n — k), as was done by other methods 
in the text (Proposition 5.3.2 and Example 5.4.4). Note also that P,, with a 
i adjoined, is a triangular poset in the sense of Exercise 3.79 (except for not 
having all maximal chains of infinite length). 

c. The poset P,, is simplicial, i.e., every interval [0, t] is isomorphic to a boolean 
algebra. (In fact, P,, is the face poset of a simplicial complex.) It follows from 
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Example 3.8.3 and the recurrence (3.14) defining the Mébius function that 


Ln :== WO, 1) = —pp(n) + pa-i(n) — --- + pin), 


where p;,(7) denotes the number of planted forests on [n] with k components. 
If R(x) denotes the exponential generating function for rooted trees (defined 
in Section 5.3), then by the exponential formula (Corollary 5.1.6) we have 


x” R 
— 1 — op 7R(-x) 
) Ln rs =1-e : 


n>] 
Now use the second formula of equation (5.128). 


5.30. First solution. Linearly order RUS byl <.--<r <I’ <--- <5’.GivenT, 
define a Sequence 7), 7>, ..., T>+5~2 as follows: set 7) =T.Ifi<r+s—2 
and 7; has been defined, then define 7;;) to be the tree obtained from 7; by 
removing its largest endpoint v; (and the edge incident to v;). For each i we also 
define a pair (u;, u;) of sequences (or words) u; € R* and u’ € S* as follows. 
Set (uo, Uo) = (8, O), where O denotes the empty word. Let 4; be the unique 
vertex of T; adjacent to v;. If t; € R then set (uj, ui) =(uj-1ti, u;_,).Ift; € § 
then set (u;, u;) = (uj—1, u;_ 4). Thus for the tree T we obtain a pair of words 
(u, U') = (Ur 45-2, U4, 9), Where Uypys_2 € Rij, Up,, 9 © S*_). As in the 
first proof of Proposition 5.3.2, the correspondence T ++ (u, u’) is a bijection 
between free bipartite trees on(R, S) and the set Rf_, x S*_,. Moreover, a vertex 
t appears inu and wv’ one fewer times than its degree, from which (5.100) follows. 


Example. For the tree T of Figure 5-25, we have (u, u’) = (3113, 3’1’3’), and 
T; consists of a single edge connecting 1 and 3’. 


Second solution. There are r‘s” functions f : RUS — RUS satisfy- 
ing f(R) © Sand f(S) © R. Let Dy denote the digraph of such a function 
f. The “cyclic part” of Dy corresponds to a permutation z of some subset 
R, US, of R US, where 7 (R,) = S; and 2(S;) = R;. Linearly order R; US; 
as a; < d) < ad) < a2 <-+-- <a’, < aj, where a) < a, < --- < aj and 
a, < a) <-+-+ <a; as integers. This linear ordering allows 7 to be written as 
a word w = bb, b2b; -- -b;bi, where 7 (a;) =;, 1(a;) = b;. Regard the word 
w as a path P in a (bipartite) graph. Circle the endpoints b, and b’;. Attach to 
each vertex ¢ of P the tree that is attached to ¢ in Dr (with the arrows removed 
from each edge), yielding a bipartite tree T on (R, S) with a root in R and a root 
in S. As in the second proof of Proposition 5.3.2, the map f +» T is a bijection 


Figure 5-25. A labeled bipartite tree. 
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between functions f : RUS > RUS with f(R) © S and f(S) C R, and 
“bi-rooted” bipartite trees on (R, S) with a root in R and a root in S$. More- 
over, if f is not a root then degpt=-1 + #f—1(t), while if ¢ is a root then 
deg, t= #f—1(t). It follows that 


Dea Gr aor oye (1) I] re 
ves 


aéR T ieR 
bes 


= (x, t--- +x, Cnr te: t ys), (5.130) 


where T ranges over all free bipartite trees on (R, S). Then (5.100) follows 
immediately from (5.130). 


Example. Let T be as in Figure 5-25. Suppose we choose 4 and 1’ as the 
roots. The corresponding path P is 43/31’, so the cyclic part of f written in 


two-line notation is 
1 30 Bh sh 
4 3/ 3 1’ > 


and in cycle notation is (1’, 4)(3’, 3). The digraph D is shown in Figure 5-26. 
The number c(K,;) of spanning trees of K,, was first obtained (by differ- 

ent methods than here) by M. Fiedler and J. Sedlatek, Casopis pro Péstovdni 

Matematiky 83 (1958), 214-225; T. L. Austin, Canad. J. Math. 12 (1960), 535- 

545 (a special case of Thm. IJ); and H. I. Scoins, Proc. Camb. Phil. Soc. 58 

(1962), 12-16. 

5.31. a. Easy. 

b. Given a function f : S > T, let Dy be the digraph with vertex set S U 7 

and edges s > f(s) fors € S. Now fix A C [n], and consider the sum 


Fxa= 0] [xc (5.131) 


g icA 
where g ranges over all acyclic (i.e., Dg has no directed cycles) functions 
g:A— AU{n+1}. Then D, is an oriented tree with root n + 1, and the ex- 
ponent of x; in the product in (5.131) is equal to (deg J) — lify An + 1, 
and to deg(n + 1) if j==n + 1, where degk denotes the total number of 
vertices adjacent to k (ignoring the direction of the edges). Since the root 
and orientation of D, can be determined from the underlying free tree on 


Figure 5-26. The digraph D; of afunction ff: RUS —> RUS. 


5.32. a. 
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AU {n + I}, it follows from Theorem 5.3.4 that 


#A-1 
Fa = Xn41 (su + >» | ‘ 


icA 
Next consider 


Ga= > [ [so. 


h téA’ 


where h ranges over all functions h : A’ > A’ U [n + 2]. By (a), we have 


n—-#A 
Ga= (se + >» ; 


ie€A’ 
If now f : [n] > [n + 2], then the component of D+ containing n + 1 will 
be equal to D, for aunique A C [n] and acyclic g : A > AU {n+ 1}. The 
remainder of Df is equal to D, fora unique h : A’ > A’ U {n + 2}. Thus 


n 


(x) +++) + Xn42)" = Ss [ [aro 
f:{n]- (n+2] i=1 


= Ss FaGa, 


AC[n] 


and the proof follows. 

This result is equivalent to one of A. Hurwitz, Acta Math. 26 (1902), 199-— 
203. See also [2.3, Exer. 20, p. 163] and [41, Exer. 2.3.44-30]. The proof given 
here is a minor variation of one of J. Francon, Discrete Math. 8 (1974), 331- 
343 (repeated in [2.3, pp. 129-130]). Frangon uses an elegant “coding” of 
functions [1] — [n] due to D. Foata and A. Fuchs, J. Combinatorial Theory 
8 (1970), 361-375, and obtains many related results in a systematic way. For 
a generalization, see A. J. Stam, J. Math. Anal. Appl. 122 (1987), 439-443. 


» Put Xn4) =X, Ang. = VY HNZ, Xp = xXQ= +++ =X_ = — Z and collect the 


A such that #A =k in (b). This famous identity, one of several equiva- 
lent ones called “Abel’s identity” (see the fourth entry of Exercise 5.37(b)), 
is to due N. Abel, J. Reine Angew. Math. (=Crelle’s J.) 1 (1826), 159- 
160, or Oeuvres Completes, vol. 1, p. 102. For some other proofs, see [2.3, 
pp. 128-129] and [41, Exer. 1.2.6-51]. For additional references, see 
H. W. Gould, Amer. Math. Monthly 69 (1962), 572. For a combinatorial 
treatment of many identities related to Abel’s identity, see V. Strehl, Discrete 
Math. 99 (1992), 321-340. 


. This is equivalent to the casex=1, y=n, z= — 1 of (c). (It can also be 


proved directly by considering functions [n] > [n + 1].) 


Fix j € P. Given a rooted tree T, let w(t) = |] tis where T has ax vertices 
at distance k from the root. By a simple refinement of (5.41), we have 


xn ; toxe 
D Ly a) ~ tprettO" Ej, say, 


n>1 T 


where tT ranges over all rooted trees on [7]. 
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Now let C be a collection of j such trees t),..., t; arranged ina j-cycle, 
and define w(C) = [| w(z;). Then 


| we] = = Yr} 
n>1 Cc n! J ; 
where C ranges over all “cycles of rooted trees” on the vertex set [7], since 
by Proposition 5.1.3, E j enumerates j-tuples (t;,..., Tj) of rooted trees, 
and each j-cycle corresponds to / distinct j-tuples. 

Finally by Corollary 5.1.6 the exponential generating function for disjoint 
unions of cycles of rooted trees on [n] (or digraphs of functions f : [n] > 


[n]) is given by 
ae 
exp S —E?, 
jel J 
as desired. 

b. Z,(¢j, = 1) is just the number n” of functions f:[n] — [n], so the first 
equality follows. The second equality is a consequence of (5.41) and Propo- 
sition 5.3.2. 

c. A necessary and sufficient condition that f? = f?*° is that (i) every cycle of 
D; has length dividing b, and (ii) every vertex of D+ is at distance at most 
a from a cycle. Hence (c) follows by substituting in (a) 


ie 1 ifjl|bandk <a 
Ae 0 otherwise. 


d. Since f = f!+° forsomeb € Pifand only if every vertex of D f iS at distance 
at most one from a cycle, we obtain from (a) by setting tj9 = fj; =1, tj, =0 
if k > 1 (or from (c) by letting b= m! and m — oc) that 


n 1 - 
2 ho = exp >: —(xe*y 
= n! ag 
n> jz 


= exp log (1 — xe*)7! 
= (1 — xe*)"! 


= ) xem 


m>0 


Lewd 


m>0 r>0 


=) (Seto a 


n>0 \k=l 


+r 
! 


so (5.104) follows. 


a A RD EL 
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Putting b = | in (5.103) yields 
x” 
i nt te x 
) gin) = expxe 


n>0 
xe 
= (5.132) 


and (5.105) follows in a similar manner to (5.104). 

e. Note that f satisfies f? = f°*! forsomea € P if and only if every cycle of 
the digraph D; has length one. Hence we want the number of planted forests 
on [n], which by Proposition 5.3.2 is (2 + 1)"7!. 

f. While a proof using generating functions is certainly possible, there is a very 
simple direct argument. Namely, for each i € [n], we have n — 1 choices 
for f(i). Hence there are (n — 1)” such functions. Note that the proportion 
P(n) of functions f :{n] — [n] without fixed points is (2 — 1)"/n", so 
lim, 00 P(n) = 1 /e. From equation (2.12) this is also the limiting value of 
the proportion of permutations f :({n] — [n] without fixed points. 

Equation (5.101) can be deduced from the general “composition theo- 
rem” of B. Harris and L. Schoenfeld, in Graph Theory and Its Applications 
(B. Harris, ed.), Academic Press, New York/London, 1970, pp. 215-252. In 
that paper equation (5.102) is essentially derived, though it is not explicitly 
written down. Special cases of (5.102) had appeared in earlier papers; in 
particular, equations (5.105) and (5.132) are obtained by B. Harris and L. 
Schoenfeld, J. Combinatorial Theory 3 (1967), 122—135, along with consid- 
erable additional information concerning the number g() of idempotents in 
the symmetric semigroup A,,. The first explicit statement of (5.102) seems 
to be [3.16, §3.3.15, Exer. 3.3.31], and a refinement appears in [16, §3.2]. 
For asymptotic properties of A,,, see B. Harris, J. Combinatorial Theory (A) 
15 (1973), 66-74, and B. Harris, Studies in Pure Mathematics, Birkhauser, 
Basel/Boston/Stuttgart, 1983, pp. 285-290. 


5,33. The functions c and 2 — ¢ are not multiplicative, so Theorem 5.1.11 does not 
apply. Since 


2-7 =e -v, 
k>0 
the correct generating function is the unappealing 


E(x) =) f(@), 


k>0 
where f(x) = f(x) =e* —x —1 (set f(x) =x). 
5.34. a. Straightforward generalization of Theorem 5.1.11. 


b. Let¢:P > K be given by ¢(n) = 1 foralln. Thus £2(n) = qn and cla) = 
An. Since 9(f) = ex (x), the result follows from (a). 


130 


5 Trees and the Composition of Generating Functions 


c. Define ¢, : P > K by ¢,(n)=12". Then x,,(t) = ut,(n). Now 


5.35. a. 


b. 


xk 


oo) =)" Tea 


n>0 
= 17 ke (tl/Ex), 


while g(j1) =e” (x). Thus (5.106) follows from (a). When k = 2, (5.106) 
becomes 


x2ntl 


t E = sinh(t sinh! x). 
2 Xal erat ar ) 


To get (5.107), use Exercise 1.44(c). 

For further results on , and related posets, see A. R. Calderbank, 
P. J. Hanlon, and R. W. Robinson, Proc. London Math. Soc. (3) 53 (1986), 
288-320; S. Sundaram, Contemporary Math. 178 (1994), 277-309; and the 
references given in this latter paper. 


Let T be a plane tree with n + 1 vertices for which s; internal vertices have i 
successors. Label the vertices of 7 in preorder with the numbers 0, 1, ..., 7. 
Let (7) be the partition of [n] whose blocks are the sets of vertices with 
a common parent. This sets up a bijection with noncrossing partitions of 
({n] of type s,,...,5,, and the proof follows from Theorem 5.3.10. This 
result was first proved (by other means) by G. Kreweras, Discrete Math. 1 
(1972), 333-350 (Thm. 4). The bijective proof just sketched was first found 
by P. H. Edelman (unpublished). Later, independently, N. Dershowitz and S. 
Zaks, Discrete Math. 62 (1986), 215-218, gave the same bijection between 
plane trees amd noncrossing partitions, though they don’t explicitly mention 
enumerating noncrossing partitions by type. 

Assume char K = 0. By (a) we have forn > 0 that 


hiny= DP FAY" FQ" et vs 
Si+2sg+ =n is! 
F(x) — 1 
= Toei 
k>1 , 


F(x)-1 
= x" | (1 +1)"dt 
0 


Faye 


=] n+] 


h F(xy"t! 
me ere 


Hence by Lagrange inversion (Theorem 5.4.2, with k = 1 andn replaced by 


5.36. 


5.37. 


a. 


a. 
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n + 1) we get 


5 (-1) 
h(n) = [x"*"] (<5) ; 


and the proof follows when char K =0. The case char K = p is an easy 
consequence of the characteristic-zero case. 

This result is due to R. Speicher, Math. Ann. 298 (1994), 611-628 
(p. 616). Speicher’s proof avoids the use of (a), so he in fact deduces (a) 
from (5.108) (see his Corollary 1). 


. This can be proved by an argument similar to (a), though the details are 


more complicated. The result is due to A. Nica and R. Speicher, J. Algebraic 
Combinatorics 6 (1997), 141-160 (Thm. 1.6), and is related to the “free prob- 
abability theory” developed by D. V. Voiculescu. See also R. Speicher, Mem. 
Amer. Math. Soc., vol. 132, no. 627, 1998, 88 pages, and R. Speicher, Sém. 
Lotharingien de Combinatoire (electronic) 39 (1997), B39c, 38 pp., available 
at http://cartan.u-strasbg.fr/~slc. 


Note. If one defines ¢(n) = 1 for all n, then the function A = f¢ is as in (b). 
Since "; = 1/(1 + x), there results 


(-l) 1 {-1) 
(x Hox") = ee ® soos" : 


n>] n>] 


It follows from the case C(x) = 1/(1 + x) of Exercise 5.51 that this formula 
is equivalent to (5.108). 

Let u =[5(1 + 2x —e*)}'~ and v = flog(] + 2x) —x]-". Thus 1+ 2u — 
2x =e". If we replace u by x + w, then we obtain 1 + 2w =e*t”, whence 
wi) = log(1 + 2x) — x. Therefore w=v,so y=u—v=x. 


. It follows from equation (5.27), equation (5.99), and part (a) of this exercise 


that B;(2x) — E(x) =x, from which the proof is immediate. 


. Letus calla subset of the boolean algebra B,, of the type enumerated by g(n)a 


power tree. Represent a total partition m of [n](wheren > 1)asatree T,as in 
Figure 5-3. Remove any subset of the endpoints of 7, in2” ways. The labels of 
the remaining vertices form a power tree. This correspondence associates each 
total partition of [m] with 2” power trees, such that each power tree appears 
exactly once, yielding (b). This elegant argument is due to C. H. Yan. 

First note that (ii) and (iii) are obviously equivalent, since f (u)=log }7,,.0 
Pn(i)u” /n!. Given (ii), then (i) follows by expanding in powers of u both 
sides of the identity 


(exp xf (u))(exp yf(u)) = exp(x + y) flu). 
Conversely, given (i), write 


ue 
L(x, u) = log » Pal) 


n>0 


It follows from (i) that L(x, u) + L(y, u) = L(x + y, u), from which it is 
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easy to deduce that L(x, u) = xf (u) for some f(u) =a,u +azu?+--- (with 
a, #0.) 

For the equivalence of (i) and (iv), see G.-C. Rota and R. C. Mullin, in 
Graph Theory and Its Applications (B. Harris, ed.), Academic Press, New 
York, 1970, pp. 167~-213 (Thm. 1) or G.-C. Rota, D. Kahaner, and A. M. 
Odlyzko, J. Math. Anal. Appl. 42 (1973), 684-760 (Thm. 1). These two 
papers develop a beautiful theory of “finite operator calculus” with many 
applications to analysis and combinatorics. For additional information and 
references, see S. Roman, The Umbral Calculus, Academic Press, Orlando, 
1984. For asymptotic properties of polynomials of binomial type, see E. R. 
Canfield, J. Combinatorial Theory (A) 23 (1977), 275-290. 


nun 
) x" —— = expxu 
ni 
n 


Din = (4+uy¥ = explx log(l + 0)] 


ur 
ye sw 
ae 


= exp[x log(1 — u)7!] 


un" 
x(x —any""!— = ex —an)"~ i 
2% yl = expx D(-an) 


n>1 


un 
Yo s(n, xk — = exp x(e” — 1) 
me n! 
yo n+(a—l)k—-1)\ ,u" XU 
— — =e ——— 
ae ike n—k . *P 1 —uy 


t 
a nN. 


BOG Jerky _ = exp xue". 


A further interesting example, for which an explicit formula is not available, 
consists of the polynomials n!Q,(x) of Exercise 4.37. For two additional 
examples, see Exercise 5.38. 

c. Rota and Mullin, foc. cit., Thm. 2, and Rota, Kahaner, and Odlyzko, loc. cit., 
Thm. 3.2. 

d. Rota and Mullin, loc. cit., Cor. 2, and Rota, Kahaner, and Odlyzko, loc. cit., 
Cor. 3.3. 

e. Let g(u)= 90,50 Pn(Lu"/n!, so by (a)(iii) we have Yoneo Pn(x)u" /ni = 
g(u)*. By Exercise 5.58 there is a power series f(u) satisfying 


Fuy = 2D x+an ("leur 


n>0 
=o3 x Pn(x + an) 


xX +an n! 


n>0 
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and the proof follows from (a)(iii). This result appears as part of Proposition 
7.4 (p. 711) of Rota, Kahaner, and Odlyzko, ibid. The version of the proof 
given here was suggested by E. Rains. 


5,38. a. Follows from Example 3.15.8 and condition (iii) of Exercise 5.37(a). 
b. Instead of Example 3.15.8 use equation (5.77). 


5,39. Let g(7) (respectively, 4(7)) be the number of series—parallel posets on [7] that 
cannot be written as a nontrivial disjoint union (respectively, ordinal sum). Let 
G(x) = Ys (n)x"/n! and H(x)= 3. , A(n)x"/n!. It is easy to see that 
every series—parallel poset with more than one element is either a disjoint union 
or ordinal sum, but not both. Hence 


F(x) = G(x) + A(x) — x. (5.133) 


Every series—parallel poset P is aunique disjointunion P; +- - -+ P,, where each 
P; is nota nontrivial disjoint union (i.e., is connected). Hence by Corollary 5.1.6, 


1+ F(x) = e&™, (5.134) 


Similarly P is a unique ordinal sum P; @ --- @ Py, where each P; is not a non- 
trivial ordinal sum. If there are exactly k summands, then by Proposition 5.1.3 
the exponential generating function is H(x)*. Hence 


F(x) = Hey = 


5 1— A(x) 


It is a simple matter to eliminate G(x) and H(x) from (5.133), (5.134), and 
(5.135), thereby obtaining (5.112). 

This result first appeared in R. Stanley, Proc. Amer. Math. Soc. 45 (1974), 
295-299. 


5.40. a. The “unlabeled” version of this problem is due to P. A. MacMahon, The Elec- 
trician 28 (1892), 601-—602, and is further developed by J. Riordan and C. E. 
Shannon, J. Math. and Physics 21 (1942), 83-93. The labeled version given 
here turns out to be equivalent to the fourth problem of Schréder [60] dis- 
cussed in the Notes. The numbers s(n) satisfy s(n) = 2t(n) for n > 2, where 
t(n) is the number of total partitions of an n-set, as defined in Example 5.2.5. 
Note also that if f (7) is as in Exercise 5.26, then f(m) =2”"s(n),n > 1. (See 
Exercise 5.36 for related results.) 

The first published appearance of the formula (5.113) appears in 
L. Carlitz and J. Riordan, Duke Math. J. 23 (1955), 435-445 (eqn. (2.13)). 
As discussed in this reference, earlier (essentially equivalent) results were 
obtained by R. M. Foster (unpublished) and W. Knédel, Monatshefte Math. 
55 (1951), 20-27. Additional aspects appear in J. Riordan, Acta Math. 137 
(1976), 1-16. See also [2.17, 86.10]. 
b. For this result and a number of related ones, see P. J. Cameron, Electronic J. 
Combinatorics 2, R4 (1995), 8 pp., available electronically at 


(5.135) 


http://www.combinatorics.org/Volume_2/cover.htm] 
c. See [3.5, Thm. 4 and Cor. 1 on p. 351). The table of values given in Exercise 5, 
p. 353, of this reference is incorrect. 


5.41. a. Let F be a forest on the vertex set [7] such that every component of F is an 
alternating tree rooted at some vertex i all of whose neighbors are less than 7. 
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We obtain an alternating tree T on {0, 1, ... , 2} by adding a vertex 0 and con- 
necting it to the roots of the components of F’. Hence if g(7) denotes the num- 
ber of alternating trees on the vertex set [7 ] rooted at some vertex i all of whose 
neighbors are less than, then the exponential formula (Corollary 5.1.6) yields 


F(x) = exp D> a(n) —. (5.136) 


n>1 


It is also easy to see that e(n) =nf(n — 1)/2 forn > 1 (consider the involu- 
tion on alternating trees with vertex set [n] that sends vertex i ton + 1 — i), 
from which the stated functional equation is immediate. 

Alternating trees first arose in the theory of general hypergeometric sys- 
tems, as developed by I. M. Gelfand and his collaborators. In the paper I. 
M. Gelfand, M. I. Graev, and A. Postnikov, in The Arnold—Gelfand Math- 
ematical Seminars, Birkhauser, Boston, pp. 205-221 (§6), it is shown that 
f(n) is the number of “admissible bases” of the space of solutions to a 
certain system of linear partial differential equations whose solutions are 
called hypergeometric functions on the group of unipotent matrices. The 
basic combinatorial properties of alternating trees were subsequently deter- 
mined by A. Postnikov, J. Combinatorial Theory (A) 79 (1997), 360-366. 
See also A. Postnikov, Ph.D. thesis, Massachusetts Institute of Technology, 
1997, Ch. 1.4. In particular, Postnikov established parts (a), (b), and (g) of the 
present exercise. Further discussion of alternating trees appears in R. Stanley, 
Proc. Natl. Acad. Sci. U.S.A. 93 (1996), 2620-2625, and A. Postnikov and R. 
Stanley, Deformations of Coxeter hyperplane arrangements, preprint, avail- 
able at http://front-math.ucdavis.edu/math.CO/97 12213 

See also Exercise 6.19(p),(q). 


. Let W(x) = x(F(x)+1).Then H = x(1+e”/?), so A(x) = [x /Ute7/?))-)). 


The proof follows from an application of Lagrange inversion. (See A. Post- 
nikov, J. Combinatorial Theory (A) 79 (1997), 360-366, and Ph.D. thesis, 
Massachusetts Institute of Technology, 1997, Thm. 1.4.1, for the details.) It 
is an open problem to find a bijective proof. 


. This follows from equation (5.136) by reasoning as in Example 5.2.2. 
. Let T(x) = log F(x)? =q log F(x). It follows from (a) that 


Toe oa 4 @f/4), 


Now apply equation (5.64) to the case F(x) =2x/q(1 + e*/%) and A(x) = 
e*. (Here we are using F(x) and H(x) in the generic sense of (5.64), and 
not with the specific meaning of this exercise.) This argument is due to 
A. Postnikov. 


. Let E be the operator on polynomials P(q) defined by E P(q) = P(q + 1). 


Then (d) can be restated as 
= q non~l 
HnkG) = SAE ly a : 


The proof now follows by iterating the case w = | of the following lemma. 
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Lemma. Let P(q) € C[q] such that every zero of P(g) has real part 
m. Leta € C, ja|=1. Then every zero of the polynomial P(q +1)+ 
a P(q) has real part m — . 


For the history of this lemma and an elementary proof, see A. Postnikov 
and R. Stanley, ibid. (89.3). 


. Let Rng) = Qn (q — a). Then R,,(q) has real coefficients, is monic of de- 


gree n — 1, and by (e) has only purely imaginary zeros (allowing 0 to be 
purely imaginary). Hence R,,(qg) has the form q/ |], (q? + ak), a —€ R. 
Thus R,(—g) =(—1)""!R,.(q), which is equivalent to 0,(q)=(—-1)""! 
On(-4 = n). 


. See A. Postnikov, J. Combinatorial Theory (A) 79 (1997), 360-366 (§4.1), 


and Ph.D. thesis, Massachusetts Institute of Technology, 1997 (§1.4.2). 


i. The question of counting the number of regions of £, was raised by N. 


Linial (private communication, 27 March 1995), so £, is now known as 
the Linial arrangement. It was conjectured by R. Stanley that x(L,,q) = 
(—1)" P,(—q). This conjecture was proved by A. Postnikov, Ph.D. thesis, 
Massachusetts Institute of Technology, 1997 (a special case of Theorem 
1.5.7), and later (using Exercise 5.50(b)) by C. A. Athanasiadis, Advances in 
Math. 122 (1996), 193-233 (Thm. 4.2). See also R. Stanley, Proc. Nat. Acad. 
Sci. 93 (1996), 2620-2625 (Cor. 4.2) and A. Postnikov and R. Stanley, ibid. 
(§9.2). 


. Analternating graph G cannot contain an odd cycle and hence is bipartite. We 


can partition the vertices into two sets A and B (possibly empty, and unique 
except for the isolated vertices of G) such that (a) every edge goes from A to 
B, and (B)ifi € A, 7 € B, and there is an edge between? and j, theni < /. 
Call a pair (7, 7) admissible (with respect to A and B)ifi € A, j € B, and 
i < j. Let hg(n) be the number of ways to choose two disjoint sets A and B 
whose union is {1, 2,..., m}, and then choose a k-element set of admissible 
pairs (i, 7). Suppose that the elements of B are aj < a2 < --- < ay. Then 
the number of admissible pairs is v(a,,..., @)=(a; — 1) + (a2 — 2) + 
-++-+ (ay — k). Hence the generating function for the subsets of such pairs 
according to the number of edges is (g + 1)’@»%, so 


a hi(n)q* = ‘> (q+ ye sees a) 
k 


1<a)<+"<a,<n 


Se eee 


O<b) <+-<by <n—k 


By Proposition 1.3.19 we have that for fixed k, 


ee i 
O<b) <+-Sby Sn—k 


It follows that 


J he(nyg* = > (j) , 
k q+l1 


k=0 
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Now an alternating graph with 7 isolated vertices and k edges gets counted 
exactly 2” times by g;(n) (since each isolated vertex can belong to either A 
or B, but there is no choice for the other vertices). Hence if u,(n) denotes 
the number of alternating graphs on the vertices 1, 2, ..., m with no isolated 
vertices and with k edges, then 


3 ("\z Do uetn — r)g* = SO he cnyg* 
k 


r=0 k 
s> (") You — r)gk = > gxindg". 
rad. SAO k 


From this it is routine to deduce the stated result. The case g = 1 appeared 
in R. Stanley, Problem 10572, Amer. Math. Monthly 104 (1997), 168. 


. Let Wj W2--- WwW, € G,. Define a tree 7, with edges labeled 1, 2,...,7 as 


follows: Ifi < j, then the edges labeled w; and w; have a common vertex 
if and only if the sequence w;w;+) --- w, is either increasing or decreas- 
ing. Then 7,, is an edge-labeled alternating tree, and every such tree occurs 
exactly twice in this way (when n > 1), viz., from w,w2---W, and its 
reverse W, * ++ W2W,. Hence when n > 1 there are n! /2 edge-labeled alter- 
nating trees with n + 1 vertices. This exercise is due to A. Postnikov (private 
communication, December, 1997). 


. From y=xe we have y = e? + xy’e’, soxy’ = xe?/(l— xe’) = 


y/-y) = —14+(1—y)7!. Thus(1—y)7! = 1+xy' =14+- ys: nx" [n!. 


. Since [1 — R(x)]~' =1 + R(x) + R(x)? + ---, by Proposition 5.1.3 we 


seek a bijection py : Ri UR?2 U--- > T;*, where for n > 1 Rj is the 
set of j-tuples (t,,..., tj) of (nonempty) rooted trees whose total vertex 
set is [n], and where 7; is the number of double rooted trees on [1]. Given 
(Tiseeeg tee Ri, let v; be the root of t;. Let P be a path with successive 
vertices Uj, U2,..., v;. Label v; by s and vu; by e, and attach to each vu; the 
remainder of the tree t;. This yields the desired double rooted tree on [7]. 
This bijection is illustrated in Figure 5-27. 


Let T be a leaf-labeled tree as in the problem. Iterate the following procedure 
until all vertices are labeled except the root. At the start, the leaves are labeled 
1,...,&. Assume now that labels 1, 2, ... , 71 have been used. Label by m + 1 


5 @2 8 
9 1 > 
7 
4 6 
T2 T3 


Figure 5-27. A bijection from j-tuples of rooted trees to double rooted trees. 
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the vertex v satisfying: (a) v is unlabeled and all successors of v are labeled, and 
(b) among all unlabeled vertices with all successors labeled, the vertex having 
the successor with the /east label is v. Now let the blocks of the partition 
consist of the labels of the successors of each nonleaf vertex v. It can be checked 
that this procedure yields the desired bijection. 

Similar bijections appear in Erdés and Székely [21] and W. Y. C. Chen, Proc. 
Natl. Acad. Sci. U.S.A. 87 (1990), 9635-9639. See also W. Y. C. Chen, Europ. 
J. Combinatorics 15 (1994), 337-343. (A further bijection was discovered in- 
dependently by M. Haiman.) The Erdés—Székely bijection has the minor defect 
of not preserving the leaf labels when the nonroot vertices are labeled. Erdés 
and Székely go on to deduce from their bijection many standard results on the 
enumeration of trees, including our Theorem 5.3.4 (or Corollary 5.3.5) and The- 
orem 5.3.10. 


. Let rj =#{i:a; = 7}. Given the permutation w= wy ,---w,, define a word 


g(W) =Xm, ++ *Xm,Xo as follows: If w; is the first occurrence of a letter k, then 
mj; =4,. Otherwise m; = 0. One checks that g is a map between the set S of 
permutations we wish to count and the set T of elements of the monoid B* 
defined by equation (5.50) containing r ; copies of x; and 1 + }-(a; — 1) copies 
of Xo, and that every element of 7 is the image of []7;! elements of S. The 
proof follows from Theorem 5.3.10. Is there a simpler proof? 

An easy bijection shows that the result of this exercise is equivalent to the 
statement that the number of nonnesting partitions of [n] (as defined in Ex- 
ercise 6.19(uu)) with 7; blocks of size j is given by n!/((n —k + 1)!ri! 
rz!---). Note the curious fact that by Exercise 5.35(a) this number is also the 
number of noncrossing partitions of [n] with r; blocks of size j. It is not difficult 
to give a bijective proof of this fact. 


. Lety= >) inx”" and z= nx". It is easy to see that kxy* is the gen- 
n>1 n>=0 


erating function for recursively labeled trees for which the root has exactly k 
subtrees. Hence 


yoxt2ry? +3xy4+---= eae 

(bay? 
It is then routine to use the Lagrange inversion formula to obtain the stated for- 
mula for t,. Similarly z = 1/(1 — y), soy=x/(l — y)? =xz* andz=1/(1 — 
xz”). Again it is routine to use Lagrange inversion to find f,, or to observe from 
z=1/(1—xz") that z = 1+.xz?, the generating function for ternary trees. With a 
little more work these arguments can be “bijectivized,” yielding a bijection from 
recursively labeled forests to ternary trees (and similarly from recursively labeled 
trees to pairs of ternary trees). Recursively labeled forests were first defined by 
A. Bjérner and M. L. Wachs, J. Combinatorial Theory (A) 52 (1989), 165- 
187. 


. Define a ternary tree y(7) whose vertices are the edges of 7 as follows. Let j 


be the smallest vertex of T (in this case, j = 1), and let k be the largest vertex 
for which jk is an edge e. Define three subtrees of T as follows. 7; is the con- 
nected component containing vertex | of the graph T — e. T> is the connected 
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I 2 3 4 5 6 7 8 


Figure 5-28. A ternary tree constructed from a noncrossing tree. 


component containing vertex & of the graph obtained from T by removing edge 
e and verticesk+1,k+2,...,0.T3 is the graph obtained from T by removing 
vertices 1, 2,...,k — 1. Define e to be the root of y(7), and recursively define 
y(T;) to be the /-th subtree of the root. It is easy to see that y is a bijection from 
noncrossing trees on [7] to ternary trees with n — 1 vertices. See Figure 5-28 for 
an example. In this figure the vertices of y(7) are shown as open circles and the 
edges as dotted lines. Three edge directions with empty subtrees have been drawn 
to make the ternary structure clear. Essentially the bijection just described was 
‘sug gested independently by R. Simion and A. Postnikov. Noncrossing trees were 
first enumerated by S. Dulucq and J.-G. Penaud, Discrete Math. 117 (1993), 89- 
105 (Lemme 3.11). For further information and references, see M. Noy, Discrete 
Math. 180 (1998), 301-313. Dulucq and Penaud, ibid. (Proposition 2.1), also 
give a bijection between plane ternary trees with n — 1 vertices and ways of 
drawing n chords with no common endpoints between 2” points on a circle such 
that the intersection graph G of the set of chords is a tree. (The chords are the 
vertices of G, with an edge connecting two vertices u and v if and only if u and 
v intersect (as chords).) 


5.47. a. Let w € Gy, and let (i, j) be a transposition in G,,. It is easy to see that 
if i and j are in different cycles of w then these two cycles are merged 
into a single cycle in the product (i, j)w. From this it follows that a product 
T, °**T,-1 Of nm — 1 transpositions is an n-cycle if and only if the the graph 
on the vertex set [7] whose edges are the pairs transposed by the t,’s is a tree. 
There are n”~? trees on [n] (Proposition 5.3.2) and (nm — 1)! ways to linearly 
order their edges. Hence there are (n — 1)!n”~ ways to write some n-cycle 
as a product of n — 1 transpositions. By “symmetry” all (n — 1)! n-cycles 
have the same number of representations as a product of n — 1 transpositions. 
Hence any particular n-cycle, such as (1,2,...,m), has n"~? such repre- 
sentations. This result is usually attributed to J. Dénes, Publ. Math. Institute 
Hungar. Acad. Sci. (= Magyar Tud. Akad. Mat. Kutato Int. Kozl.) 4 (1959), 
63-71, and has spawned a large literature. However, a much more general 
theorem was announced (with a sketch of the proof) by A. Hurwitz, Math. 
Ann. 39 (1891), 1-66 (see part (c) of this exercise). Bijective proofs of this 
exercise were given by P. Moszkowski, Europ. J. Combin. 10 (1989), 13-16; 
I. P. Goulden and S. Pepper, Discrete Math, 113 (1993), 263-268; and C. M. 
Springer, in Eighth International Conference on Formal Power Series and 
Algebraic Combinatorics, University of Minnesota, June 25-29, 1996, pp. 
427-438. 


5.48. 
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1 
i 


b. The formula g(m) = = ("Y a a ) was first proved by J. A. Eidswick, Dis- 


a. 


crete Math. 73 (1989). 939-243, and J. Q. Longyear, Discrete Math. 78 
(1989), 115-118. A number of proofs were given subsequently, including 
I. P. Goulden and D. M. Jackson, J. Algebra 16 (1994), 364-378, and 
C. M. Springer, ibid. ‘Both these papers prove much more general results.) 
We sketch a bijective proof based on a suggestion of A. Postnikov. Given a 


noncrossing tree on [7?]. label the edges with the labels 1,2,..., — 1 such 
that the following condition holds. For every vertex i, if the vertices adjacent 
toiarej, <°:: <j, < ki <--- < k, with j, <i < ky, and if A(m) 


denotes the label of the edge im, then 
Min) < Mint) < +++ < ACjt) < Ms) < Akg) < 00+ < AK). 


Let t; be the transposition (a, b), where ab is the edge of T labeled i. Then 
it is not hard to show that 7, T2---t,_; =(1,2,...,” — I) and that each 
equivalence class is obtained exactly once in this way, thus giving the desired 
bijection. 


. This result was stated with a sketch of a proof by A. Hurwitz in 1891 (reference 


in (a)). The first complete proof was given by I. P. Goulden and D. M. Jackson, 
Proc. Amer. Math. Soc. 125 (1997), 51-60, based on the theory of symmetric 
functions. A reconstruction of the proof of Hurwitz, together with much inter- 
esting further information, was given by V. Strehl, Sém. Lotharingien de Com- 
binatoire (electronic) 37 (1996), B37c, 12 pp., available at http://cartan.u- 
strasbg.fr/~slc. A direct combinatorial proof would be highly desirable. Some 
further aspects of “transitive factorizations” are discussed in I. P. Goulden and 
D. M. Jackson, Transitive factorisations in the symmetric group, and combi- 
natorial aspects of singularity theory, Research Report 97-13, Department of 
Combinatorics and Optimization, University of Waterloo, July 1997. 


Let G be aconnected graph on [n]. Define a certain spanning tree tg of G as 
follows. Start at vertex 1, and always move to the greatest adjacent unvisited 
vertex if there is one: otherwise backtrack. Stop when every vertex has been 
visited, and let tg consist of the vertices and edges visited. We leave to the 
reader the proof of the following crucial lemma. 


Lemma. Let t be a tree on [n]. A connected graph G satisfies Tt =T if 
and only if t is a spanning tree of G, and every other edge of G has the form 
{i,k}, where (i, j) is an inversion of t and k is the unique predecessor of j 
in the rooted tree (with root 1) T. 


Thus the n — 1 edges of t must be edges of G, while any subset of the 
i(t) “inversion edges” defined by the previous lemma may constitute the 
remaining edges of G. Hence 


EOS ae, (5.137) 
G 


where G ranges over all connected graphs on [7] satisfying tg = T. Summing 
(5.137) over all t completes the proof. 
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Equation (5.115) was first proved using an indirect generating function 
method by C. L. Mallows and J. Riordan, Bull. Amer. Math. Soc. 74 (1968), 
92-94, (See also [47, §4.5].) The elegant proof given here is due to I. M. 
Gessel and D.-L. Wang, J. Combinatorial Theory (A) 26 (1979), 308-313. 
Gessel and Wang also give a similar result related to the enumeration of 
acyclic digraphs and tournaments. For some further results related to inver- 
sions in trees, see G. Kreweras, Period. Math. Hungar. 11(4) (1980), 309-320, 
and J. S. Beissinger, J. Combinatorial Theory (B) 33 (1982), 87-92, as well 
as Exercises 5.49(c) and 5.50(d). A remarkable conjectured connection be- 
tween tree inversions and invariant theory appears in M. Haiman, J. Algebraic 
Combinatorics 3 (1994), 17-76 (§2.3). 


. Substitute t — 1 forz in equation (5.115), take the logarithm of both sides, and 


differentiate with respect tox. An explicit statement of the formula appears in 
[28, (14.7)]. For a generalization, see R. Stanley, in Mathematical Essays in 
Honor of Gian-Carlo Rota (B. E. Sagan and R. P. Stanley, eds.), Birkhauser, 
Boston/Basel/Berlin, 1998, pp. 359-375, Thm. 3.3. 


If some 5; > 1, then at least n —~ i + 1 cars prefer the n — i spaces 
i+ 1,i+2,...,m and hence are unable to park. Thus the stated condi- 
tion is necessary. The sufficiency can be proved by induction on n. Namely, 
suppose that a, =k. Define forl1 <i <n —1, 


aie Gi+l if aig, <k 
: Gis. — ] if aj44 SK. 


Then the sequence (aj, ..., @,_,) Satisfies the condition so by induction is a 
parking function. But this means that for the original sequence aw = (a1,..., 
ay), the cars C2,..., Cy can park after car C, occupies space k. Hence @ is 
a parking function, and the proof follows by induction (the base case n = | 
being trivial). 


. Add an additional parking space 0 after space n, and allow 0 also to bea pre- 


ferred parking space. Consider the situation where the cars C,,..., C, enter 
the street as before (beginning with space 1), but if a car is unable to park it 
may Start over again at | and take the first available space. Of course now ev- 
ery car can park, and there will be exactly one empty space. If the preferences 
(aj,..., Gn) lead to the empty space i, then the preferences (a; +k,...,@,+ 
k) will lead to the empty space i +k (addition in G). Moreover, @ is a parking 
function if and only if the space 0 is left empty. From this the proof follows. 

Parking functions were first considered by A. G. Konheim and B. Weiss, 
SIAM J. Applied Math. 14 (1966), 1266-1274, in connection with a hash- 
ing problem. They proved the formula P(n)=(n + 1)"~! using recurrence 
relations. (The characterization (a) of parking functions seems to be part of 
the folklore of the subject.) The elegant proof given here is due to H. Pollak, 
described in J. Riordan, J. Combinatorial Theory 6 (1969), 408-411, and D. 
Foata and J. Riordan, Aequationes Math. 10 (1974), 10-22 (p. 13). Some bi- 
jections between parking functions and trees on the vertex set [n + 1] appear 
in the previous reference, as well as in J. Francon, J. Combinatorial Theory 
(A) 18 (1975), 27-35; P. Moszkowski, Period. Math. Hungar. 20 (1989), 147- 
154 (§3); and J. S. Beissinger and U. N. Peled, Electronic J. Combinatorics 
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4(2), R4 (1997), 10 pp., available electronically at 
http://www.combinatorics.org/Volume_4/wilftoc.html 


c. This result is due to G. Kreweras, Period. Math. Hungar. 11(4) (1980), 309- 
320. Kreweras deals with suites majeures (major sequences), which are ob- 
tained from parking functions (a,,..., a) by replacing a; withn + 1 — a;. 

d. Suppose that cars C,,..., Cj, have already parked at spaces u1,..., uj—. 
Then C; parks at u; if and only if spaces a;, a; +1,..., uj —1 are already oc- 
cupied. Thus a; can be any of the numbers u;,u; —1,...,uj —t(u, uj) +1. 
There are therefore T(u, u;) choices for a;, so 


v(u) = Tu, uy)+++T(U, Un) = Tu, 1)+++ t(u, n). 

This result is implicit in Konheim and Weiss, ibid. 

Given a, define a poset (P,, <) on [n] by the condition that 7 <i if either 
0<i-j <5, or0 < j ~—i < 4%. It is easy to see that P, is a tree, 
and that TJ, consists of the linear extensions of P, (where we regard a linear 
extension of P, as a permutation of its elements). By definition of P, we 
have #A; =s; + t;, where A; ={j € Po: j < i}, and the proof follows 
from Supplementary Problem 3.1(b). 


@ 
e 


Nore. The trees 7, by definition have the property that the elements of A; 
form a set of consecutive integers. Hence 7, is a recursively labeled tree in 
the sense of Exercise 5.45. There follows from Theorem 2.2 of the paper of 
BjOrner and Wachs cited there the curious result 


x gin) a > gna), 


ucT, uel, 


Note that this formula is a refinement of the fact that maj and inv are equidis- 
tributed over G,, (Corollary 1.3.10 and Corollary 4.5.9). 

f. First solution. Suppose that a1, ..., a, is asequence of prime parking func- 
tions, where the length of a; is d;. Let 8; denote a; with dj +d2+---+dj_ 
added to each term. Then any permutation of all the terms of all the ;’s is a 
parking function, and conversely given any parking function one can uniquely 


reconstruct a, ..., @,. From this it follows (using equation (5.116)) that 
x” 1 
(n+ ae = ————-_—_—_,.. 
d n! 1—- psa, Qn) 


The proof now follows from equation (5.67). The definition of prime parking 
functions and the above proof of their enumeration is due to I. Gessel (private 
communication, 1997). 

Second solution. Let r; be the number of entries of @ equal to 7. One 
checks that the parking function @ is prime if and only if every partial sum 
of the sequence r; — 1, r2 — 1, ..., fn—1 — | is positive (in which case r,=0 
and )*,(r; — 1) = 1). A version of Lemma 5.3.7 shows that any sequence of 
integers with sum | has exactly one cyclic permutation all of whose partial 
sums are positive. From this it follows that if we regard the elements of the 
group L = Z/(n — 1)Zas being the integers 1, 2, ..., 1 —1, then every coset 
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of the subgroup M of L” generated by (1,1,..., 1) contains exactly one 
prime parking function. Hence Q(n) =[L” : M] = (n—1)"7!. This argument 
is due to L. Kalikow. 

The number of regions was first computed by J.-Y. Shi, Lecture Notes in 
Mathematics 1179, Springer, Berlin/Heidelberg/New York, 1986, Ch. 7, and 
J. London Math. Soc. 35 (1987), 56-74. For this reason the arrangement S,, is 
called the Shi arrangement. A more elementary (though nonbijective) proof 
was subsequently given by P. Headley, Ph.D. thesis, University of Michigan, 
Ann Arbor, 1994, Ch. VI, and Formal Power Series and Algebraic Combina- 
torics, FPSAC ’94, May 23-27, 1994, DIMACS preprint, pp. 225-232 (§5). 
For a simple nonbijective proof, see the solution to (c). A bijection between the 
regions of S,, and parking functions of length n (as defined in Exercise 5.49) 
is due to I. Pak and R. Stanley, stated in R. Stanley, Proc. Nat. Acad. Sci., 
93 (1996), 2620-2625 (Thm. 5.1) and proved in R. Stanley, in Mathematical 
Essays in Honor of Gian-Carlo Rota (B. E. Sagan and R. P. Stanley, eds.), 
Birkhauser, Boston/Basel/Berlin, 1998, pp. 359-375, Thm. 2.1. This bijec- 
tion has the virtue of allowing an easy proof of (c). Simpler bijections lacking 
this property were given by J. Lewis, Parking functions and regions of the 
Shi arrangement, preprint dated August 1, 1996, and C. A. Athanasiadis and 
S. Linusson, Discrete Math., to appear. 


. Let L, denote the intersection poset of the arrangement A,. The poset L, 


is determined by the vanishing of certain minors of the coefficient matrix of 
the hyperplanes in A. Hence L, = L for p > 0. Let L p denote L, witha f 
adjoined. For V € Lp, let f(V) be the number of points v € F > such that V is 
the largest element (i.e., the least element under inclusion, since L , is ordered 
by reverse inclusion) of L p for which v € V. In particular, f( ft) =0. Clearly 


tps SFO): 


W>V in Lp 


Mobius inversion (Proposition 3.7.2) yields 


fV)= Yo wy, Wp", 


W>Vv 


where jz denotes the Mébius function of L. Setting V = 0 completes the 
proof. 

This result is implicit in H. Crapo and G.-C. Rota, On the Foundations 
of Combinatorial Theory: Combinatorial Geometries, preliminary edition, 
MIT Press, Cambridge, Massachusetts, 1970 (see pp. 193-194 of C. A. 
Athanasiadis, Advances in Math. 122 (1996), 193-233, for an explanation), 
and P. Orlik and H. Terao, Arrangements of Hyperplanes, Springer-Verlag, 
Berlin, 1992, Thm. 2.3.22. It was first stated explicitly by C. A. Athanasiadis, 
Ph.D. thesis, Massachusetts Institute of Technology, 1996, Thm. 5.2.1. 
Athanasiadis was the first person to use this result systematically to compute 
characteristic polynomials. See his papers Advances in Math. 122 (1996), 
193-233, and MSRI Preprint 1997-059, Mathematical Sciences Research 
Institute, Berkeley, CA. 
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c. We want to compute the number of n-tuples (x;,..., tn) € EF” such that 
ifi < j, then x; # x; and x; # x; +1. There are (p — nyt! ways 
to choose a weak ordered partition 7 =(B),..., Bp-n) of [n] into p — n 
blocks such that 1 € B,. Choose x; in p ways. Think of the elements of F P 
as being arranged in a circle, in the clockwise order 0,1,..., p — 1. We 
will place the numbers 1, 2, ..., on some of the p points of this circular 
depiction of F,,. Place the elements of B; consecutively in increasing order 
when read clockwise, with | placed at x;. Then skip one space (in clockwise 
order) and place the elements of Bz consecutively in increasing order. Then 
skip one space and place the elements of B3 consecutively in increasing or- 
der, etc. Let x; be the point at which i is placed. It is easy to see that this 
gives a bijection between the p(p —n)"~! choices of (7, x1) and the allowed 
values of (x1, ..., Xn), So the proof follows from (b). This argument is due 
to C. A. Athanasiadis, Ph.D. thesis, Massachusetts Institute of Technology, 
1996, Thm. 6.2.1, and Advances in Math. 122 (1996), 193-233, Thm. 3.3. 
The characteristic polynomial of the Shi arrangement was first computed by 
P. Headley, Ph.D. thesis, University of Michigan, Ann Arbor, 1994, Ch. VI; 
Formal Power Series and Algebraic Combinatorics, FPSAC 94, May 23-27, 
1994, DIMACS preprint, pp. 225-232 (§5); and J. Algebraic Combinatorics 
6 (1997), 331-338 (Thm. 2.4 in the case ® = A,,), by a different method. A 
further proof appears in A. Postnikov, Ph.D. thesis, Massachusetts Institute 
of Technology., 1997 (Example 1, p. 39), and A. Postnikov and R. Stan- 
ley, Deformations of Coxeter hyperplane arrangements, preprint available at 
http://front.math.ucdavis.edu/math.CO/97 12213 (Cor. 9.3). 

d. This result is equivalent to a theorem of I. Pak and R. Stanley that is stated in 
R. Stanley, Proc. Natl. Acad. Sci. U.S.A. 93 (1996), 2620-2625 (Thm. 5.1), 
and proved in R. Stanley, in Mathematical Essays in Honor of Gian-Carlo 
Rota (B. Sagan and R. Stanley, eds.), Birkhauser, Boston/Basel/Berlin, 1998, 
pp. 359-375 (the case k = 1 of Cor. 2.20). 

e. Let x = (x1,..., Xn) belong to some region R of S,,. Define 7, € G,, by 
the condition 


Xn,(1) > Xn,(2) > > Xan): 


Let l,={(,f):1 <i <j <n, xj +1 > x; > x;}. It is not diffi- 
cult to show that the map R +> (z;, /,) is a bijection between the regions 
of S, and the pairs (7t,, /,) where 7, € G, and /,€/(P,,). Moreover, 
d(R)=(3) — |/cl, and the proof follows. This result was stated without 
proof in R. Stanley, ibid. (after Theorem 5.1). 

f. Let =(B,,..., Bn,} be a partition of [n], and let w; be a permutation of 
B;. Let X consist of all points (x1, ..., X,) in R” such that x, — x, = m ifa 
and b appear in the same block B; of zr, a appears to the left of b in w;, and 
there are exactly m ascents appearing in w; between a and b. For instance. 
if w; = 495361 and w2 =728, then X is defined by the conditions 


xg = xXot lS xXstl =x34+1 = X6+2 =X) +2, Xp x2 =austl. 


This defines a bijection between the partitions of {n] into n — & linearly 
ordered blocks and the elements X of Ls, of rank k. 
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5.51. Assume (1). Substituting A(x) for x yields 


x carseat 
C(A(x)) 


BY (A(x)). 


Substituting B(x) for x in (i) yields 
A‘) (B(x)) = xC(B(x)). 


But [A Bay] = B‘-")(A(x)), so (ii) follows. The steps are reversible, 
so (i) and (ii) are equivalent. 


5.52. a. See [2.3, Ch. 3.7] where also the polynomials y,,(k) are given forn < 7. 

b. First check that for fixed n, the quantities [x”"]FY+"(x) and [x”) FY) 
(F)(x)) are polynomials in j and k. Since these two polynomials agree 
for all j,k © P, they must be the same polynomials. A similar argument 
works for the second identity. See [2.3, Thm. B, p. 148]. 


* 5.53. We need to compute 
fi) :=B" 01-42) "Gd -—xy! why?) 
In equation (5.64), let x/F(x) = (1 — $x)7! and H'(x)=(1 — x). Then 
FO") = 1 -— V1 — 2x, H (x) = —log(1 — x), 
SO 
f(n) = n[x"](—logv1 — 2x) 

= aaa log(1 — 2x) 
= ool, 


exactly half the sum of the entire series. 
This result is equivalent to the identity 


n—l ‘ 
= _,{nty-1 
=} 2 i( . ), 
j=0 


or equivalently (putting n + 1 for n) 
n _{n +j 
poy) 
j=0 J 


Is there a simple combinatorial proof? 
Bromwich [5, Example 20, p. 199] attributes the result of this exercise to 
Math. Trip. 1903. 


5.54. By equation (5.53) we have 
fe F(x)” = nx" FO (x). 


i ea ee ae Ne a a ere ae 


Solutions 145 


The compositional inverses of the four functions are given by 


2m xemtt 
id | —m 
sin x = ) 4 


pres 2m+ 1 
2m+1 

tan~!x = re Z 
0 2nm+1 

ioe = 
Wal n! 

2 
x 1 
x+ =A =) x", 
2(1 — x) 3 


yielding the four answers 


0, n=2m 
am (7), n=2m+1 


0, n=2m 

(-1)", n=2m+41 
1 

(n — 1)! 


1, n=] 
n/2, n>2. 
Bromwich [5, Example 19, p. 199] attributes these formulas to Wolstenholme. 
5.55. a. Let y € Q{[x]] satisfy y = x F)(y). By (5.55) with k = 1 we have 
n[x"]y = Dx" "Fy" = 1, 


80 Y= Vpo X"/n =—log( — x). Hence y" =1 — e-*, 590 Fy(x) = 
xf/yO"! sx/U -e™). 


Nore. The Bernoulli numbers B,, are defined by 


— 1 = La. 


Hence 
x” 
Fy(x) = )(-D" B=. 
n>0 n. 


Essentially the same result is attributed to Wolstenholme and Math. Trip. 1904 
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by Bromwich [5, Example 18, p. 199]. Somewhat surprisingly, this result has 
applications to algebraic geometry. See Lemma 1.7.1 of F. Hirzebruch, Topo- 
logical Methods in Algebraic Geometry, Springer-Verlag, New York, 1966. 
A more general result is the following: Given f(x)= Dis Qn—| 
(x"/n) € C[[x]], it follows from (5.57) that the unique power series F(x) 
satisfying [x"]F(x)"t! =a, for alln € N is given by F(x) =x/f'—!(x). 


. Note that F;,(0)= 1 (the case n = 0). Let G;(x) = x/F,(x*). The condition 


on F(x) becomes 


[x"] ( = 
Gi(x) 


By Lagrange inversion (Theorem 5.4.2) we have 


tl (1 ifm =0 (mod &) 
~ {0 otherwise. 


n+l 
[x"] (= .) =(n+ Die yEh Ma). 


Hence 
km+]1 
x 
Ce wey 
aT; km+1 
When k=2 we have Go = + log tt, whence G2(x)=(e* — 1)/ 


(e* +1) and F(x) =./x/(tanh ./x). This result appears as Lemma 1.5.1 
of Hirzebruch, ibid. 


Whenk > 2 there is no longer a simple way to invert the series G,” (x)= 
pee, xim+l ttkm +1). 


First Solution. More generally, let G(x) = >> 
with bp = 1. Define 


n>o Onx" be any power series 


H(in=x exp ) dn ae 
n 


n>1 


So 


We) _ Ge 
H(x) x” 


Set y = F(x) =a x +ax?+---, ay 4 0. Consider the formal power series 


log HOE oe 


i>] 
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Then 
H 
log ew) = Ye pry! 
i>1 
H'(x) yy be et 
te iD; 
—n G(x) y’ : i / 
y (<2 = ~) = ogy . (5.138) 

i>l 


Take the coefficient of 1/x on both sides. As in the first proof of Theo- 
rem 5.4.2, we obtain 


Ca eer = ae (5.139) 


Now take G(x) = 1 in (5.139), so ee We get 


(-1) 1 if 
n(x" ] log ees NPn = (x? ] = [x"] (=) j 
x xy y 
as desired. 


Second Solution. Define H(x) = log[x /F(x)]. Then (5.64) becomes 


FC) & 

n{x"]]o g——~ = oe] (; ~ aa Ge 
= wt} (2) py 

a (45) ~ Te Gyst 


n ea : | —1 d —n 
= [x"] mie, aie ernaee 4.2 
n dx 


as desired. 


Third Solution. Equation (5.53) can be rewritten 


SUPP MON. cee f 4 


The first proof of Theorem 5.4.2 is actually valid for any k € R, so we can 
let kK — 0 in (5.140) to get (after some justification) equation (5.118). 

The result of this exercise goes back to J. L. Lagrange, Mém. Acad. Roy. Sci. 
Belles-Lettres Berlin 24 (1770); Oeuvres, Vol.3 Gauthier- Villars, Paris, 1869, 
pp. 3—73. It was rediscovered by I. Schur, Amer. J. Math. 69 (1947), 14-26. 
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b. Let G(x) =x/F (x). By (a), 


(-1) 
don = [x"]G(x)" = n[x"]log piemn 2 


Thus x = log[ F"")(x)/x], so FW") (x) = xe*. Hence 
G(x) = x /(xe*)'—P 
= _yyr-l l= n-1% : 0 __ 
=14+)(-" ln - 1) — (with 0° = 1), 


n>1 


by a simple application of (5.53) (or by substituting —x for x in (5.67)). 


5.57. In Corollary 5.4.3 take H(x) = log(1+x) and x/F(x) =(1+x)*/(2+x). Then 


5.58. 


5.59. 


F(x)=1-(4+x)?, 80 F-) (4) = (1 — x)7!/? — 1, Equation (5.64) becomes 
n{x"}5 log(d — x)! = fx" xy tx. 
But [x”] log(1 — x)~! =1/n, and the result follows. 


By expanding (1 +.x)""~! and (2+.x)~” and taking the coefficient of x”~' in 
their product, we See that an equivalent result is the identity (replacing n byn +1) 


“ (In +1\ (20 - j 
# = cpr ial e )( ifs ), 
j=0 


Bromwich [5, Example 18, p. 199] attributes this result to Math. Trip. 1906. 


Let F(x)=xf(x)* and G(x) = g(x)*. Then the functional equation (5.119) 
becomes F(x)=xG(F(x)), so by ordinary Lagrange inversion (Theorem 
5.4.2) we get 


mix F(x = kix™ "1G x)” 
for any nonnegative integers m and k. In terms of f and g this is 
mix” *} fay = kx ex). 


Nowsetk =t/a andm= < +n, sothatt =ak andn =m—k. We get the desired 
formula with the restriction that t/a@ must be a nonnegative integer. However, 
since both sides are polynomials in ¢, the formula holds for all r. 

This result is due to E. Rains (private commmunication), and the above proof 
was provided by I. Gessel. For an application, see Exercise 5.37(e). 


Define g(x, y) € KI[[x, yl] to be the (unique) power series satisfying the 
functional equation g = yF (x, g). Thus g(x, 1)= f(x). By Lagrange inversion 
(Theorem 5.4.2) we have n[y”]e(x, y* =k{y” “]F (x, y)". Hence 


k 
e(x,t) = ye (Ly"le(x, y)‘) = SE rs ((u" “IF, uy") e. 


n>1 n>l 


Setting t = 1 yields the desired result. This argument is due to I. Gessel. 


5.60. a. One method of proof is to let B(x) = A(x) — 1 and write 


Acey' = [1+ Boy = >- ("\acy, 


j>0 
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Thus (since deg B(x)’ > j), 


k 
[x*1AGy" = > (") [xBOy, 


j=0 


which is clearly a polynomial in n of degree < k. 
Alternatively, let A be the difference operator with respect to the variable 
n. Then by equation (1.26) we have 


ke ok oo ee re re 
AM Ext AG)" = £4] DOD _ }AG)” 
i=0 d 
= [x*]A(x)"(A(@x) — Dt! 


= 0. 


Now use Proposition 1.4.2(a). 
b. Since ef = yong t” F(x)" /n!, we have 


nth F(x) 
p(n) = [ in a e 


_ a x") F(x)" 


=(ntky (x) (“2) ; (5.141) 


Now use (a). 
c. We have, as in (b), 


xk) PM) pet 
| e “= (nt k)y [xP R(x)” 


2 n r Fa) —n—k es 
OE Nee i( - ) (by (5.53)) 


OE VE eee a Yaesaaty) 
(—n)k 


= (-1)* py(—n — k), 


as desired. 

d. Answer: We have p(n) = S(n+k,n) and (—1} p.(—n —k) = s(n t+ 
k, n). The Stirling number reciprocity S(—n, —n — k) = (—1)'s(n + k,n) 
is further discussed in I. Gessel and R. Stanley, J. Combinatorial Theory (A) 
24 (1978), 24-33, and D. E. Knuth, Amer Math. Monthly 99 (1992), 403-422. 
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e. It follows from Exercise 5.17(b) that 


real AO, 


Py(n) = a ear 


_mtkhn+k—-iWeatk—2P-.-@ti1pn 
= (k — 1)! 


Since F‘-Y (x) =x/(1 + x)=—F(—x), it follows from (c) that 
Di(—n —k) = p,;(n). For further information on power series F(x) satisfying 
F(x) =—F(—x), see Exercise 1.41. 


f. Answer: 
p(n) = (-1)! (" : “nt 


Thus (~1)* p¢(—n — k) = ("*! Jin +b), s0 


—_ n+k 
expr(xe “JO! = YTS" (" o ‘)e =e a kl 


n>0 k>0 


(k > 1). 


This formula is also immediate from Propositions 5.3.1 and 5.3.2. 

5.61. a. Clearly w(P x QO) = y(P)u(Q) by Proposition 3.8.2. Now we have the 
disjoint union 
Px Q=(P x Q)U{(x, 0g): x € P}U{Gs, y): y € QO} U{Gs, 64)}. 
Write [u, U]p for the interval [u, v] of the poset R. If t € P x Q, then the 
intervals [t, 1]p,g and [t, 1)p,.6 are isomorphic. If x € P, then the interval 
[(x, 0g), 169] is isomorphic to [x, 1]p x @. Similarly if y € Q, then 
(Oz, y), 1px6 = P x Ly, Ig. Hence 

0= > bPxolt, 1) 


tePx@ 


= Ss reset D+ (Sart ») u(Q) 


tePx@Q xeP 


+ uP) (= Holy, »| + w(P)u(Q) 
yeQ 
= —u(P x QO) — w(P)u(Q) — w(P)u(Q) + W(P)u(Q), 


and the proof follows. Note that Exercise 3.69(d) is a special case. 
b. In Corollary 5.5.5 put f(i) = —y; = —(Q;). If type 7 = (ai, .-., dn) then 
by property (E3) of exponential structures and (a), we have f(1)"--- 


f (ny =—pw(OF! x ++» x On") =—u, 7). Hence 


h(n) =— DY) uO, 7) = 40,0) =1, 


mTEQ, 


and the proof follows. 
This proof was suggested by D. Grieser. 
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5.62. a. The caser = Ois trivial, so assumer > 0. Let’, be the corresponding bipar- 


5.63. 


tite graph, as defined in Section 5.5. Suppose (I"4); is aconnected component 
of I’, with vertex bipartition (X;, Y;), where #X; = #¥Y; = 7. Suppose j > 2. 

The edges of (I',); may be chosen as follows. Place a bipartite cycle on the 
vertices (X;, Y;) in 5(j J — 1)! j! ways (as in the proof of Proposition 5.5.10). 

Replace some edge e of this cycle with m edges, where 1 < m <r — 1. 

Replace each edge at even distance from e also with m edges, while each 
edge at odd distance is replaced with r — m edges. Thus given (X;, Y;), there 
are $(r — 1) — 1)! 7! choices for (4); when j > 2. When j = 1 there is 
only one choice. Hence by the exponential formula for 2-partitions, 


1 
Orn oo(x4 50) Ge DL S5 “| 


n>0 J22 


_ 


li 


exp(x + RG — 1)[-—x + log — ea 


=i =% —30-1) 93 G—r)x 


b. When r =3 we obtain 


Aw = 


n>0 


so f3(n) =n 12. Is there a direct combinatorial proof? 

Let A= Py + Po + +--+ Pox, and let [', be the bipartite graph corresponding 
to A, as defined in Section 5.5. Write [,, =p, so 4 1s the edge union of 
P,, %2,..., P24. Suppose (C4); is a connected component of Ty, with vertex 
bipartition (X;, Y;), where #X; = #Y; = j > 1. If j > 2 then (14); is obtained 
by placing a bipartite cycle on (X;, Y;) and then replacing each edge with k 
edges. This can be done in AG J — VD! 7! ways. Write E(1) for the multiset 
of edges of the graph I’. Then En) E(,);) consists of 7 vertex-disjoint 
edges of (I',4);. There are precisely two distinct ways to choose j vertex-disjoint 
edges of (I'4);, and each must occur k times among the sets F(T ,) ECD a)i). 
for fixed i and for 1 < m < 2k. Hence there are (4) ways to choose the sets 
E(Vm)N E(14);), 1 < m < 2k. Thus for j > 2 there are 


Lisa ny) =a! lew 
PC me a re eee al 


choices for each bipartition (X;, Y;) with #X; =#Y; = 7. When j = 1 itis clear 
that there is only one choice. Hence by the exponential formula for 2-partitions, 


SMe =e] (My ') RU - wa F a 


n>0 j22 


= exp + (ar ‘ics + log(1 — wv] 


del 2k —1 
== ay 09 exp x (1- ( k ))I 
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5.64. a. Let M’ be M with its first row multiplied by —1. If k is odd, then (det M) + 
(det M’)‘ = (per M)* + (per M’)* =0, from which it follows that f,(n) = 


&x(n) =0. Now 
2 
2” fa(n) = De (s EM, 2(1)° “nase 
TES, 
~ (sgnz)(sgno) ) | \- Mi wl)?’ * Mann) 
m,0€6, ij my=tl 


X My o(1) °° °° Mn,o(n)- 


If m #4 o, say j=(i) # o(i), then the inner two sums have a factor 
Domed mi; = 0. Hence 
ij 


2” fn) = SY Ggnay S- 3 (Mm x(t) *** Mnx(n))” 


1 EGn iyo my=tl 


apa 


TEGy tf Mij 
2 
—_ yn 
= 2" ni, 


so f2(n) =n!. The same argument gives 92(n) =n!, since the factors (sgn 77) 
(sgn o) above turned out to be irrelevant. 

Nyquist, Rice, and Riordan (see reference below) attribute this result (in a 
somewhat more general form) to R. Fortet, J. Research Nat. Bur. Standards 
47 (1951), 465-470, though it may have been known earlier. For a connection 
with Hadamard matrices, see C. R. Johnson and M. Newman, J. Research 
Nat. Bur. Standards 78B (1974), 167-169, and M. Kac, Probability and Re- 
lated Topics in Physical Sciences, vol. I, Interscience, London/New York, 
1959, p. 23. 

b. Now we get 


2” fan) = > (sgn p)(sgnz)(sgn.o)(sgnt) 


p.1,0,TES, 


x SS ye i Mk, pk Mk,x()Mk,o(k)Mk, x(k) (5-142) 


i,j myj=tl k= 


We get a nonzero contribution only when the product P in (5.142) is a 
perfect square (regarded as a monomial in the variables m;;). Equivalently, 
if we identify a permutation with its corresponding permutation matrix then 
p+a+o+T has entries 0, 2, or 4. We claim that in this case the product 
pioT is an even permutation. One way to see this is to verify that a fixed 
cycle C occurs an even number of times (0, 2, or 4, with 4 possible only for 
singletons) among the four permutations po Oe mares -! to7!. Hence 
po '2p~'ap-'tp7! is even, and so also po T. It follows that the factor 
(sgn e)(sgnz )(sgno)(sgn T) in (5.142) is equal to 1 for all nonzero terms. 


Hence the right-hand side of (5.142) is equal to Qn’ N2(n), where N2(n) is the 
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number of 4-tuples (9, 7, 0, T) € om with every entry ofo +m +o0+T 
equal to 0, 2, or 4. Hence (5.120) follows from Exercise 5.63. 

The computation is identical for g4(m), since the factor (sgn p)(sgn 7r) 
(sgn. )(sgn T) turned out to be irrelevant. 

Equation (5.120) is due to H. Nyquist, S. O. Rice, and J. Riordan, Quart. 
J. Appl. Math. 12 (1954), 97-104, using a different technique. They prove 
a more general result wherein the matrix entries are identically distributed 
independent random variables symmetric about 0. The method used here 
applies equally well to this more general result. 
. It is clear from the above proof technique that fo,(m) < go%(1) provided 
there are permutations 77, ..., #2, € ©, such that 7] +---+ 72% has even 
entries and 7 - - - 12, is anodd permutation. For n = 3 and k = 3 we can take 
{701, 2,..., 16} = G3. For larger values of n and k we can easily construct 
examples from the example for nm =3 and k =3. 
. Let M € D,4,. Multiply each column of M by +1 so that the first row con- 
sists of 1’s. Multiply each row except the first by +1 so that the first column 
contains —1’s in all positions except the first. Now add the first row to all the 
other rows. The submatrix obtained by deleting the first row and column will 
be ann X n matrix 2M', where M’ is a O~1 matrix. Expanding by the first 
column yields det M = +2"(det M’). This map M t+—> M" produces each 
n xn 0-1 matrix the same number (viz., gant) of times. From this it follows 
easily that f/(n) = 2-* f.(m + 1) when k is even. When k is odd, one can 
see easily that f;(n) =0. 

We leave the easy case of g{(7) to the reader and consider g4(7). As in (a) 
or (b), we have 


2” gi (n) = > » >> i aneraew: 
M,OEG, i,j myj=0,1lk=1 


Suppose that the matrix 7 +o has r 2’s, and hence 2n — r 1’s. Equivalently, 
mo has r fixed points. Then 


mz as []m n(k)Mk,o(k) = 2” 2—2ntr 


ij myj=0,1k=1 


Since we can choose any 7 € G, and then choose o so that mo! has r 
fixed points, it follows that 


2” ohn) = ni2™—2" S 2°) — nia" "A (n), 


NEG, 


say, where 7 has c; (7) fixed points. Setting f; = 2 and fj) =4j=--- =1 
in (5.30) yields 


x2 x3 
Yaw> = = exp(24 + 5 i als .) 
n>=0 
1 1 \ x” 
_Sn(i+4 ae (ee 


n>0 
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so h(n) =n! (1 + 4 ft... +), and g5(n) is as claimed. (One could also 
give a proof using Propdeition 5. ] 8 instead of (5.30).) 


Given a function g:N x N — {(,0)} > K, define a new function h - 
NxN-— K by 


h(m,n) =) > g(#Ai, #Bi)--- g(#Ag, #By), 


where the sum is over all sets {(A1, B,),..., (Ax, By)}, where Aj © [m] 
and B; C [n], satisfying: 
(i) For no j do we have A; = Bj =O. 
(ii) The nonempty A ;’s form a partition of the set [m]. 
(ii!) The nonempty B;’s form a partition of the set [n]. 
(Set A(0, 0) = 1.) In the same way that Corollary 5.1.6 is proved, we obtain 


5 Atm, na _ = exp > 8G, ne, 


m,n>O i,j2=0 


G, DAO, 0) 


Now let A =(a;;) be an m x n matrix of the type being counted. Let 7 A 
be the bipartite graph with vertex bipartition ({x1,..., Xm}, {¥1.---+ Ya}, 
with a;; edges between x; and y;. The connected components I'),..., Ty 
of "4 define a set {(A1, Bi), ...,(Ax, Bg} satisfying (i)(iii) above, viz., 
i € A; if x; is a vertex of cs and € B; if y; is a vertex of [’;. Every 
connecied component of I’, must be a path (of length >0) or acycle (of even 
length >2). We have the following number of possibilities for a component 
with i vertices among the x,’s and j among the y,’s: 


(@, Jj) =O, 1) or (1,0): 1 
(1,1):2 
Gi+Dor@+1,é:5G+)!, 221 
G.i):iP +5@-—Di!, i> 2 
all others : 0. 


Hence 


F(a, y) = asl X+y+4+ 2xy 4+ — 5 ey et xit y') 


2751 


+E (+9) 


which simplifies to the right-hand side of (5.121). . 
For any power series G(x, y)= >. Cmnx” y”, let DG(x, y)= as Crnt guy 
operator D preserves infinite linear combinations; and if G(x, y)* 
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H(x, y. xy) for some function H, then DG(x, y) = DH (x, y, t). Hence 


t” 
) f(n,n)—5 = DFC, y) 
n} 


n>0 
1 
m1 rr heo-ont-pexg| ACH) 


1-t 
But 
(x + y)(1 — 42) ty f1-4r\" 
D exp| —_—-—_—+—- | = DS). —— aa 
1-t =O! 1-t 
1 2n 
7s ~ @ t? 1— at 
= n) Qn)! \1—t J’ 
and the proof follows. 


5.66. a. If r 4 s then the matrix L — rI has s equal rows and hence has rank at most 


5.67. 


r +1. Thus L has at least s — 1 eigenvalues equal tor. If r = s then another 
r rows of L — rI are equal, so L has at least r + s — 1 eigenvalues equal 
tor. 

b. By symmetry, L has at least r — 1 eigenvalues equal to s. 

c. Since the rows of L sum to 0, there is at least one 0 eigenvalue. The trace of 
L is 27s. Since this is the sum of the eigenvalues, the remaining eigenvalue 
must be 2rs —(s — 1)r —(r —l)s=r-+ts. 

d. By the Matrix-Tree Theorem (Theorem 5.6.8) we have 


c(Kys) — (r + s)ro—lsr7! —_ psig 


r+s 
agreeing with Exercise 5.30. 
For each edge e = {i, j} associate an indeterminate x;; =x ;;. Let L= (Li j) be 


the n x n matrix 
ee ifi <j 
Li = tale oe 
l<k<n Xie if i = J, 
a a 


Let Lo denote L with the last row and column removed. By the Matrix-Tree 
Theorem (Theorem 5.6.8), we have 


>| F(T) = det Lo(f), 
T 


where Lo( f ) is obtained from Lo by substituting f(e) for Xe. Since the (2, 7) entry 
of Lo has the form x;, + other terms, and since x; appears nowhere else in Log, it 
follows that we can replace the (i, 7) entry of Lo with anew indeterminate y; with- 
out affecting the distribution of values of det Lo. Hence P,,(q) is just the number 
of invertible (n — 1) x (1 — 1) symmetric matrices over F,. For q odd this number 
was computed by L. Carlitz, Duke Math. J. 21 (1954), 123-128 (Thm. 3) as part 
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5.70. 


5.71. 
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of a more general result. A more elementary proof, valid for any q, was later 
given by J. MacWilliams, Amer. Math. Monthly 76 (1969), 152~164 (Thm. 2). 

This exercise is related to an unpublished question raised by M. Kontse- 
vich. For further information see R. Stanley, Spanning trees and a conjecture 
of Kontsevich, preprint, available electronically at http://front.math.ucdavis, 
edu/math.CO/9806055. 


The argument parallels that of Example 5.6.10. Let V be the vector space of all 
functions f : T — C. Define a linear transformation ® : V > V by 


(fu) = Sow) fu tv). 


vel 


It is easy to check that the characters x € [° are the eigenvectors of ®, with 
eigenvalue )-- o(v)x(v). Moreover, the matrix of ® with respect to the basis 
Lr of V is just 


vel 


[o>] = (= -«| -I—L(D). 


Hence the eigenvalues of L(D) are given by Dee o(u)(1 — x(v)) for 

x € T, and the proof follows from Corollary 5.6.6. Note that Example 5.6.10 

corresponds to the case [ =(Z/2Z)" and o given by o(v) =1 if v is a unit 

vector, while o (uv) = 0 otherwise. 

a. Easily seen that t(D, v) =a,a -- *Ap-1- 

b. D is connected and balanced, and the oudegree of vertex v; is aj_ +a; (with 
ag = ap = 0). Hence by Theorem 5.6.2, 


P 
€(D, €) = ayan+++ap- | [@a ay = 1h 


i=] 


The argument is completely parallel to that used to prove Corollary 5.6.15. 
The digraph D,, becomes the graph with vertex set [0, d — 1}"~! and edges 
(@|@2 ---An_1, Q2Q3---Gn), yielding the answer d!2"" d-". This result seems 
to have been first obtained in [1]. 


First note that the number q of edges of G is given by W(2) = 24 (since G has no 
loops or multiple edges). Now 2q = dp where p is the number of vertices of G ‘ 
so p is determined as well. It is easy to see that the numbers A ; satisfying (5.1 oe) 
for all £ > 1 are unique (consider e.g. the generating function >°,., W(£)x ‘ 
and hence by the proof of Corollary 4.7.3 are the nonzero eigenvalues of the 
adjacency matrix A of G. Since A has p eigenvalues in all, it follows that p — 7 
of them are equal to 0. A number of arguments are available to show that i 
largest eigenvalue A; is equal to d. Since G is regular, the eigenvalues of une 
Laplacian matrix L of G are the numbers d — Aj, together with the eigenvalue 
d of multiplicity p — m. Hence by the Matrix-Tree Theorem (Theorem 5.6.8). 


qr-m 
c(G) = | [@ -4,). 
Dp j=2 
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5.72. There is a standard bijection T +> T* between the spanning trees T of G 


5.74. 


and those of G*, namely, if T has edge set {e;,..., e,}, then 7* has edge set 
E* —{ej,..., e*}, where E* denotes the edge set of G*. Hence c(G) =c(G*). 
Let Lo(G*) denote L(G*) with the row and column indexed by the outside vertex 
deleted. It is easy to see that Lp(G*) = 4I — A(G’), and the proof follows from 
Theorem 5.6.8. 

This result is due to D. Cvetkovié and I. Gutman, Publ. Inst. Math. (Beograd) 
29 (1981), 49-52. They give an obvious generalization to planar graphs all of 
whose bounded regions have the same number of boundary edges. See also D. 
Cvetkovic, M. Doob, I. Gutman, and A. Torgasev, Recent Results in the Theory 
of Graph Spectra, Annals of Discrete Mathematics 36, North-Holland, Amster- 
dam, 1988 (Thm. 3.34). For some related work, see T. Chow, Proc. Amer. Math. 
Soc. 125 (1997), 3155-3161; M. Ciucu, J. Combinatorial Theory (A) 81 (1998), 
34-68; D. E. Knuth, J. Alg. Combinatorics 6 (1997), 253-257; and R. Stanley, 
Discrete Math. 157 (1996), 375-388 (Problem 251). 


a. Let J be the p x p matrix of all 1’s. As in the proof of Lemma 5.6.14, we have 
that A’ = J and that the eigenvalues of A are p!/‘ (once) and 0 (p — | times). 
(Note that since tr A is an integer, it follows that p = r° for some r & P. Part 
(d) of this exercise gives a more precise result.) 

b. The number of loops is tr A =r, where p =r‘ as above. 

c. Since by hypothesis there is a walk between any two vertices of D, it fol- 
lows that D is connected. Since A has a unique eigenvalue equal to r, there 
is a unique corresponding eigenvector F (up to multiplication by a nonzero 
scalar). Since E is also an eigenvector of A‘ =J with eigenvalue r’=p, 
it follows that E is the (column) vector of all 1’s. The equation AE =rFE 
shows that every vertex of D has outdegree r. If we take the transpose of 
both sides of the equation A‘ = J, then we get (a‘y® = J. Thus the same 
reasoning shows that A’ F =r E, so every vertex of D has indegree r. 

d. The above argument shows that r =d (or p =d*), 

e. Since every vertex of D has outdegree r, we have L=rI — A. Hence by 
(a) the eigenvalues of L are r (p — 1 times) and 0 (once). It follows from 
Corollary 5.6.7 that 


1 
€(D, e) = —r? "(r — 1)? 
P 


e 
= ret yi « 


The total number of Eulerian tours is just 
¢(D) =rp-€(D,e)=r!". 


f. We want to find all p x p matrices A of nonnegative integers such that 
A‘ =J. If we ignore the hypothesis that the entries of A are mopneeae 
integers, then a simple linear-algebra argument shows that A = re J+ N 
where N¢ =0 and NJ = JN =0. Equivalently, if e; denotes the i-th unit co- 
ordinate vector, then N¢=0, N(e, + --- + @p)=0, and the space of all 
vectors dye, + +--+ @pe@p with >> a; =0 is N-invariant. Conversely, for 
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any such N the matrix A=r~‘t!J +N satisfies Af = J. If we choose N to 
have integer entries and let c be a large enough integer so that the matrix 
B=cJ + N has nonnegative entries, then B will be the adjacency matrix of 
a digraph with the same number of paths (not necessarily just one path) of 
length 2 between any two vertices. For instance, let p =3 and (writing col- 
umn vectors as row vectors for simplicity) define N by N[1, 1, 1] = [0, 0, 0], 
N[1, —1, 0] =[2, —1, —1], and N[2, —1, —1] = [0, 0, 0]. Then 


a eae) 
2 IN Se 1-05 3S Be Py 
4 1 1 


and (2J +N)? = 12J. Hence 2J +N is the adjacency matrix of a digraph with 
12 paths of length two between any two vertices. It is more difficult to obtain 
a digraph, other than the de Bruijn graphs, with a unique path of length £ 
between two vertices, but such examples were given by M. Capalbo and H. 
Frederickson (independently). The adjacency matrix of Capalbo’s example 
(with a unique path of length two between any two vertices) is the following: 


110001 00 0 
001 1 10 0 0 0 
00000011 1 
1 11000 0 0 0 
00011 1 0 0 0 
00000011 1 
1 11000 0 0 0 
0001 1 1 0 0 0 
0000001 1 1 


6 


Algebraic, D-Finite, and Noncommutative 
Generating Functions 


6.1 Algebraic Generating Functions 


In this chapter we will investigate two classes of generating functions called al- 
gebraic and D-finite generating functions. We will also briefly discuss the theory 
of noncommutative generating functions, especially their connection with rational 
and algebraic generating functions. The algebraic functions are a natural generali- 
zation of rational functions, while D-finite functions are a natural generalization 
of algebraic functions. Thus we have the hierarchy 


D-finite 


| 
algebraic (6.1) 


rational 


Various other classes could be added to the hierarchy, but the three classes of (6.1) 
seem the most useful for enumerative combinatorics. 


6.1.1 Definition. Let K be a field. A formal power series 7 € K[[x]] is said to 
be algebraic if there exist polynomials Po(x),..., Pa(x) € K[x], not all 0, such 
that 

Po(x) + Py(x)n +--+ + Pax)? = 0. (6.2) 
The smallest positive integer d for which (6.2) holds is called the degree of 7. 


Note that an algebraic series 7 has degree one if and only if 7 is rational. The 
set of all algebraic power series over K is denoted Kajg[[x]]. 


6.1.2 Example. Lety = 5°, (°")x". By Exercise 1.4(a) we have (1—4x)7? —1 
= 0. Hence 7 is algebraic of degree one or two. If K has characteristic 2 then 
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7n = 1, which has degree one. Otherwise it is easy to see that 7 has degree two. 
Namely, if deg(7) = 1 then 7 = P(x)/Q(x) for some polynomials P(x), Q(x) € 
K [x]. Thus 


(1 — 4x) P(x? = Q(x)’. 


The degree (as a polynomial) of the left-hand side is odd while that of the right-hand 
- side is even, a contradiction. 


It is a great convenience in dealing with algebraic series to work over fields 
rather than over the nngs K[x] and K [[x]]. Thus we review some basic facts about 
the quotient fields of K [x] and K[[x]]. The quotient field of K [x] is just the field 
K(x) of rational functions over K (since every rational function is by definition 
a quotient of polynomials). The ring K[{x]] is almost a field; we simply need to 
invert x to obtain a field. (In other words, K [[x]] is a local domain, and x generates 
the maximal ideal.) Thus the quotient field of K [[x]] is given by 


K(@)) = KUfe]]0/]. 


Every element of K ((x)) may be regarded as a Laurent series 7 = paar a,x" for 
some ng € Z (depending on 7). To see that such Laurent series indeed form a field, 
the only field axiom that offers any difficulty is the existence of multiplicative 
inverses. But if 7 = ee a,x” with a,, # 0, then 7 = x”°o where p is an 
ordinary power series with nonzero constant term. Hence p~! € K[[x]],so77! = 
x97! € K((x)), as desired. 

Recall from any introductory algebra text that if D is an (integral) domain 
containing the field K(x), then n € D is said to be algebraic over K(x) if there 
exist elements Fo(x),..., Fy(x) € K(x), not all 0, such that 


Fo(x) + Fi(x)n +--+ + Fa(x)n? = 0. (6.3) 


The least such d is the degree of n over the field K(x), denoted deg x,,)(7). It is 
also the dimension of the field K(x, 7) (obtained by adjoining n to K(x)) as a 
vector space over K(x). Equivalently, 7 is algebraic over K (x) if and only if the 
K(x)-vector space spanned by {1, 7, 777, .. .} is finite-dimensional (in which case 
its dimension is deg x,)(7)). Moreover (again from any introductory algebra text) 
the set of 7 € D that are algebraic over K(x) form a subring of D containing K (x) 
(and hence a K (x)-subalgebra of D,i.e., a subring of D that is also a vector space 
over K(x)). 

Suppose (6.3) holds, and let P(y) = Fo(x) + Fi(x)y +++ + Fu(x)y? € 
K(x)[y]. Thus P() is a polynomial in the indeterminate y with coefficients in 
the field K(x). We then have d = deg,,,)() if and only if the polynomial P(y) 
is irreducible. If we normalize (6.3) by dividing by F(x) so that P(y) is monic, 
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and if d = deg,,,)(7), then the equation (6.3) is unique; for otherwise we could 
subtract two such equations and obtain one of smaller degree. 

Note that we can multiply (6.3) by acommon denominator of the F;’s and hence 
can assume that the F;’s are polynomials. Thus we see that 7 € K[[x]] is algebraic 
(as defined by Definition 6.1.1) if and only if it is algebraic over K(x). The same 
is true for 7 € K((x)). The set of all algebraic Laurent series over K (x) is denoted 
Kaig((x)). Hence 


Kagll*]] = Kag(()) 9 K([x]]. (6.4) 


Again by standard algebraic arguments, K,g[[x]] is a subring of K [[x]] containing 
K(x) K[[{x]], the ring of rational functions P/Q with P, Q € K[x] and Q(0) 40. 


6.1.3 Example. Let us consider Example 6.1.2 from a somewhat more alge- 
braic viewpoint. The series 7 = )~,.9 (°”)x” will have degree two if and only if 
(1 —4x)y? — 1 is irreducible as a polynomial in y over K(x). A quadratic polyno- 
mial p = ay” + by +c is irreducible over a field F of characteristic not equal to 
two if and only if its discriminant disc(p) = b* — 4ac is not a square in F. Now 
disc((1 — 4x)y? — 1) = 4(1 — 4x), which is not a square, since its degree (as a 
polynomial in x) is odd. Hence degx;,)(7) = 2 if charK # 2. 


For most enumerative purposes involving algebraic series it suffices to work 
with Laurent series y € K ((x)). Note, however, that there exist elements 7 in some 
extension field of K(x) that are algebraic over K(x) but that cannot be repre- 
sented as elements of K((x)). The simplest such 7 are defined by n” = x for 
N > 2. This suggests that we look at formal series 7 = ee a,x"! , where 
N is a positive integer depending on 7. Such a series is called a fractional 
(Laurent) series (or Puiseux series). If we can take np = O then we have a 
fractional power series. Let K *((x)) (respectively, K[[x]]) denote the ring of 
all fractional Laurent series (respectively, fractional power series) over K. Thus 
K*((x)) = K((x))[x!?, x!/7, x!/4, .. J, ie., every 7 € K*((x)) can be written 
as a polynomial in x'/?, x'/3, .. . (and hence involving only finitely many of them) 
with coefficients in K ((x)); and conversely every such polynomial is a fractional 
series. Thus for instance 5~,,, x!/% is not a fractional series in our sense of the 
term. It’s easy to see that K[[x]] is a ring, and that K'((x)) is the quotient field 
of K™[[x]]. For instance, the product of So yismy @mx™ and Doyen, Onx”/™ will 
be a series of the form Do smonino Cn MN. 

For the remainder of this section we will develop some basic properties of 
fractional series and algebraic series. An understanding of these properties provides 
some interesting insight into the formal aspects of algebraic series, but such an 
understanding is not really necessary for solving enumerative problems. The reader 
may skip the remainder of this section with little loss of continuity. (The only real 
exception is the proof of Theorem 6.3.3.) 


n>n 
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6.1.4 Proposition. The field K'((x)) is an algebraic extension of K((x)), ie., 
every n € K'((x)) satisfies an equation 


Po(x) + Pilx)n + +--+ Palx)n? = 0, 
where each P;(x) € K((x)) and not all P;(x) = 0. 


Proof. Let 7= Yoysng anx”!™ € K*((x)). There are then (unique) series no, 
N1,---,7n-1 € K((x)) such that 7 = no + xVNny + xIN yn, ss eae gO DIN 
nn-1. The series (consisting of a single term each) x!/%, x2/", 1... x4-D/N are 


clearly algebraic over K((x)). Since for any extension field E of any field F, the 
elements of E that are algebraic over F form a subfield of E containing F, we 
have that 7 is algebraic over K ((x)), as desired. im 


A considerably deeper result is the following. 


6.1.5 Theorem. Let K be an algebraically closed field of characteristic zero 
(e.g., K = C). Then the field K fra((x)) is algebraically closed (and hence by 
Proposition 6.1.4 is an algebraic closure of K ((x))). 


Theorem 6.1.5 is known as Puiseux’s theorem. We omit the rather lengthy proof, 
since we only use Theorem 6.1.5 here to prove the rather peripheral Theorem 6.3.3. 
For some references to proofs, see the Notes section of this chapter. Somewhat sur- 
prisingly, Theorem 6.1.5 is false for algebraically closed fields K of characteristic 
p > 0; see Exercise 6.4. 


* For the remainder of this section, unless explicitly stated otherwise, we assume 
that K is algebraically.closed of characteristic zero. « 


Since K(x) is a subfield of K ((x)), it follows from Theorem 6.1.5 that K((x)) 
contains the algebraic closure K(x) of K(x). Thus any algebraic power series, as 
defined in Definition 6.1.1, can be represented as a fractional power series (and 
any algebraic Laurent series can be represented as a fractional Laurent series). 

Suppose that P(y) € K((x))[y] is an irreducible polynomial in y of degree d 
over the field K((x)). The d fractional series m,...,¢ € K‘((x)) satisfying 
P(n;) = 0 are called conjugates of one another. The next result describes the 
relation between conjugate series. 


6.1.6 Proposition. With P(y) as above, let 7 = Yoysn,4nx"!™ satisfy P(n) = 0. 
Then the least possible value of N is equal to d, and the d conjugates to n are 
given by 


= ae 0<j<d, 


n>ng 


where € is a primitive d-th root of unity. (Note that ¢ exists in K, since K is 
algebraically closed of characteristic zero.) 
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Note. The intuition behind Proposition 6.1.6 is the following. Let t; = ¢/x"/4, 

Then t¢ = x. Hence each t; is “just as good” ad-th root of x as x!/4 itself and ae 
be substituted for x!/4 in y swithout affecting the validity of the equation P(n) = 

A little field theory can make this argument rigorous, though we give anaive a 


Sketch of the Proof. Let n = n(x) = nen nx!" with N minimal (given 7) 
and let § be a primitive N-th root of unity. Let 


P(y) = Fo(x) + Filx)y +--+ Fy(x)y*, 
So 
P(n) = Fo(x) + Filx)n +++ + Fy(x)n? = 0. (6.5) 


Now substitute §/x!/" for x'/" in (6.5). Set 1% = Dyong 4ng "x". Each F;(x) 
remains unchanged, so P(7;) = 0, ie., each n; 0 < j < N) isa conjugate of 7. 
Hence N <d. 

On the other hand, let e, = €x(75, --->}_) be the k-th elementary symmetric 
function in 75, ...,)_,, for 1 < k < N.Each e;, regarded as a Laurent series in 
x// is invariant under substituting €x!/" for x!/". Hence e, € K((x)), so 


N-1 N 
[]o-9) = oC vey” € K(@)by. 
j=0 


Since P(y) is irreducible, there follows N >d. Hence N =d, and the proof 
follows. oO 


The following corollary to Proposition 6.1.6 is sometimes regarded as part of 
Puiseux’s theorem (Theorem 6.1.5). 


6.1.7 Corollary. Suppose that n €¢ K'((x)) is algebraic of degree d over K(x). 
Then there exist positive integers c\,...,C, Satisfying cy + --- + c,=d, and 
fractional Laurent series 


such that the d conjugates of n (over K(x)) are given by 


> kn nfo; 
AjnSo, X ’, 


n>NnN9 


where 1 < j <r,0<k < cj, and $-, denotes a primitive c;-th root of unity. 
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Proof. Immediate from Proposition 6.1.6, since conjugates over K((x)) remain 
conjugate over the subfield K(x). QO 


Now suppose that we are given a polynomial equation 

P(y) = Fo(x) + Filx)y +--+ + Falx)y* = 0, (6.6) 
where Fj (x) € K((x)). What information can we read off directly from (6.6) about 
the d roots 7), ...,¢ of P(y)? For instance, how many roots are ordinary power 
series (elements of K[[{x]])? In general there is no simple way to obtain such 
information, but there are some useful sufficient conditions for various properties 
of the 7;’s. 
6.1.8 Proposition. Let 

P(y) = Fo(x) + Fux)y +--+ + Fala)y’, 
where each F;(x) € K[{x]] (or even K™I[[x]]) and for at least one J we have 
Fj (0) # 0. Let m be the number of solutions y =n; to P(y) = 0 that are fractional 
power Series (1.e., no negative exponents). Then 
m = max{j : Fj(0) ¥ 0}. 

Proof. For any fractional series 7, let 


v(q) = min{a : [x*]n 4 0}, 


and call v(7) the x-degree of n (to distinguish it from the degree of 7 as an algebraic 


element over K ((x))). Let P(y) = Fa(x)(y—m)---(y—na), where v(n;) = a; < 0 


for] <i <d—m,andv(y;) > Oford—m+1 <i < d. Consider the elementary 
symmetric function 


€d—m = Ci issn a= > Ni °° Nigem+ 


ij <--<ig_m 


Thus [y"]P(y) = (—1)°°" Fy(x)ea_m. Now eg—m has a term 7172 ---Na—m of x- 
degree )~77/" a; := A, while all other terms have greater x-degree. Hence 
v(€¢-m) = A exactly. Thus in order for [y”]P(y) ¢ K[[x]], we must have 
v(Fa(x)) = —A. Now every term 7, ---7;, of every elementary symmetric func- 
tion ex(m,..., Na) has x-degree at least A. Since some F;(0) ¥ 0, it follows that 
v(Fi(x)) < —A, so v(F7(x)) = —A. Hence F,,(0) ¥ 0. Moreover, ifk <d—m 
then every term of e,(7, ..., ¢) has x-degree strictly greater than A, so Fy(x)ex 
(which equals (— 1)‘[y’~*] P(y)) has strictly positive x-degree, i.e., Fz_,(0) = 0. 
Hence m = max{j : Fj(0) ¥ 0}, as desired. 0 
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If P(y) = co +ciy +---+cyy4 is a polynomial of degree d over a field F with 


roots a, ..., @q in some extension field, then define the discriminant of P by 
disc(P) = Gare [ [ce _ aj)”. 
i<j 


It is well known that disc(P) can be expressed as a polynomial in the coefficients 
cj of P(y). If we set deg c; = 1; then disc(P) is homogeneous of degree 2d — 2; 
while if we set degc; = d — i, then disc(P) is homogeneous of degree d(d — 1). 
For instance, 


disc(ay” + by +c) =b* —4ac 
disc(ay? + by? + cy +d) = —27a*d* + 18abcd — 4ac} ~ 4b3d + bc? 
disc(ay* + by? + eee dy +e) = 256a°e? — 128a7c7e? + 144a2cde 
— 192a*bde* —27a7d4 + l6acre — 4ac3d? 
— 80abc7de + 144ab?ce* + 18abced3 
—6ab*d?e — 4b’? e +b? c2d? + 18b3 cde 
— 27b*e? — 4p33 
disc(ay? + by +c) = C1) Qa? [a4 act! +. 1)?! (d—1)47! 54]. 
(6.7) 


For a proof of (6.7) see Exercise 6.8(a). 
6.1.9 Proposition. Let 
P(y) = Fox) + Fi(x)y +++» + Fulx)y4, 


where each F;(x) € K[[x]] and F,(0) # 0 (so by Proposition 6.1.8, all the roots 
of P(y) are fractional power series). Suppose that 


disc(P(y))|z=0 F 0. (6.8) 


Then every root n; € K™[[x]] of P(y) is an ordinary power series, i.e., nie 


K{[x]}. 


Proof. Suppose that P(y) has a root 7, = > ,.9anx”/", for some N > 1, that is 
not a power series. If ¢ is a primitive N-th root of unity, then by Proposition 6.1.6 
(after factoring P(y) into irreducibles) we see that another root of P(y)is mn = 
Vne0 2n6"x"/" and that n) 4 72. Since n\(0) = n2(0) = ag, the difference m—m 
vanishes at x = 0, and hence so does disc(P(y)), contradicting (6.8). 0 


6.1.10 Example. (a) Let P(y) = y?—(x+1). Then F,(0) = 1 ¥ 0, disc(P(y)) = 
4(x + 1), and disc(P(y))|:=0 = 4 0. Thus by Propositions 6.1.8 and 6.1.9, the 
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equation P(y) = 0 has two power series solutions. Indeed, the solutions are given 
by 


1 
+11 +x)? = = (2 
n 


n>0 


(b) Let P(y) = y* — x. Then F,(0) 4 0, so the two roots are fractional power 
series by Proposition 6.1.8. Since disc(P(y))|,-9 = 0, we cannot tell just from 
disc(P(y)) whether or not the two roots are in fact ordinary power series. Of 
course by inspection we see that the roots are +x!/?, which are not ordinary power 
series. 

(c) Let P(y) = y? — x?(x« + 1). Again F)(0) 4 0 and disc(P(y))|x=9 = 0. This 
time, however, the roots are ordinary power series. 

(d) Let P(y) = xy* — y — 1. By Proposition 6.1.8 exactly one of the roots 
is a fractional power series. Proposition 6.1.9 cannot be directly applied, since 
F,(0) = 0. There are several ways, however, to see that both roots are ordinary 
Laurent series. 


¢ Suppose that some root was not a Laurent series. Since d = 2, the roots n; and 
72 are of the form >* a,x”/? and 5(—1)"a,x”/?. Hence either both or none of 
the roots are fractional power series. Since we have seen that exactly one root is 
a fractional power series, it follows that both roots are ordinary Laurent series. 
More generally, if r = 1 (so cy = d) in Corollary 6.1.7, then either all or none 
of the 7; are fractional power series. 

e Let z = yx. Then xP(y) = 2? — z — x. Now Proposition 6.1.9 does apply, and 
we see that both roots 1, p2 of z7 — z — x are ordinary power series. Hence the 
roots 7; = x~! ; of P(y) are ordinary Laurent series. 

e Since P(y) is quadratic, we can just use the quadratic formula to obtain the two 
roots 


ltJ1+4x 


= (6.9) 


where JT + 4x = Yo ioo ('7)4"x" = 14+2x +---. Hence the plus sign in (6.9) 
produces a Laurent series 7, with v(7,) = —1, while the minus sign yields an 
ordinary power series 72. 


We mentioned earlier the standard result that the set K,[(x]] of algebraic power 
series forms a subalgebra of K [[x]]. Thus if u, v € Kag{[x]] anda, B € K, then 
au + Bv, uv € Kagl[x]]. A further operation of combinatorial interest that can 
be performed on power series u and v is the Hadamard product u * v, defined 
in Section 4.2. Recall that if u = )*° f(m)x" and v = ¥° g(n)x", thenu*v ‘= 
> f(n)g(n)x”. What effect does this operation have on algebraicity? One can 
show that if u and v are algebraic, then u * v need not be algebraic. An example 
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(which takes some work to verify — see Exercise 6.3) isu = v = (1 — 4x)! = 
ye (s a se The next result shows, however, that a weaker result is true. 


6.1.11 Proposition. Let K bea fieldof characteristic 0. Ifu € K[[x]] is algebraic 
and v € K[[x]] is rational, then u * v is algebraic. 


Proof. Letu= >> f(m)x", v= > g(n)x". By Theorem 4.1.1, there exist 7), ..., 
yr € K (since we are assuming K is algebraically closed, though we could just as 
easily let K be any field of characteristic 0 and work over an algebraic closure of 
K)and P;,..., P, € K[x] such that 


gin)= > Pi(n)y?, on >0. (6.10) 


Now changing finitely many coefficients of v has no effect on whether u + v 
is algebraic [why?], so we can assume that (6.10) holds for all n > 0. Since 
linear combinations of algebraic functions are algebraic (because Kaig[[x]] is a 
subalgebra of K[[x]]), it suffices to show that forO 4 y € K, the two series 
uy = doy" f(m)x" and uz = > nf(n)x" are algebraic. Let P(x, u) = 0, where 
O04 P(x, y) € K[x, y]. Then P(yx, y) # Oand P(yx, u;) = 0, so wy is algebraic. 
Now note that 

dP(x, y) 


d 
0= —P(x,u)= 


,OP(x, y) 
dx Ox ee 


(6.11) 
= Oye pay 


If we assume that we have chosen P(x, y) to be of minimal degree in y (so it 
is irreducible over K(x)), then 0 P(x, y)/dy is a nonzero (since charK = 0) 
polynomial in y of smaller degree than P, so a + 0. It therefore follows 
from (6.11) that : 


aP(x,y) 
ax = 
ul = ~-———*™ € K(x, u). (6.12) 


OP (x,y) 
dy 


y=u 
In other words, u’ is a rational function of x and u, so u’ is algebraic. Hence 


uy = xu’ is algebraic, completing the proof. Oo 


We conclude this section with a simple result on algebraic functions that we will 
need later (see the proof of Theorem 6.7.1). We will be considering Laurent series 


y= f(x1,--+, Xe) © KOM O1,---, Xe), (6.13) 
i.e., y is a Laurent series in x),..., x, whose coefficients are rational functions 
(which we regard as Laurent series) in x over K. We will assume that f(1,..., 1) 


is a well-defined element of K((x)). More precisely, if y = ) >, Ca(x)x}' ++ +X 
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then )~,, Ca(x) converges to an element of K ((x)) in the topology of Section 1.1. 
For instance, if 


(Cisse sn. 


i,j=0 
then f(1, 1) is the well-defined series }°,,.9(” + 1)x”. On the other hand, if 


FSS: ye a 


i720 


then f(1, 1) is undefined (e.g., the coefficient of x° is the meaningless expression 


Lizo 1). 


6.1.12 Proposition. Lety = f(x,...,x,)beasin(6./3). Suppose that f(1,..., 
1) is well defined and that y is algebraic over K(x)(x1, ...,X,). Then f(1,..., 1) 
is algebraic over K(x). 


Proof. Suppose 
Pa(xy,..., xe)y? +--+ Poy, ..-, xg) = 0, (6.14) 


where P; € K(x)[x1,...,x,], the P;’s are relatively prime (as polynomials in 
X1,.--,X,%), and Py + 0. By clearing denominators we may assume in fact P; € 
K[x]lx,...,x,] = K[x,x1,...,x,]. We can’t simply substitute x} = --- = 
x, = 1 in (6.14), since we conceivably might have P;(1,...,1) = 0 for alli. S 

instead first set x, = 1. If P;(x1,...,x¢-1, 1) = 0 then P;(xj, ..., xz) is divisible 
by x; — 1. Since the P;’s are relatively prime, some P;(x),...,x,-1, 1) # 0. 
Hence f(x,,..., x¢-1, 1) is algebraic over K (x)(x1,..., Xz~-1). The proof follows 
by induction on k (the case k = 0 being trivial). 0 


6.2 Examples of Algebraic Series 


In this section we will consider some examples of algebraic series that arise in 
enumerative problems. For some further examples, see Sections 6.3 and 6.7. 

We turn first to (unlabeled) plane trees and plane forests, as considered in Section 
5.3. Let S be any subset of P, and define a plane S-tree to be a plane tree for which 
any non-endpoint vertex has degree (number of successors) in S. For instance, a 
plane 2-tree (short for {2}-tree) is a plane binary tree. There are many interesting 
combinatorial structures that are “equivalent to” (can be put into a simple one-to- 
one correspondence with) plane trees. We collect some of the most important of 
these structures in the next result. We include an example of each structure with 
S = {2,3},1=6,m=4. 


th RR ee 
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6.2.1 Proposition. LetSCP,n¢P,meéP. There are “nice” bijections between 
the following sets: 


(i) plane S-trees with n vertices and m endpoints: 


(11) Sequences ijiz - --in_1, where eachij+1eé S ori; = —1, such that there area 
total of m —| values of j for whichi; = —1, and such that i,+i2+:- +i; >0 
for all j, and i; +ig+-++++in-] —0: 


1,—1,2,-1,-1; 


(iii) parenthesizations (or bracketings) of a word of length m subject ton—mk-ary 
operations, where k € S: 


(x(xxx)) (one 3-ary and one 2-ary operation), 


(iv) paths P in the (x, y) plane from (0, 0) to (n — 1, 0) using steps (1, k), where 
k+1¢Sork = —1, witha total of m —1 steps of the form (1, —1), such 
that P never passes below the x-axis: 


(0, 0) (5, 0) 


(v) paths P in the (x, y) plane from (0, 0) to (m — 1, m — 1), using steps (k, 0) 
or (0, 1) withk +1 € S, with a total of n — | steps, such that P never passes 
above the line x = y: 


(0, 0) 


(vi) dissections of a convex (m + 1)-gon C into n — m regions, each a k-gon 
with k — 1 € S, by drawing diagonals (necessarily n — m — 1 of them) that 
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¢ 


don’t intersect in their interiors (when k = 2, we must draw two 
diagonals between the same pair of vertices of C ): 


“curved” 


Proof. The bijection between (1) and (i1) was described in Section 5.3 (see Lemma 
5.3.9 and the discussion preceding it). Recall that the bijection is obtained by doing 
a depth-first search through the plane tree t and recording the integer (deg v) — | 
whenever a vertex v is encountered for the first time. Here we should ignore the 
last vertex (which will be an endpoint), though in Section 5.3 it was included. For 
example, the tree of Figure 5-14 gives rise to the sequence 


2:0, 1,—1—L=h hay ik 


Now let t be a plane tree. If t is just a single vertex, then define the corresponding 
parenthesization 7, = x (a single letter with no operation). Otherwise let the 
subtrees of the root of t be 1), ..., t; (in the given order), and define inductively 
W, = (W,, W,,--- W,,). Clearly this construction sets up a bijection between (i) 
and (iii). 

Now given a sequence i,i2 - --i,_; enumerated by (ii), let P be the path from 
(0, 0) to (n — 1, 0) with successive steps (1, 7,), (1, i2),..., (1, in-1). This yields 
a bijection between (ii) and (iv). 

The paths of type (v) are simply linear transformations of those of type (iv). More 
precisely, the sequence /,i2 ---i,—, of (ii) corresponds to the path from (0, 0) to 
(m — 1,m — 1) whose j-th step is (k, 0) ifi; = k > Oand is (0, 1) ifi; = —1. 

Finally, consider a convex (m + 1)-gon C. Fix an edge eg of C, called the root 
edge. (The bijection to be described depends on the choice of eo.) Given a dissection 
D of C as in (vi), define a plane tree t = t(D, €9) as follows. The vertices ve of t 
correspond to the edges e of D. The root vertex of t is v,,. When we remove eo from 
D we obtain a sequence (in counterclockwise order) of edge-disjoint dissections 
D,,..., Dy of polygons C),..., C; (where k + 1 is the number of edges of the 
region Ro of D that contains eo). Let e; be the edge of D; (or C;) that is also an 
edge of Ro. Define the subtrees t),..., t% of the root v., of t by t; = t(D, ei). 
This gives an inductive definition of t and establishes a bijection between (vi) 
and (i). O 


To understand this last bijection between (i) and (vi), “one picture is worth a 
thousand words.” Figure 6-1 should make the bijection clear. The edges of D are 
solid, and the edges of t are broken. The vertices of D are dots, and of t are 
asterisks. 
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Figure 6-1. A plane tree obtained from a dissected polygon. 


Figure 6-2. The tree of Figure 6-1. 


The tree t = t(D, eo) is redrawn in Figure 6-2 for greater clarity. Sometimes it 
is Clearer to regard the edges of t as crossing the nonroot edges of D. Figure 6-3 
shows Figure 6-2 redrawn in this way (with e9 removed for even greater clarity). 

One special case of Proposition 6.2.1 of particular interest occurs when S con- 
tains a single element k > 2. In this case the objects discussed in Proposition 6.2.1 
exist only when 


n=kj +1, m=(k—-l)j+1 


for some j > 0, or equivalently (k ~ 1)(n — 1) = k(m — 1). Let us write Ts(m, n) 
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N 


* 
Figure 6-3. Figure 6-1 redrawn. 


for the number of plane S-trees with n vertices and m endpoints, and Ts(7) for the 
total number of plane S-trees with n vertices. We abbreviate Ty; by T;,. A special 
case of Theorem 5.3.10 is the following result. 


6.2.2 Proposition. We have 


1 
=(") ifn =kj tlandm=(k—1)j+1 
T,(m, n) = HN. 


0 otherwise. 


When k = 2, we recover the result (Example 5.3.12) that the number 72(7 + 
1, 2n + 1) = T2(2n + 1) of plane binary trees with n + 1 endpoints (equivalently. 
2n + 1 vertices) is the Catalan number 


Pe 1 2n + 1 7 1 2n 
(cue ae a) n ~nti\anl 


The Catalan numbers form one of the most ubiquitous and fascinating sequences 
of enumerative combinatorics. Proposition 6.2.1 yields a number of combinatorial 
interpretations of Catalan numbers, all closely connected (since there are simple 
bijections between the six classes). Let us reiterate the case S$ = {2} of Propos!- 
tion 6.2.1 directly in terms of Catalan numbers. 
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6.2.3 Corollary. The Catalan number C,, counts the following: 


(i) Plane binary trees with n + | endpoints (or 2n + | vertices). 

(it) Sequences ijin --- lon of l’s and —1’s with i, +ip +---+ i; = Ofor all j and 
iy tig +++++ Ig, = 0. Such sequences (as well as certain generalizations) 
are called ballot sequences, for the following reason. Suppose that an election 
is being held between two candidates A and B, and that a | (respectively, —1) 
indicates a vote for A (respectively, B). Then a ballot sequence corresponds 
to a sequence of 2n votes such that A never trails B and the election ends in 
a tie. (For a generalization of ballot sequences to any number of candidates, 
see Proposition 7.10.3.) 

(iii) Ways to parenthesize a string of length n + | subject to a nonassociative 
binary operation. 

(iv) Paths P in the (x, y) plane from (0, 0) to (2n, 0), with steps (1, 1) and(1, —1), 
that never pass below the x-axis. Such paths are called Dyck paths. 

(v) Paths P in the (x, y) plane from (0, 0) to (n,n), with steps (1, 0) and (0, 1), 
that never pass above the line y = x. 

(vi) Ways to dissect a convex (n + 2)-gon into n triangles by drawing n — 1 
diagonals, no two of which intersect in their interior. Such dissections may 
be called triangulations of an (n + 2)-gon (with no new vertices). 


A host of other appearances of Catalan numbers in enumerative combinatorics 
and in other areas of mathematics are given in Exercises 6.19~6.36. Some of the 
enumerative properties of Catalan numbers are quite surprising and subtle, and do 
not yield to “transparent” bijections such as those used to establish Corollary 6.2.3. 

We are now ready to discuss the connection between plane S-trees and algebraic 
functions. 


6.2.4 Proposition. Let S C P, and define 


u=u(t,x)= me 3 Ts(m,nyt™x”". 


n>=0 m>0 


Then 


u=txtx ou, (6.15) 


jes 


Proof, Note that u/ is the generating function for ordered j-tuples of plane S- 


trees, i.e., 
ui = ye y. Ts,j;(m, n)tx”, 
n>0 m>0 
where Ts, ;(m, n) is the number of ordered j-tuples (t),...,T;) of plane S-trees 
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with m endpoints (where by definition an endpoint of (1), ..., t;) is an endpoint 
of some 1;) and n vertices. 
We obtain a plane S-tree t from(t),..., t;) for j € Sby letting t),..., t; bethe 


subtrees of the root. The number p(t) of vertices of t satisfies p(t) = 1+ >> p(1;), 
while the number q(t) of endpoints satisfies g(t) = )— q(7;). Every plane S-tree 
t with more than one point corresponds uniquely to such a j-tuple (t),...,7;), 
so (6.15) follows. Oo 


By specializing (6.15) in various ways we can obtain algebraic generating func- 
tions. In particular, if v enumerates plane S-trees by number of endpoints (where 
we must assume 1 ¢ S), then v = u(t, 1) so 


petty oi, (6.16) 
yes 
Similarly if w enumerates plane S-trees by number of vertices, then w = u(1, x) 
sO 


waxt+x > wi, (6.17) 


jes 


Clearly v and w will be algebraic for suitable choices of S. It can be shown that 
the following five conditions on S are equivalent when charK = 0: 


(i) vis algebraic (assuming 1 ¢ S, so v is defined). 
(ii) w is algebraic. 
(ii) )° j¢5 x/ is rational. 
(iv) S differs by a finite set from a finite union of (infinite) arithmetic progressions 
in P. 
(v) The function xs : P > {0, 1} defined by ys(j) = lL if 7 € Sand ys(j) = 0 
if 7 ¢ S is eventually periodic. 


It’s easy to see that 
(i) > (ii) = (ili) = (iv) } (Vv). 


The implications (ii) > (iii) and (iii) => (iv) take considerably more work. (They 
can be deduced from Exercise 4.19(b), (c).) 

Note that since (6.16) and (6.17) can be solved explicitly fort and x, respectively, 
we obtain explicit expressions for the compositional inverses v'-)) and w‘—!): 


pl = t— Sor, 1¢s 
jes 
~1) x 


w! = — 
1+ vies ¥/ 
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6.2.5 Example. Let S = 4PU(S5N + 1) U{9, 11} — {1, 12, 16}. Then 


4 16 
Xx x x 
) a ee eee ale 
, l—-x l-x l-x 
yes 
which is rational. Thus 
4 16 
Vv Uv v 
pee ea = + yr pylt_ y yl? _ ple, 


l-vt 1-v 1—y% 
which clearly yields a polynomial equation (of degree 36) satisfied by v. 


6.2.6 Example. Let S = {k}, k > 2. Combining Proposition 6.2.2 and equation 
(6.16) yields the following result: Let 


1 kn +1 
- (k-1)n-+1 
: Ds kn+1 ( n )s 


1 kn 
=n (k-1)n+1 
= Desens) ol) 


n>0 


Then v = x + v*, sou = (x —x*)), Of course we can obtain this result directly 
from the Lagrange inversion formula (Theorem 5.4.1). In fact, Proposition 6.2.2 
is a special case of the basis for one of our combinatorial proofs of Lagrange 
inversion. 


Suppose (continuing to assume charK = 0) we let k be any element of K — {1} 
(or an indeterminate over K), and define 


1 kn+1)\ , 
yar = Deal a )s 


n>0 


-_ y 1 (”") 7 
+ tei ye ay 


n>0 


Ifk € Pand visasin(6.18), thenv = xy(x*~!). Hencexy(x*-!) = x+x* y(xk-!), 


so 
y=l+xy*. (6.19) 


In fact, (6.19) remains valid for any k€ K. There are two ways to see this: 
(a) Lagrange inversion, and (b) equating coefficients of x” on both sides of (6.19) 
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yields a tentative polynomial identity involving k. Since we know it’s true for all 


k € P — {1}, it follows that it’s valid as a polynomial identity. 


6.2.7 Example. An interesting series related to (6.18) is given by 
kn 
2= (i) (6.20) 


Here we may assume k ¢€ P, or even, as in the previous paragraph, k € K. Thus, 
with v as in (6.18), we have z(x*-!) = v’ (where v' = dv/dx). Differentiating 
v=x+v* yields v’ = 1 +kv'v*-!. Multiply by v to get v’'v = v + ku'(v — x). 
Solving for v yields 


se kv'x 
1 4(k—1)0" 


Hence from v = x + v* we get 


ko'x ne kv'x f 
i XxX a aps ee 
1+ (k—1)v’ L+(k—1v') ° 


so 


v—1 ps kv’ 
—_—_— C= SX ENTE CE ET Peo % 
1+(k— Dv’ op 


Therefore 


eo eer (th) (6.21) 
1t+(k—-Dz ° \1+k—Dz) * 


Hence if k € Q, then z is algebraic. For further information about the series z in 
the case k € P, see Exercise 6.13. Some series that seem closely related to (6.20), 
suchas ), Ge , x" and > (7”)" x”, can be shown to be nonalgebraic. See Exercise 
6.3. 


6.2.8 Example. Some interesting enumerative problems correspond to the cases 
S = Pand S = P — {1}. For instance, if S = P — {1} then v = u(t, 1) is the 
generating function for the total number of dissections of an (n + 2)-gon C by 
diagonals not intersecting in the interior of C (and only allowing straight diagonals, 
so no two-sided regions are formed). Similarly, if § = P then w = u(1, x) is the 
generating function for the total number 7p(n) of plane trees with n vertices. From 
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(6.15), (6.16), and (6.17) we compute: 


lt+tx —/] — _ 2 ply2 
Cpa + tx 1] —2tx —4tx2 + rx 


2(1 + x) 
l+t—-V1-6t4+ 22 
pS 2 (6.22) 
4 
l+x—VJ1—-—2x — 3x? 
w= -e_OOCO_—_—- 
2(1 + x) 
eee! \ 1 — 3x 
2 Vi¢x 
i _f/l_or_ 2 9>;,2 7,2 
eve: xX+tx 1—2x —2tx +x 2tx* + 17x 


2 
v is undefined 


1—J1—4x 
w= ——————-. 
2 


From the simple form of w when S = P we deduce that Tp(n) = C,_1, another 
occurrence of Catalan numbers! 


The problem of counting plane trees with no vertex of degree one by number 
of endpoints is equivalent to “Schréder’s second problem” and is solved by the 
generating function (6.22). See the Notes for a surprising reference to this problem 
going back to the second century B.c. Now is a good time to give a general overview 
of Schréder’s famous “vier combinatorische Probleme” (four combinatorial prob- 
lems), since we have already given solutions to all four problems in Chapter 5 
and the present chapter. Schréder was concerned with the enumeration of brack- 
etings. He considered two classes of bracketings, viz., bracketings of words (or 
strings) and of sets, and two rules of combination (binary and arbitrary), giving 
four problems in all. A bracketing of a word w = w ,w2--- w, is obtained by 
expressing w as a product of at least two nonempty words (unless w is a single 
letter), say w = u U2 --- ux, and then inductively bracketing each u;, continuing 
until only singleton words (letters) remain. Similarly, a bracketing of an n-set S 
is obtained by partitioning S into at least two (unless #5 = 1) nonempty pairwise 
disjoint subsets S = 7, U T, U---U 7;, and then inductively bracketing each T;,, 
continuing until only singletons remain. (The order of the 7;’s is irrelevant.) A 
bracketing is binary if at each stage a non-singleton word or set is divided into 
exactly two parts; it is arbitrary if any number of parts (at least two) is allowed. 
Thus the four problems of Schréder are the following. 


First Problem. Binary word bracketings. Clearly this coincides with binary 
parenthesizations of a string of length n, and was solved by Corollary 6.2.3(ii1). 


178 6 Algebraic, D-Finite, and Noncommutative Generating Functions 


The generating function is given by 


2.0 dl ae 
Y si(n)x” = —~—__— 
2 
=x tx? + 2x9 + 5x44 145 + 42x94 132x7 + 42008 +... 


s(n) = C,_1 = u (es 7 2 ' 
n 


n>1 
and 


n—| 


the (n — 1)-st Catalan number. For a generalization, see Exercise 5.43. 


Second Problem. Arbitrary word bracketings. This is equivalent to plane trees 
with no vertex of degree one and n endpoints, with generating function (6.22) 
given by 


: l+x—J/1—6x+ x2 
) 52(n) xP = — 
4 
=x tx274 3x3 + L1xt + 45x° + 197x® + 903x7 + 4279x8 +-... 


‘ 
The numbers 7, = 252(n + 1),n > 1 (withro = 1), and s, = s(n + 1),n > 0, 
are called Schréder numbers. Sometimes s, is called a little Schréder number 
to distinguish it from r,. Note that Proposition 6.2.1 yields several additional 
interpretations of Schroder numbers, e.g., s, is the number of ways to dissect 
a convex (n + 2)-gon with any number of diagonals that don’t intesect in their 
interiors. For further information about Schréder numbers, see Exercise 6.39. 


n>1 


Third Problem. Binary set bracketings. This was the problem considered in 
Example 5.2.6 with exponential generating function 


x? x x4 x x® 1 
S8t apt gt om ht eae 


and s3(n) = 1-3-5---(2n — 3). 


Fourth Problem. Arbitrary set bracketings. This problem was considered in 
Example 5.2.5, with exponential generating function 


x” 
> s4(2) = (1+2x —e*)) 
n 
n>] . 
x? xo x4 x x 
SET +4 +26G +2365 + 27525 


x! x? 
eer Sig Bee or. ae aes 


See also Exercises 5.26 and 5.40. 
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6.3 Diagonals 


There is a useful general method for obtaining algebraic generating functions that 
includes Example 6.2.7 and related results. 


6.3.1 Definition. Let 


F(xy,...,Xy)= SFO, ey mat =a € KillXieesss kell: 


The diagonal of F, denoted diag F, is the power series in a single variable x 
defined by 


diag F = (diag F)(x) = a fin, n,...,n)x". 


6.3.2 Example. Write s and ¢ for x; and x, and let 


1 i+j\;, 
F(s,t) = ———-——- = Pas, 
we) LSe=7 = i )s 


Then 


2n 1 
diag F = x=, 
: Bet v1 — 4x 


Example 6.3.2 is a prototype for the following general result. It will be our main 
instance of the use of Puiseux’s theorem. 


6.3.3 Theorem. Suppose F(s,t) € K[[s, t]] N K(s, 0), ie, F is a power series 
in s and t that represents a rational function. Then diag F is algebraic. 


Proof. We may assume K is algebraically closed (since F is algebraic over K if 
and only if F is algebraic over any algebraic extension of K). We also assume that 
char K = 0, though the theorem in fact holds for any K. (See Exercise 6.11(b) for 
amore general result when char K = p > 0.) Let 


G =G(x,s) = F(s,x/s) € K[[s, x/s]]. (6.23) 


Thus G is a formal Laurent series in s and x, such that if a monomial x's’ appears 
in G, theni > O and j > —i. Note that 


diag F = [s°]G, 


the constant term of G regarded as a Laurent series in s whose coefficients are 
power Series in x. 

Since F is rational, it follows thatG = P/Q, where P, QO € K[s, x]. Regarding 
G as arational function of s whose coefficients lie in K [x] (or in the field K (x)), 
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we have a partial-fraction decomposition 


i 
N;(s) 
G= pele BSS (6.24) 
2, (S=€,)% 
where (i) e; € P, (ii) &1,..., & are the distinct zeros of Q(s), and (iii) Nj(s) € 
K(&,..., &)[s]. Since the coefficients of Q(s) are polynomials in x, the zeros 
&,..., & are algebraic functions of x and hence by Puiseux’s theorem (Theo- 


rem 6.1.5) we may assume &; € K(x!/")) for some r €P. Hence Nj(s)¢€ 
K ((x'/"))[s}. = 


Rename é1,..., & aS @1,...,Qm, B1,..., B, So that 


ae Ke ||. pee eh |e |] 


In other words, the Puiseux expansion of a; has only positive exponents, while 
that of 8B; has some nonpositive exponent. Equivalently, pe € K[[x'/"]]. Thus 


pi(s) 3 qj(s) 


eae Sperry 7 1 — s~!a;)% 30 — sp;1)" 
De oy (F ‘)s “Kor f+ Daye (fF eta; (6.25) 


k>0 


k>0 


for some c;,d; € P and p;(s), ¢;(s) € K((x'/"))[s, s~']. The expansion (6.25) for 
G satisfies 


Ge K[[s/", (x/s)/"]][s-"] D Ks, x/s]]. 


(This is the key point — we must expand each term of (6.24) so that each expansion 
lies inaring R (independent of the term) that contains K [[s, x /s]], the ring in which 
the expansion (6.23) of G lies. Thus all our operations are taking place inside a 
single ring and hence are well defined.) Since G € K[[s, x/s]], the expansion 
(6.25) agrees with the series G = F(s, x/s). 

Now take the coefficient of s° on both sides of (6.25). The left-hand side becomes 
diag F. The right-hand side becomes a finite sum of terms ya? and 5p", where 
a,b € Zand a, f, y, 6 are algebraic. Hence diag F is algebraic, as was to be 
proved. Oo 


6.3.4 Example. Consider the rational function F(s, t) =(1—s— t)~! of Example 
6.3.2. Going through the previous proof yields 


1 S 
Gea. 
Lagos s?—gstx 
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Now 
si-stx= (s —a)(s — B), 


where 


1-VI-4& | 


a = = x4 


2 


= l+vl—4 | 


1 
5 + 


B 


The partial-fraction expansion of G is 


We must write this expression in a form so that its implied expansion as a fractional 
Laurent series (here just a Laurent series) agrees with the expansion 


ori -E(T)(2) 


i 
=25 (’ - ee 
ie t 


The difficulty is that a rational function such as a/(s — a) has two expansions in 
powers of s, viz., 


The “correct” expansion will be the one that lies in the ring K[[s'/", x/s)'/"J][s7"/"] 
(here r = 1), viz., the first of the two possible expansions above (since a = x + 
higher order terms). Similarly we must regard B/(s — 8) as —1/(1 — sB—!), so 


(using B —a = V1 — 4x) 


are 1 a/s 1 ) 
JT — 4x (, — sla _ 1—sp-! 
1 nmawn —A GN 

= i ae (x S + So S 


n>1 n>O0 
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We read off immediately that 


: 0 1 
diag F = [s°]G = Gea res 

It is natural to ask whether Theorem 6.3.3 has a proof avoiding fractional series. 
There is an elegant proof based on contour integration (really a variant of the proof 
we have just given) that we sketch for the benefit of readers knowledgeable about 
complex analysis. (For another proof, see the end of Section 6.7.) The contour 
integration approach has the advantage, as exemplified in Example 6.3.5 below. 
that one can use the vast arsenal of residue calculus (in particular, techniques for 
computing residues) to carry out the necessary computations. We could develop 
an equivalent theory for dealing with partial fractions and fractional series arising 
in our first proof of Theorem 6.3.3, but for those who know residue calculus such 
a development is unnecessary. 

We assume K = C. The series expansion of F(s, t) = >> f(m, n)s™t" converges 
for sufficiently small |s| and || (since F(s, t) is rational and we are assuming it 
has a power series expansion about s = ¢ = 0). Thus diag F will converge for |x| 
small. Fix such a small x. Then the series 


F(s, x/s) = ye f(m, n)s™-" x", 


regarded as a function of s, will converge in an annulus about s = 0 and hence on 
some circle |s| = e > 0. By Cauchy’s integral theorem, 


0 1 ds 
diag F = [s"]F(s, x/s) = ——~ F(s,x/s)—. 
271 Is|=p S 


By the Residue Theorem, 


1 
diag F = a Res; F(s, x/s)-, 


s=5(x) 


where the sum ranges over all singularities of iF (s,x/s) inside the circle |s|=p. 
(Such singularities are precisely the ones satisfying limy.9 s(x) = 0.) Since 
F(s,x/s) is rational, all such singularities s(x) are poles, and s(x) is an alge- 
braic function of x. The residue at a pole s belongs to the ring C(s, x), so the 
residues are algebraic. Hence diag F is algebraic. 


6.3.5 Example. Let us apply the above proof to our canonical example F(s, t) = 
(1 —s —1)7!. We have 


diag F ] ds _ ] ds 
ag ~ Oni s(l—s—%) 9 2ni —x+s—s2 
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The poles are ats = $(1 + V1 — 4x). The only pole approaching 0 as x — 0 is 
so = 31 — V1 — 4x). If A(s)/B(s) has a simple pole at sy and A(so) ~ 0, then 
the residue at so is A(so)/B’(so). Hence 


1 l 1 


ea (=O - ofl jae 


6.3.6 Example. Let us consider a somewhat more complicated example than 
the preceding, wher it is not feasible to find the poles explicitly. Consider the 


series Z = )' 39 ( ”)x” of Example 6.2.7, where k € P. The contour integration 
argument given above for computing diagonals easily extends to give 


diag F = Res,, 


25h | ds 
= Dea Bae (1 _ u = st) 


1 ds 


=-—— —_——— 6.26 
271 s=lol —u+s—s* ( ) 


for a suitable p > 0, where u = ‘V/x. Since the polynomial —u + 5 — s* has a 
zero of multiplicity one at s = 0 when we set x = 0, it follows that the integrand 
of (6.26) has a single (simple) pole so = so(x) satisfying lim,_,9 so(x) = 0. Thus 


1 


z = Res,_,, —————— 
°—u+s— sk 


1 
7 L—ks§l 
Hence 1/z = 1 —ks§7', so so/z = 59 —ksk = so —k(sq — u). Solving for so gives 


kuz 


so = ————-——-, 
ore tae Soe 


so from sk — so + u = 0 we get 


k ‘ k 
(Ey) eee 
1+k—-1)z 1+(k —1)z 


Dividing by u gives 


kz ) kz £4 
Xx i See — 
1+ —Dz 1+k—le 


This equation is equivalent to (6.21) and simplifies to a polynomial equation sat- 
isfied by z. 


In view of Theorem 6.3.3, it’s natural to ask whether diag F is algebraic for a 
rational series in more than two variables. Unfortunately the answer in general is 
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negative; we have mentioned earlier that u = )~ Ce is not algebraic, yet 


u = diag(1 — x, — x2 — x3)7!. But diagonals of rational series in any number 
of variables do possess the desirable property of D-finiteness, to be discussed 
in the next section; see Exercise 6.61 for the connection between diagonals and 
D-finiteness. 

We conclude this section with a class of enumerative problems that involve ina 
natural way rational functions of two variables. The general setting is that of lattice 
paths in the plane. For simplicity we will deal with paths whose steps come from 
N x N, though many variations of this condition are possible. Given S C N x N, 
an S-path of length / from (0, 0) to (m, n) is a sequence o = (v1, v2,..., 4) € S! 
such that v) + v2 +--+ + u; = (m,n). Thus o may be regarded as a weak (since 
(0, 0) € S is allowed) composition (or ordered partition) of (m,n) into / parts — 
the exact two-dimensional analogue of the one-dimensional situation discussed 
in Section 1.2. The set S is the set of allowed steps. Let Ns(m,n;1) denote the 
number of S-paths of length / from (0, 0) to (m, n). If (0, 0) ¢ S then let 


Ns(m,n) = > Ns(m, n31), 
i 


the total number of S-paths from (0, 0) to (m,n). Define the generating function 


Fs(s,t;z) = » Ns(m,n3Ds™2" 2, 


m,n,l 


and if (0, 0) ¢ S then define 
G(s, t) = Fs(s,t51) = )° Ns(m, n)s™2". 


6.3.7 Proposition. Let S CN x N. Then 
Fs(s,t;z) = ee oe 
Iz aires 9 
If moreover (0,0) ¢ S, then 
1 
1— Vanes tl 


Proof. It should be clear that for fixed /, 


I 
Y= Ns(m, n;l)s™e" = ( x “0 : 


Gjes 


Gs(s, t) = 


Now multiply by z/ and sum on/ > 0. Oo 


Under certain circumstances Fs and Gs will be rational functions of s and f, 
and their diagonals (or diagonals of closely related series) will be algebraic. Let 
us give some examples. 
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6.3.8 Example. Exercise 1.5(b) asked for the generating function y = > f@)x", 
where f (7) counts the number of lattice paths from (0, 0) to (n, n) with steps (1, 0), 
(0, 1), and (1, 1). The solution y = 1//1 — 6x + x? was obtained by an ad hoc 
argument, and the final answer appears rather mysterious. Using Proposition 6.3.7 
and our techniques for computing diagonals, we have 


= diag -——_______ 
: oe eRe ar 


l 


0 
= [s 
a= 


ca 
Ry 


—s 
st*+(x—ls+x 


1 (= se 
B-a\s—a <3): 


where a = y(1 —x — V1 — 6x +x?) and B= 3(1—-x4+ V1 — 6x + x). Thus 


= [s°] 


= [s°] 


5) 1 ( saa! fe l 
S| SSS at eae 
? JI —6x +x? \1—sa-! " 1—s-1g 
l 
J1— 6x + x2 
= 14 3x + 13x? + 63x? + 321x* + 1683x° + 8989x° 4+... (6.27) 


The coefficient of s”r” in the generating function 1/(1 — s — t — st) is known as 
the Delannoy number D(m, n), and D(n, n) is called a central Delannoy number. 
Thus in particular 


1 
Spies, 
0 V1 —6x + x2 


We could also take into account the number of steps, i.e., now let 


y = > oNs(n,n;1x"2!, 
nl 


where S = {(1, 0), (0, 1), (1, 1}. Then one can compute that 


dia d 

— 1 neta Eemee! 

y 2 ag ean 
1 


Ss Se ee (6.28) 


Jl — x(2z + 422) + x222° 


where diag is computed with respect to the variables s and ¢ only (not z). In 


DL cea ee Ra ee 
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particular, if f(Z) is the number of paths that end up on the line y = x after / steps, 
then setting x = 1 in (6.28) yields 


1 
fo? = —————— 
2 v1 —2z— 32? 
= 1424327 +723 + 1924 +5125 + 14126 
+ 39327 + 1107z° + 31392? + 895329 +-.-. (6.29) 


For some more information on this generating function, see Exercise 6.42. 


If we were even more ambitious, we could keep track of the number of steps of 


each type (i.e., (1, 0), (0, 1), (1, 1)). Letting z;; keep track of the number of times 
(i, j) is a step, it is clear that we want to compute 


. 1 
y = diag, , —————____—__—_ 
Bs,t 1 — zj9s — Zot — 211 St 


1 


1 — x(2211; + 4zy0Z01) + er 


where diag, denotes the diagonal with respect to the variables s and ¢ only. In 
this case we gain no further information than contained in (6.28), since knowing 
the destination (n, n) and the total number of steps determines the number of steps 
of each type, but for less “homogeneous” choices of S§ this is no longer the case. 


6.3.9 Example. Set 5 = N x N — {(0,0)}, so Ns(n, n) is the total number of 
paths from (0, 0) to (n, n) with any allowed lattice steps that move closer to (n, 7) 
(and never pass (n, n) and then backtrack). We have 


a a Ns(n,n)x” = diag ; 
n>0 ese Ss) 


(1 —s)(1— 1+) 


= diag ——___—_______ 
a os el a Pere YP 


By now it should be routine to compute that 


1 
ep Magee = eet (6.30) 
- 5( Se) 


1+ 3x + 26x? + 252x? + 2568x* + 26928x> + 287648x°+.---. 


(The reader may find it instructive to carry out the computation in order to ascertain 
1 


1 : - . 7 1 ] 
how the term 5 arises in (6.30) when y is written as 5 + oe Greer jae? 
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6.4 D-Finite Generating Functions 


An important property of rational generating functions }~ f(n)x" is that the coeffi- 
cients f() satisfy a simple recurrence relation (Theorem 4.1.1(ii)). An analogous 
result holds for algebraic generating functions. However, the type of recurrence 
satisfied by the coefficients of an algebraic generating function also holds for the 
coefficients of more general series, whose basic properties we now discuss. 


6.4.1 Proposition. Letu € K[[x]]. The following three conditions are equiva- 
lent: 


(i) The vector space over K(x) spanned by u and all its derivatives u', u", ...is 
finite-dimensional. In symbols, 


dimgy[K (x)u + K(x)u' + K(x)u" +--+] < 00. 
(ii) There exist polynomials po(x),..., pa(x) € K[x] with pa(x) 4 0, such that 
pax + paa(xu@-? + +--+ pilxyul + polxu =0, (6.31) 
where uu) = diu/dx!. 


(iii) There exist polynomials qo(x), ..., Fm(X), (x) € K [x], with qn(x) # 0, such 
that 


Gm(x)U™ + dm — (um YD + + + qu (x)u! + qo(x)u = q(x). (6.32) 


If u satisfies any (and hence all) of the above three conditions, then we say that 
u is a D-finite (short for differentiably finite) power series. 


Proof (i) => (ii). Suppose 
dimxwylK (xu + K(x)u' +---J=d. 


Thus u, u’,..., 4 are linearly dependent over K(x). Write down a dependence 
relation and clear denominators so that the coefficients are all polynomials to get 
un equation of the form (6.31). 

(i1) => (ili). Trivial. 

(iii) > (i). Suppose that (6.32) holds and that the usual degree of q(x) as a poly- 
nomial in x is t. Differentiate (6.32) t + 1 times to get an equation (6.31), with 
d=m+t+ Land pg(x) = qm(x) # 0. Solving for u@ shows that 


u® € K(x)ut+ K(x)u’ +e + Ku, (6.33) 


Differentiate (with respect to x) the equation expressing u as a K(x)-linear 
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combination of u, u’,..., u@-), We get 


UTD) © K(x)ut+ K(x)u! +--+ K(x)u® 
= K(x)u+ K(x)u’ if ++ K(x)u@-) (by (6.33)). 
Continuing in this way, we get 
u@™) © K(x)ut+ K(x)ul +. + KOU 
for all k > 0, so (i) holds. im 


6.4.2 Example. (a) u = e* is D-finite, since u’ =u. Similarly, any linear com- 
bination of series of the form xe” (m € N, a € K) is D-finite, since such series 
satisfy a linear homogeneous differential equation with constant coefficients. 

(b) u = Doo gn!x" is D-finite, since (xu) = D202 + 1)!x", whence 1 + 
x(xu)’ = u. This equation simplifies to x7u’ + (x — l)u = —1. 


We wish to characterize the coefficients of a D-finite power series u. To this end, 
define a function f : N > K tobe P-recursive (short for polynomially recursive) 
if there exist polynomials Po,..., P. € K[n] with P, 4 0, such that 


Pe(n)f(n + e)+ Permjf(nt+e—1)+---+ Po(n)f(n)=0, (6.34) 


for all n € N. In other words, f satisfies a homogeneous linear recurrence of finite 
degree with polynomial coefficients. 


6.4.3 Proposition. Let u = }',.9 f(n)x" € K[[x]]. Then u is D-finite if and 
only if f is P-recursive. 


Proof. Suppose u is D-finite, so that (6.31) holds (with py(x) 4 0). Since 


xin = Ya +i-jif(rti— jx", 


n>0 


when we equate coefficients of x"** in (6.31) for fixed k sufficiently large, we will 
obtain a recurrence of the form (6.34) for f. This recurrence will not collapse to 
0 = 0, because if [x/]pa(x) & 0, then [n7] Py_j42(n) £ 0. 

Conversely, suppose that f satisfies (6.34) (with P.(n) 4 0). For fixed i €N, 
the polynomials (n + i);, 7 > 0, form a K-basis for the space K[n] (since 
deg(n + i); = j). Thus P;(n) is a K-linear combination of the polynomials 
(n + 1);, So aan P;(n)f(n + i)x” is a K-linear combination of series of the 
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form See +1); f(n + i)x". Now 


aC +i)j f(a tix" = R(x) + xf rity) 


n>0 


for some Rj(x) € x7! K[x7!] (i.e., Ri(x) is a Laurent polynomial all of whose 
exponents are negative). For instance, u’ = >. nf(n)x"=!, so 


x tu’ = \’(n+2)fat+2)x" 


n>-—] 


= f(Dx' + Sat 2)f(n + 2x". 


n>0 

Hence multiplying (6.34) by x” and summing onn > 0 yields 
0= So aijxiu + R@), (6.35) 
where the sum is finite, a;; € K, and R(x) € x~!K[x7!]. One easily sees that not 


all aj; = 0. Now multiply (6.35) by x? for g sufficiently large to get an equation 
of the form (6.32). 0 


6.4.4 Example. (a) f(n) = n! is clearly P-recursive, since f(n + 1) — 
(n + l)f(m) = 0. Hence u = >*.n!x" is D-finite. We don’t need a trick to 
see this as in Example 6.4.2(b). 
(b) f(n) = (2") is P-recursive, since 


(n + 1)f(n + 1) —2(2n + 1) f(n) = 0. 
Hence u = oso (-")x" = 1//1 — 4x is D-finite. 
Soon we will give many examples of D-finite series and P-recursive functions 
(Theorems 6.4.6, 6.4.9, 6.4.10, 6.4.12 and Exercises 6.53~6.61). First we note a 


simple but useful result. 


6.4.5 Proposition. Suppose f :N — K is P-recursive, and g :N > K agrees 
with f for all n sufficiently large. Then g is P-recursive. 


Proof. Suppose f(n) = g(n) forn > no and fF satisfies (6.34). Then 


no—1 
(7 (n - p) ene +e) +--+ + Po(n)g(n)] = 0, 


j=0 


190 6Algebraic, D-Finite, and Noncommutative Generating Functions 


so g is P-recursive. Alternatively, we could use 


Pon + no)g(n +e +10) + Pe-i(n + no)g(n +e + ng — 1) 
+--+ Po(n + no)g(n + no) = 0. a 


Our first main result on D-finite power series asserts that algebraic series are 
D.-finite. 


6.4.6 Theorem. Let ue K[[x]] be algebraic of degree d. Then u is D-finite. 
More precisely, u satisfies an equation (6.31) of order d, or an equation (6.32) 
of orderm = d — |. (For the least-order differential equation satisfied by u, sec 
Exercise 6.62.) 


Proof. By (6.12) we have u’ € K(x, u). Continually differentiating (6.12) with 
respect to x shows by induction that u“ € K(x, u) for all k > 0. But dimx,,, 
K(x,u) = d, sou,u’,...,u are linearly dependent over K(x), yielding an 
equation of the form (6.31). Similarly, 1, u, u’,..., u¢—) are linearly dependent 
over K(x), yielding an equation (6.32) with m < d — 1. 0 


Proposition 6.4.3 and Theorem 6.4.6 together show that the coefficients of an 
algebraic power series u satisfy a simple recurrence (6.34). In particular, once 
this recurrence is found (which involves only a finite amount of computation), we 
have a method for rapidly computing the coefficients of u. Let us note that not all 
D-finite series are algebraic, e.g., e* (Exercise 6.1). 


6.4.7 Example. Let F(x) € K(x) with charK = 0 and F(0) = 1 (so F(x)!“ is 
defined formally as a power series for any d € P). Letu = F(x)!/4 (with u(0) = 1), 
so ud = F(x). Then du4—!u' = F'(x), so multiplying by u yields 


dF(x)u' = F'(x)u. (6.36) 


If we want polynomial coefficients in (6.36), suppose F(x) = A(x)/B (x) where 
A, B € K[x]. Then (6.36) becomes 


dABu' =(A’B — AB’)u. (6.37) 
For instance, if B(x) = 1, so F(x) = A(x) = ap tax +--+ + a,x"; and if 
u=)- f(n)x", then equating coefficients of x”+’—! in (6.37) yields 
\ > a,-j(dn+dj —r+jfatj)=0. (6.38) 
7=0 
Similarly, if A(@v) = 1, Bx) = bp + yx +--+ + b,x", andu = >> f(n)x", then 


> br-(dn + dj tr—j)f(ntj) =0. (6.39) 
j=0 
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6.4.8 Example. (a) In Exercise 1.5(b) and Example 6.3.8 we saw that the number 
f (n) of lattice paths from (0, 0) to (n, m) with steps (1, 0), (0, 1), and (1, 1) satisfied 


1 
“i= f@x* = ————.. 
d V1—6x 4+ x? 


Putting B(x) = 1 — 6x + x* and d = 2 in (6.39) yields 

(n+2)f(n+2)—3Qn4+3)fin+ 1D+(n4+ 1) f(n) =0 (6.40) 
for n > 0, with the initial conditions f(0) = 1, f(1) = 3. Though equation (6.40) 
is a simple recurrence, it is difficult to give a combinatorial proof. 


(b) Here are the recurrences satisfied by the coefficients f(n) of some of the 
algebraic functions u = }° f(n)x" considered earlier in the chapter: 


(i) u = tev tte (equation (6.22)): 


(1+2)f@t+2)-32Qn+Dfm+D+m—-Df@m =9, n>. 
Gi) u= Es (equation (6.29)): 


(n+2)f(a+2)—(Qn+3)fnt+ 1 —30+Df(r) =09, n > 0. 
(iii) w= 5 (1+ Fepega) (equation (6.30): 
(n+ 2) f(n + 2) — 6(2n + 3) f(r +1)+ 44+ lft) =0, n>1. 
Theorem 6.4.6 yields a large class of interesting D-finite series. But there are 


many simple series for which it is unclear, based on what we have presented up to 
now, whether they are D-finite, such as 


uy = Secx 
uz = /COSX 
u3 = ex/v1—4x 
x 
ug = e° 1 
e* 
“ = ——— 
V1—4x 
us =e t+ ) n!x” 
n>0 


Ef () OC] 
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Thus we need some further techniques for showing that power series are D-finite 
(or that their coefficients are P-recursive). It will follow from Theorem 6.4.10 that 
u3 is D-finite, from Theorem 6.4.9 that us and ug are D-finite, and from Theo- 
rem 6.4.12 that u7 is D-finite. On the other hand, uj), “2, and u, are not D-finite. 
We will not develop here systematic methods for showing that power series are nor 
D-finite, but see Exercises 6.59-6.60 for some tricks and results in that direction. 


6.4.9 Theorem. The set D of D-finite power series u € K[[x]] forms a subal- 
gebra of K[[x]]. In other words, ifu,v € D, anda, B € K, thenau+ Bu ED 
and uv € D. 


Proof. Ifw € K[[x]] c K(@)), then let V,, denote the vector space over K(x) 
spanned by w, w’, w”,.... Thus V,, is a subspace of K((x)). Let u, v€D and 
a,B € K. Set y = au + Bv. Then y,y’,y”,... € V, + Vy. Thus, taking 
dimensions over K (x), we have 


dim V, < dim(V, + V,) < dim V, + dim V, < oo. 


Hence y is D-finite. 

It remains to show that if u, v € D then uv € D, We assume knowledge of the 
elementary properties of the tensor (or Kronecker) product of two vector spaces. 
Let V = K((x)), regarded as a vector space over K (x). There is a unique linear 
transformation 


og : Vi Qk (x) Vy > Vv 
that satisfies ¢(u @ v) = uv for all i, 7 > 0 (or b(y @ z) = yz for all 


y € V,, z € Vz). By Leibniz’s rule for differentiating a product, we see that the 
image of ¢ contains V,,. Hence 


dim V,, < dim(V,, ® V,) = (dim V,,)(dim V,,) < 00. 
Thus uv € D, as desired. O 
Our next result deals with the composition of D-finite series. In general, if 
u, v € Dwithu(0) = 0, then u(v(x)) need not be D-finite, even if u is algebraic. For 


instance (Exercise 6.59) if u = JI +x € Kagl[x]] C D and v = log(1 + x*) = 
1 € D, then u(v(x)) ¢ D. Thus the next result may come as something of a surpris¢. 


6.4.10 Theorem. [fu € D and v € Kag[[x]] with v(0) = 0, then u(u(x)) € D. 


Proof. Let y = u(v(x)) andi > 0. By iterating the chain rule and Leibniz’s 
rule, we see that y is a linear combination of u(v(x)), u’(u(x)), u"(v(x)), ... with 
coefficients in K[v’, v’”, v’”,...]. Since v is algebraic, the proof of Theorem 6.4.6 
shows that v™ € K(x, v). Hence 


K[v’,v",v"",...]cC K(x, v). 
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Let V be the K (x, v)-vector space spanned by u(v(x)), u'(v(x)),.... Sinceu € D, 
we have 


dimx (x) Spang ,){u(x), u(x), ...} < 00. 
Thus 
dimx(v) Span x,y {u(u(x)), u'(v(x)), ...} < 00, 


so a fortiori 
dimx(x,v) Spang, {uCv(x)), u'(v(x)), .. .} < 00. 
The above argument shows that 
dimx(x,»)V <oo and [K(x,v): K(x)] < ©, 


where [L : M] denotes the degree of the field Z over the subfield M (i.e., (L: M] = 
dimy L). Hence 


dimx (x) V= (dimx(z,v) Vv) : [K (x, v) : K@)] < ©. 
Since each y“ € V, there follows y € D. o 


6.4.11 Example. Since }°,.,9!x"eD (by Example 6.4.2(b)), e*€D (by 


Example 6.4.2(a)), and x//1 — 4x is algebraic, we conclude from Theorems 6.4.9 
and 6.4.10 that 


“i= (Xoo) eS ep. 


n>0 


It would be a chore, however, to find a differential equation (6.31) or (6.32) satisfied 
by u, or a linear recurrence (6.34) satisfied by its coefficients. 


For our final basic result on D-finite series, we consider the Hadamard product. 
We will show that if u, ve€ D then u x v € D. Equivalently, if f(m) and g(n) are 
P-recursive, then so is f(n)g(n). The proof will be quite similar to the proof that 
products of D-finite series are D-finite (see Theorem 6.4.9). We would like to 
work with the set P of all P-recursive functions f : N > K, regarded as a vector 
space over the field K (n) of rational functions in the variable n. In order for P to 
be a K(n)-vector space, we need to have that if f, g € P and R(n) = aa € K(n) 
(with A, B € K[n]), then f+geP and Rf e€ P. It follows immediately from 
Theorem 6.4.9 that f + g € P. If, on the other hand, f satisfies (6.34), then 
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h := Rf satisfies 


P(n)Ban+eyh(n+e) Pin)Bn+e—WDh(n+e-—1) 
A(n +e) A(n +e — 1) 


Po(n)B(nyh(n) = 


0. 


Multiplying by A(n)A(n + 1)--- A(n + e) yields a nonzero linear recurrence with 
polynomial coefficients satisfied by h, so he P. There is one technical flaw in 
this argument, however. (Can the reader find it without reading further?) The 
problem is that B() may have zeros at certain no € N, so h(n) is undefined at 
n = no. However, since B(n) can have only finitely many zeros, h(n) is defined 
for all sufficiently large n. Thus we must deal not with h(n) itself, but only with 
its behavior “in a neighborhood of oo.” (An alternative approach is to regard P 
as a K[n]-module, rather than a K(n)-module. However, we have tried to keep 
algebraic prerequisites at a minimum by working with vector spaces as much as 
possible.) 

To make the above ideas precise, define a relation ~ on functions hy, hz : 
N — K by the rule that hy ~ Az if h(n) = h(n) for all sufficiently large n. 
Clearly ~ is an equivalence relation; we call the equivalence classes germs (more 
precisely, germs at oo of functions h : N > K). Denote the class containing h 
by [h]. We define linear combinations (over K) and multiplication of germs by 
oi [h1]+ o2[h2] = [hy + a@2h2], [hy ][h2] = [hi h2]. Clearly these operations are 
well defined. Given R(n) € K(n) andh : N > K, wecan also define a germ [Rh] 
by requiring that [Rh] = [h;], where h; : N > K is any function agreeing with 
Rh for those n for which R(n) is defined. In this way the space G of germs acquires 
the structure of a vector space over the field K(n). Finally note that if hy ~ ho, 
then h, € P if and only if hz € P by Proposition 6.4.5. Hence we may speak of 
P-recursive germs. Thus a germ [h] is P-recursive if and only if the K (1)-vector 
subspace 


Gh = spangy){[h(a)], [AQ + 1)], [A(n + 2)], -- -} 
of G is finite-dimensional. We are now ready to state and prove the desired result. 


6.4.12 Theorem. If f,g:N — K are P-recursive, then so is the product fg. 
Equivalently, ifu, v € D thenux*v € D. 


Proof. The above discussion shows that it suffices to prove that if [ f] and [g] are 
P-recursive germs, then so is [ fg]. There is a unique linear transformation 


g : Gr @xin) Ge — G 
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that satisfies 
Olf@ +i Olea + p))=(fa+ [gan t+ )l =f +g + s)I. 


Clearly the image of ¢ contains Gy, = span, {[f(n)g(n)], [fm +Dg(n+)], ...}. 
Hence (taking dimensions over K(n)), 


dim Gy, < dim(G; ® G,) = dim G,)(dim Ge) < 00, 


so fg is P-recursive. Oo 


6.5 Noncommutative Generating Functions 


A powerful tool for showing that power series 7 € K[[x]] or7 € K[[y,...,Xm]] 
are rational or algebraic is the theory of noncommutative formal series (in several 
variables). The connections with rational power series is more or less equivalent 
to the transfer-matrix method (Section 4.7) and so won’t yield any really new 
(commutative) rational generating functions. Similarly, it is possible to develop 
an analogue of the transfer-matrix method for (commutative) algebraic generat- 
ing functions, so that noncommutative series are not really needed. However, the 
noncommutative approach to both rational and algebraic commutative generating 
functions yields an elegant and natural conceptual framework which can greatly 
simplify complicated computations. We will give an overview of both rational and 
algebraic noncommutative series. In one nice application (Theorem 6.7.1) we will 
use the theory of both rational and algebraic series. We will adhere to standard 
terminology and notation in this area, though it will be slightly different from our 
previous terminology and notation involving commutative series. 

Let K denote a fixed field. (Much of the theory can be developed over an 
arbitrary “semiring”’ (essentially a ring without additive inverses, such as N), and 
that generalization has some interesting features, but for our purposes a field will 
suffice.) Let X be a set, called an alphabet, and let X* be the free monoid generated 
by X, as defined in Section 4.7. Thus X* consists of all finite strings (including the 
empty string 1) w; --- wy, of letters w; € X. We write |w| = nif w = wy --+ Wn € 
X*, with each w; € X. Also define Xt = X*\1 (= X* — {1}). 


6.5.1 Definition. A formal (power) series in X (over K) is a function S : X* > 
K. We write (S, w) for S(w) and then write 


S= )°(S,w)w. 
wex* 
The set of all formal series in X is denoted K (X)). 


The set K (X)) has the obvious structure of a ring (or even a K-algebra) with 
identity 1. (We identify 1 € X* with 1 € K, and abbreviate the term a - 1 of the 
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above series S as a.) Addition is componentwise, i.c., 


S+T = °((S,w) + (7, w))w, 


while multiplication is given by the usual power series product, taking into account 


- the noncommutativity of the variables. Thus 


(S215, wae) (S07, vv) = S4S, (7, vpn 


u,v 


= - S (S, u)(T, »] w. 


kvU=W 


Algebraically inclined readers can think of K ((X)) as the completion of the monoid 
algebra of the free monoid X* with respect to the ideal generated by X. 

There is an obvious notion of convergence of a sequence S}, 5», ... of formal 
series (and hence of a sum ee T,) analogous to the commutative case (Sec- 
tion 1.1). Namely, we say that S$), 52,... converges to S if for all we X* the 
sequence (S), w), (So, w),... has only finitely many terms unequal to (S, w). 
Suppose now that (S, 1) =a #0. Let 


1 sy" 
T=— —— : 
zur) 


This sum converges formally, and it is easy to check that ST = TS = 1. Hence 
T = S“' in K (X)). For instance, 


There are two subalgebras of K ((X)) with which we will be concerned in this 
section. 


6.5.2 Definition. (a) A (noncommutative) polynomial is a series S € K (X)) that 
is a finite sum )°(S, w)w. The set of polynomials S € K (X)) forms a subalgebra 
of K (X)) denoted K (X) (or sometimes Kpoi (X))). 
(b) A (noncommutative) rational series is an element of the smallest subalgebra 
Kyat (X)) of K (X)) containing K (X) (or equivalently, containing X) such that if 
S € Kya ((X)) and S~! exists, then S~! € Kyat (X)). 


An example of a polynomial (when K = Q, X = {x, y, z}) is x2z — xz* — 
3x° yxz* + Szyzy*z*. An example of a rational series is 


S=( +x) 14+ yp! fx? — yxy — xyz)! 
x z+ xyxzx? is 2y*zixyx)'zy°z] +x. 
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Note that notation such as iy is ambiguous; it could mean either x(1 — y)~! or 


(1— y)~'x. Note also that there does not exist a notion of “common denominator” 
for noncommutative series. For instance, there is no polynomial S satisfying 


Std —xy'+(d—y)']e K(x, y), 
or even polynomials S and T satisfying 
std —xy'+a—yy'+d-—2) 7 € Kt, y,z). 


In particular, not every rational series is a quotient of two polynomials. 

Let @ : K(X)) — K\{[X]] be the continuous algebra homomorphism defined 
by d(x) = x for all x € X. Thus @(S) is the “abelianization” of S, and the 
kernel of ¢ is the two-sided ideal of K (X)) generated by {xy — yx : x, y € X}. 
Note that if S € K(X) then ¢(S) € K[X]. The converse is clearly false, e.g., if 
S = Voyage" y"” — y"x") then ¢(S) = 0 € K[x, y], but S ¢ K(X). Similarly if 
S € Kya (X)) then clearly @(S) € Kra[[X]] = K{[X]]N K(X). Again the converse 
is false, but an example is not so obvious, since at this point we have no easy way to 
recognize when a series S is not rational (other than the condition that @(S) is not 
rational). Exercise 6.65 will give us a method for showing that many series are not 
rational. For instance, S = )°,.9x"y" ¢ Kra((x, y)), though (S$) = 1/(1—xy) € 
Kyal{x, y]]. 

We next define a class of series of crucial importance in understanding rational 
series. We let K”*" denote the monoid of all n x n matrices over K under the 
usual multiplication of matrices. 


6.5.3 Definition. A series S € K ((X)) is recognizable if there exists a positive 
integer n and a homomorphism of monoids 


ox > Ks. 


as well as two matrices A € K!*" and y € K"*! (so i is a row vector and y a 
column vector) such that for all w € X*+ we have 


(S,w) =A- uw) -y. (6.41) 


Nore. Equation (6.41) is only required to hold for w € X*, not w € X*. In other 
words, the property that a series S is recognizable does not depend on the constant 
term (S, 1) of S. 

Nore. If A 4 [0,0,...,0] and y # [0,0,...,0}' (where ‘ denotes transpose), 
then it is easy to see that we can find an invertible matrix A € K”™” such that 
4=[1,0,...,0JAandy = A7'[0,0,..., 1]'. If we define a new homomorphism 
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p': X* > K"™™ by w'(w) = Au(w)A™!, then 
(S,w) =pu'(w)ins (6.42) 


the (1, ) entry of 4z’(w). Hence we may replace (6.41) by the stronger condition 
(6.42). 


6.5.4 Example. Suppose that X = {x, y} and that up : X* > K**? is defined 
by 


1 0 ts. 
w= |, Ife wor =[ tf ae 


The series B given by (B, w) = u(w))2 is recognizable by Definition 6.5.3. Let 
us see if we can obtain a formula for B. Define, for w € X*, 

A B 

wy={ oo" "1, 6.43) 

u(w) C, | (6.43° 

and define series A = > A,,w, etc. Also set u(1) = J, the 2 x 2 identity matrix. 

Thus A,, is short for (A, w), etc., and the series B defined by (6.43) coincides with 

the definition of B preceding (6.43). Note that 


Ay +2By By 
Mie iiee = (6.44) 
ok * 
Ay Aw + By 
p(wy) = w(w)b = : i i (6.45) 


where *’s denote entries that turn out to be irrelevant. From (6.44) and (6.45) there 
follows 


Awx = Ax =F 2 Bias Bux = By 
Awy = Ay, Byy = Ay + By. 


Hence 
A=1+ Y > Awswx + Yo Awywy 
=14+) (Ay + 2B,)wx + D> Awwy 
Ww WwW 


=1+A(+y)+2Bx. 
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Similarly B = Ay+ B(x+y). Thus we obtain two linear equations in two unknowns 
A and B, viz., 


—Ay + BU-x-—y)=0. 


We now solve these equations, essentially by “noncommutative” Gaussian elim- 
ination. Since the unknowns A and B are only multiplied on the right and since 
the diagonal coefficients | — x — y and 1 — x — y are invertible, there will be no 
difficulty in carrying out the elimination. Multiply the first equation on the right by 
(1—x—y)7|y and add it to the second equation to get the following formula for B: 


B=(1—-x-y)'y[l-x-—y—2xd—x—-y) ly]. (6.46) 
Note that 
y 
ED ae a RE oar 
(l-x—y)(l—x—-y—73) 
y 


(l-x—y}? —2xy 


We can also compute $(B) directly from a and b using Theorem 4.7.2. We have 


$(B) = ) Vax + by)" 


n>0 


12 
= (1 —ax — by) I. 


-1 
Me ee =y 
=| —2x ee 


12 


Writing 


He l-x-y —y | 
= =2x l—x-—y]’ 
there follows (using the notation of Theorem 4.7.2) 
—det[c : 2, 1] 
detc 


po ee 
(l—x—yy —2xy’ 


$(B) = 


as before. 


200 6Algebraic, D-Finite, and Noncommutative Generating Functions 


2x 


y 
Figure 6-4. A directed graph T,. 


There is an alternative graph-theoretic way to view recognizable series. Let 
pu: X* — K"*" beas in Definition 6.5.3, where we assume A and y are such that 
A+ u(w)-y = w(w)i, as in (6.42). Define a directed graph I’, with weighted edges 
as follows: Let X = {x),...,x,}, and let I, have vertex set V = V(I,,) = [n]. 
For each triple (i, j,k) € [r]>, draw an edgee fromi to j labeled w(e) = U(xx)ijXx, 
where (x,)j; denotes the (i, j) entry of the matrix y.(x;). Thus there are r edges 
from vertex i to vertex j (though edges labeled 0 may be suppressed). In the case 
of Example 6.5.4, the digraph T’,, is given by Figure 6-4. 

Let P beawalkinI’, of length m fromi to j,sayi = ip, €1,11, €2,.-+5%m—15 €ms 
im = j. Define the weight of P by 


o(P) = wle1)w(er) +++ W(Cm) = K(P Xi, +++ Xin» 


a noncommutative monomial in the variables X, multiplied by some scalar x (P) € 
K.The scalar «(P) is just aterm in the (i, j) entry of w(x;,)--- w(%;,,), by definition 
of matrix multiplication. Hence the series S defined by (S, w) = u(w) py is also 
given by 


S=)a(P), (6.47) 
P 
summed over all walks from 1 ton. 


6.5.5 Example. The walks from 1 to 2 of length at most two in Figure 6-4 are 
given by 


12232 
1>1—52 
1-142 
1—>2—>2 
12-52 
Hence the formal series B of Example 6.5.4 begins 


Bayt+xytyxt2y?+---. 
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With a little practice one can see by inspection that the series B of (6.46) is also 
given by (6.47). The first factor (1 — x — y)~! in (6.46) corresponds to the initial 
part of the walk P before it leaves vertex 1. We can walk along the loops at vertex | 
labeled x and y in any desired order. The factor y in (6.46) corresponds to the first 
step from vertex 1 to vertex 2. Now we are free to walk along the loops at 2 in any 
order (accounting for the terms —x — y in the third factor of (6.46)), then to move 
back to 1 (the factor 2x of the term 2x(1 — x — y)~!y of the third factor in (6.46)), 
then to walk along the loops at 1 (the factor (1 — x — y)~! of 2x(1 —x — y)7'y), 
then to move back to 2 (the factor y of 2x(1 — x — y)~'y), and then to iterate the 
procedure that begins at vertex 2. 


The above discussion shows that the theory of recognizable series is essentially 
the same as the transfer-matrix method of Section 4.7, except that we must keep 
track of the actual walks (i.e., the order of their edges), and not just their unordered 
(commutative) weights. One might say that a recognizable series is simply the 
generating function for (weighted) walks in a digraph. One can also view a graph 
such as Figure 6-4 as a kind of finite-state machine (automaton) for producing the 
series S. We will not say more about this point of view here, though it can be a 
fruitful way of looking at recognizable series. 

Before stating the main theorem on rational series, we need one simple lemma 
for ensuring that certain series are rational. 


6.5.6 Lemma. Suppose that B,,..., By are formal series satisfying n linear 
equations of the form 


By +e) + Boey + +++ + Bracin = d, 
Byic2 + Bol +22) + +++ + Bycan = d, 
Bien + BzCn2 ae ssp Bnd + Cnn) = dis 


where each c;; is a rational series with zero constant term, and where each d; is 
a rational series. Then B,,..., By are rational series (and are the unique series 
satisfying the above system of linear equations). 


Proof. Inductiononn. Whenn = 1 we have B, = d,(1+cj,)!, as desired. Now 
assume the result for m — 1. Multiply the first equation on the right by —(1 +c11)7! 
cj, and add to the jth equation, for 2 < j <n. We obtain a system of n — 1 


equations for B2,..., B, satisfying the hypotheses of the lemma, so B2,..., Bn 
are rational (and unique). By symmetry (or by using the first equation to solve for 
By), we get that B, is also rational (and unique). Oo 


We are now ready to state the main theorem on rational series. 
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6.5.7 Theorem (Fundamental theorem of rational formal series). A formal series 
S € K (X)) is rational if and only if it is recognizable. 


Proof (sketch). Assume S is recognizable. The proof that S is rational parallels 
the computation of Example 6.5.4. Let wu: Xt > K"*" be a homomorphism of 
monoids satisfying (S, w) = u(w)n for all we X*. Set w(1) = J, then xn 
identity matrix. Define series 

Ai = > u(w)ijw, 

wext 

for (i, 7) €[n] x [n]. If x, € X, then let a* = w(x,) and af, = yu(xy)ij, the (i, f) 
entry of the matrix a*. Then w(wx;,) = n(w)a*, so 


w(wxe)iy = Do wcw)irat,. 
f 


Multiplying by wx, and summing on w and k yields when i = 1 the equations 
Ajj => 31; + ae Saf Aue, 
tk 


or equivalently 


So An (5 = aa) =, <jx<n. (6.48) 
t k 


This is a system of n linear equations in the n unknowns Aj, Aq2,..., Ain, which 
has the form given by Lemma 6.5.6. Hence Aj, (as well as Aj), Aiz,.-., Atn—-1) 
is rational, as desired. 

To show conversely that rational series are recognizable, we must show the 
following four facts. 


(i) If x; € X, then the series x; is recognizable. 

(ii) If S and 7 are recognizable and a, 8B € K, thenaS + fT is recognizable. 
(iii) If S and T are recognizable, then ST is recognizable. 
(iv) If S is recognizable and (S, 1) 4 0, then S~! is recognizable. 


Fact (i) is trivial, while the remaining three facts are all proved by constructing 
appropriate homomorphisms X* -» K”*", The details are tedious and will not be 
given here. O 


6.6 Algebraic Formal Series 


In this section we consider an important generalization of the class of rational 
series. As before, we have a fixed (finite) alphabet X. 


6.6.1 Definition. Let Z = {z),..., z,} be an alphabet disjoint from X. A prope’ 
algebraic system is a set of equations z; = p;, 1 <i <n, where: 
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(a) p; € K(X, Z) (Le., p; is a polynomial in the alphabet X U Z); 
(b) (p;, 1) = 0 and (p;, z;) = 0 (.e., p; has no constant term and no terms c;Z;, 
Oc; € K). 


We sometimes also call the n-tuple (p),..., p,) a proper algebraic system. 

A solution (sometimes called a strong solution) to a proper algebraic system 
(pi,.--, Pn) is ann-tuple (R,,..., Rn) € K (X))" of formal series in X with zero 
constant term satisfying 


R; = Di(X, Zz, = Ris (6.49) 
(The series p;(X, Z)z,=r, will be formally well defined, since (R;,1) = 0 by 


assumption.) Each R; is called a component of the system (p1,..., Dn) 


6.6.2 Example. If X = {x, y} and Z = {z}, then 
Z=XyY+xzy 
is a proper algebraic system with solution 


R= ee (6.50) 


n>1 


Compare the system z = xy + zxy, with solution R= )*,, ,(xy)"=(1-xy)!—-1, 
a rational series. It can be shown that the series (6.50) is not rational (see Exer- 
cise 6.65). 


6.6.3 Proposition. Every proper algebraic system (p,..., Pn) has a unique 
solution R = (R,, Ro,..., Rn) © K(X)”. 


Idea of Proof. The method of proof is “successive approximation.” Define 
the first approximation S“ =(S,..., S) to a solution by S!” = p(X, Z) € 
K(X, Z). Now assuming that the k-th approximation S® =(5,..., S®) ¢ 
K(X, Z)" has been defined, let 


cone = Dj (X, se) 
(i.e., substitute s for Z; in p;(X, Z)). It is straightforward to verify from the 


definition of proper algebraic system that limy_,.. S converges formally to a 
solution R € K (X))", and that this solution must be unique. 


As asimple example with just one equation, consider the proper algebraic system 
Z=xX+XZV + yz. 
The first approximation is 


SD =x +xzy + yz. 
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The second approximation is 


SO Sx +x(x +xzy + yz)y + w(x +.xzy + yz) 
=x+ xy + x? zy* + XYZY + YX + yxzy + yz. 


The third approximation is 


52) =x +xS°y i ys? 
=x+x*y4+x>y* + xyxy + yx + yxy + y*x + terms involving z. 


This last approximation agrees with the solution R in all terms of degree at most 
three (and with some nonzero terms of higher degree). 


Nore (for logicians). Let(pi,..., Dm) and(p},..., p;,) be proper algebraic sys- 
tems with solutions (Ri, ..., Rm) and(R;,..., R,,), respectively. It is undecidable 
whether R,; = Rj, or in particular whether R; = 0. (One difficulty is that substi- 
tuting z; =0 in the system z; = pj, ..., Zm = Dm May yield a system which isn’t 
proper.) On the other hand, it is decidable whether the abelianizations #(R,) and 
@(R}) are equal. 


6.6.4 Definition. (a) Aseries § € K ((X)) is algebraic if S — (S, 1) isacomponent 
of a proper algebraic system. The set of all algebraic series § € K (X)) is denoted 
Kag(X). 

(b) The support of a series S = 5°(S, w)w € K ((X)) is defined by 


supp(S) = {w € X* : (S, w) # O}. 


A language isa subset of X*. A language L is said to be rational (respectively, alge- 
braic) if itis the support of a rational (respectively, algebraic) series. A rational lan- 
guage is also called regular, and an algebraic language is also called context-free. 


Our previous example (Example 6.6.2) of a proper algebraic system yields the 
algebraic series }> x” y" and 5 “(xy)”. Let us consider some examples of greater 
interest. 


6.6.5 Example. Rational series are algebraic. The system (6.48) of linear equa- 
tions is equivalent to a proper algebraic system in the unknowns A,,;—1, Aj2,..., 
Aln- 


6.6.6 Example. The Dyck language D is the subset of {x, y}* such that if x 
is replaced by a left parenthesis and y by a right parenthesis, then we obtain a 
sequence of properly nested parentheses. Equivalently, a word w,w2--- w,» is in 
D (where w; = x or y) if forall 1 < j < m the number of x’s among w,w2--- w; 
is at least as great as the number of y’s among w)w2--- w;, and the total number 
of x’s is equal to the total number of y’s (so m is even). An element w of D is 
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called a Dyck word. The Dyck words of length six or less are given by 
1 xy xy? xXyxy xy? x’ yxy" x’ yxy xyxy" XYXYxYy. 


By Corollary 6.2.3(ii) or (iii), it follows that the number of words of length 2n 
in D is given by the Catalan number C,,. Now note the following key recursive 
property of a Dyck word w: If w is nonempty, then it begins with an x, followed 
by a Dyck word, then by a y (the right parenthesis matching the initial x), and 
finally by another Dyck word. Thus D is a solution to the system 


Z=1+4+xzyz, 
and so Dt = D — 1 isa solution to the proper algebraic system 


z= x(2+ Dy?’ +1) 
=xytxyz +xz/ytxz'yz’, (6.51) 


It follows from (6.51) that the Dyck language D is algebraic. It is perhaps the most 
important algebraic language for enumerative combinatorics. Many enumerative 
problems can be expressed in terms of the Dyck language, e.g., many of the parts 
of Exercise 6.19. 


6.6.7 Example. Let X = {xo,x1,...,%m}. Define a weight w:X — Z by 
w(x;) =i — 1. Define a language L Cc X* by 


| ee ae eee ah : @(x),) +--+ + o(%;,) = Oif 7 <k, 
and w(x;,) +--- + @(%,) = —1}. 


Thus L consists of all words that encode plane trees of maximum degree m, as dis- 
cussed in Section 5.3 (see Lemma 5.3.9). The language L is called the Lukasiewicz 
language, and its elements are Lukasiewicz words. Note thata Lukasiewicz word 
in the letters xp and x2 is justa Dyck word with x replaced by x2 and y by xo, withan 
xo appended at the end. It is easily verified by inspection (essentially the definition 
of a plane tree) that L+ is a solution (or component) of the proper algebraic system 


Z=Xo bt xyz xe? tee + xmz™. 


Hence the Lukasiewicz language is algebraic. 


The next example will be of use to us later (Theorem 6.7.1) when we consider 
noncommutative diagonals. It is a good example of the nonobvious way in which 
auxiliary series may need to be introduced in order to obtain a proper algebraic 
system for which some given series S is a component. 


6.6.8 Example. Let X = {x),..., xx, y1,--., ye}, and let A C X™* be the set of 
those elements of X* that reduce to the identity under the relations 


xi¥i = yixi = 1, l<i<k. 
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In other words, if in the word w € X* we replace y; by x; | then we obtain the 
identity element of the free group generated by x), ... , x,. Thus for example when 
k = 3 we have 


Xx} ¥3 22933 EA. 
We claim that A is algebraic. If t € X let 
G,={weA:w=tv, wA¢uuw foru,u’ € At}. 
Write 
_ ¥ ift = y; 
y; ift = x;. 


Any word w € G; must end inf [why?], so we can define a series (or language) 
B, by G; = ¢ B,f. It is then not difficult to verify that 


A=1+A)°G, 


teX 

G; => tB,t 

By =14+B, > Gg. 
qEex 
q#t 


From these formulas we see that 


At=(At+1) 1(Bt +1 
teX 
By = (Bi +1) >) g(Bt +19, rex. 


qex 
q#t 


Hence (At, (B7*),<x) is a solution to a proper algebraic system, so A is algebraic. 


We now want to relate algebraic formal series to commutative algebraic gener- 
ating functions as discussed in Sections 6.1-6.3. We need a standard result in the 
theory of extension fields, which we simply state without proof. 


6.6.9 Lemma. Suppose that a,..., Qn belong to an extension field of a field 
K. Suppose also that there exist polynomials fi,..., fn € K[X], where X = 
(X1,...,Xn), Satisfying: 


(i) fi(a,...,@,) =0, 1 <i<n, 


(ii) det(df;/da;) 4 0. 


Then each a; is algebraic (in fact, separably algebraic, though separability is 
irrelevant here) over K. 


Let us give a couple of examples showing the significance of the conditions (1) 
and (ii) above. If fy = x; —x. and fp = (x; —x2)’, then condition (i) is satisfied for 
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any a, = a2, but det(df;/da;) = 0. In fact, the Jacobian determinant det(df;/dx;) 
is identically zero, since the polynomials f, and fy are algebraically dependent. 
Now let fi = x1, fo = x1x2, So f, and fy are algebraically independent and 
det(df;/dx;) = x; # 0. The solutions (a), @2) to fj = fo = 0 are (0, a>) for any 
Q2, SO a need not be algebraic over K. This does not contradict Lemma 6.6.9, 
since det(df;/da;) = 0. 


6.6.10 Theorem. Let S € Kag((X)), where X is a finite alphabet. Then $(S) 
is algebraic over the field K(X) of rational functions in (the commuting vari- 
ables) X. 


Proof. Wecan assume (S, 1) = 0. Let (pj, ..., py) be a proper algebraic system 
with solution (S; = S, So,..., S,). Let 7; = $(S;) and n = (n,..., Mn). Let 
Z = (Z1,...,Zn) and 


fi(Z) = zi — pi(X, Z). 
Hence, regarding the p; as commutative polynomials, the n; satisfy 
Si(n) = ni — pi(X, n) = 0. 


The Jacobian matrix at Z = 7 is given by 


(8) (2) 
dn; On; 


By definition of proper algebraic system (and because (5;, 1) = 0), all entries 
dp; /dn; belong to the maximal ideal X K [[X]] = x, K[[X]] +--+ + 2.K[[X]] of 
the ring K[[X]]. Hence det J = 1 + m, where m € XK[[X]]. Thus det J 4 0, so 
by Lemma 6.6.9 the ;’s are algebraic over K(X). oO 


6.6.11 Example. Let D be the Dyck language of Example 6.6.6. We saw in 
that example that D is algebraic. If C,, is the number of Dyck words of length 
2n (which we know is a Catalan number) then ¢(D) = 3>,,.5 Cnx”y". Hence by 
Theorem 6.6.10 (substituting x for xy) we get that )>,.) C,x” is algebraic directly 
from the combinatorial structure of the Dyck language. 


Our final topic in this section will be the Hadamard product. If S = )°(S, w)w 
and T = )°(T, w)w are two formal series (over the same alphabet X), then define, 
just as in the commutative case, the Hadamard product 


S*xT =) (S,w)(T, w)w. 
(The notation S$ © T is also used.) We will need the following result in the next 


section. It is the noncommutative analogue of Proposition 6.1.11. (For a related 
result, see Exercise 6.66). 
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6.6.12 Proposition. IfS € Kya(X)) and T € Kag((X)), then S*T € Kaj (X)), 


Proof (sketch). Let z; = p;, 1 < i <n, be a proper algebraic system with 
solution z} = T. Since S$ is rational, it is recognizable by Theorem 6.5.7. Hence 
for some m > 1 there is a monoid homomorphism uw : X* > K™*™ such that 
(S,w) = oe for all w € X*. 
Introduce nm? new variables zt » (i, j,k) € [n] x [m] x [m]. Let Z’ = {z? oe 
CG, j,k) € [n] x [m] Ps [m]}, sil let M; be the m x m matrix with (j, k) entry 
given by Ca a2, * For each (i, j,k) € [n] x [m] x [m], construct a poly- 
nomial pi* € K(X UZ’) as follows: Replace in p; each letter z, by the matrix M, 
and each letter x € X by the matrix j(x)x (scalar multiplication of w(x) by x). 
Performing all matrix adeiions and multiplications involved in p; transforms p, 
into an m x m matrix. Let p/ * be the (j, k) entry of this matrix. 
Now define a system S by 
= pi, Gi, € [n] x fm] x [ml]. 


Clearly S is proper. Moreover, it’s not hard to check that if the original system 
Zi = pi has the solution (Z1,.-+5 Zn) = (4) = T, to,..., t,), then for all w € X” 
the solution (z} ae =) ey toS satisfies 


(f°, w) = wQw) jx (ti, w). 
In particular, 
(s1”", w) = W(w)im (tr, w) 
= (S, w){T, w). 
Hence S * T € Kaig((X)). 0 


6.6.13 Example. Let X = {x, x2}, and let 
1 1 -1 0 
= ‘=a, = ‘= b. 
(x1) i | a (x2) - "| 


It’s easy to check that (a”b")). = r for all r > 1, so the series § of the previous 
proposition satisfies (S', x}x5;) = r. Define T to be the solution to the proper 
algebraic system 


ZS X1LXQ — XX, 


so T = —)7,,x;x3 and S * T = —)°,,, rx[x}. The system S of the previous 
proof is defined by 


ga ge _ fx x spa cea eee -|” | “| 
Zt 221 | Oxy || 22! 222 TL 2x. x0 O x, ]L 2x. x2 
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jn other words, 


ll 11 21 12 
Zh xyz) eg — x27! xy + Qxyz! xy + 2x1 272 x2 — x1 x0, 


and similarly for z?!, z'?, z”. The assertion of the previous proof is that the z!?- 
component is given by s!? = Yo, xix. 


6.7 Noncommutative Diagonals 


In this section we will use the theory of noncommutative formal series to show 
that certain (ordinary) Laurent series 7 € K((t)) are algebraic. We will be dealing 
with series of the form 


SCs oes Xs Vine ees Yk) © KC )rat (X, Y)), (6.52) 


where X = (x1,..., %%), ¥Y = (91, ..-, yg). In other words, S is a rational series in 
X and Y with coefficients in the field K(t) of rational functions in one vari- 
able t (commuting with X and Y). Since K(t) C K((t)) we can regard the co- 
efficients of S as Laurent series in t. We will assume that S is such that the 
series S(X, X~!):= S(x1,...,%4,X)',.--,%;_) is well-defined, i.e., the coeffi- 
cient of a Laurent monomial xi . “x; ’ (ay,...,a; € Z) isa formal Laurent series 
n € K((t)) in the variable ¢. 
For instance (writing x = x; and y = y,), if 


SG, y) = So ayy" = - tay), 


n>0 


Six,x7)= sor 


n=O 


then 


This is certainly a well-defined series; the coefficient of x’ for i + 0 is 0, while the 
coefficient of x° is the Laurent series (in fact, power series) )>,,.9 7”. For a more 
complicated example, let 


S(X,Y) = Sot te tet yr tee + ye)" 
n>0 
= tate +aetyt t+ yoT. 
Fix a noncommutative Laurent monomial u in X, e.g. u = xj ?x2x5'x 1x3. Then 
[ulS(X, Xo!) = DO eax tee tae tap te bag)! 

n>0 
Since [u](x) +--+ + %% + re fee + ee is simply an integer, we see that 
[u]S(X, X—') is a well-defined Laurent series for every u, so S(X, X —!) is well 


defined. For an example of series S(X, Y) for which S(X, X —1) isn’t well-defined, 
take for instance 


Sa.3) =) Gy)" =C=ay) 


n>Q 
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Note that if f(x, y) is a commutative power series, then 


[x°1 f(x, 1x7!) = diag (2). 


Hence, returning to the noncommutative case, we see that [u]S(X, X ot) (where 
u is a Laurent monomial in x), ..., x,) is a kind of “generalized noncommutative 
diagonal.” 

The main result of this section is given by the following theorem. 


6.7.1 Theorem. Let S = S(X, Y) be given by (6.52). Suppose that §(X, X~') 
is well-defined formally, so for every Laurent monomial u in the variables X we 
have that [u]S(X, X~') € K((t)). Then [u]S(X, X7!) € Kaig((t)), t.e., the Laurent 
series [u]S(X, X—!) is algebraic over K(t). 


Proof. Since 
fuJS(X, X7!') = [1 T(X, X7!) 


where T = u-!S, and since T is clearly rational when S is, we may assume 
u = 1. Let A = A(X, Y) be as in Example 6.6.8. Thus the coefficient we want 
is the sum (which we are assuming exists formally) of all the coefficients of 
the Hadamard product S * A, and hence also of the abelianization @(S * A). 
Since S¢€ K(t)ra(X, Y)) and A € Kaig(X, Y)) C K(t)ag (X, Y)), it follows from 
Proposition 6.6.12 that S * A € K(t)aip((X, Y)). Thus by Theorem 6.6.10, @(S * A) 
is algebraic over K (t)((X, Y)). By Proposition 6.1.12 it follows that @(S* A),,-y,=1 
is algebraic over K (t), as was to be proved. 0 


6.7.2 Corollary. Let P be a noncommutative Laurent polynomial over K in the 
variables X = (x1,...,X,). (Equivalently, P € K[F;,], the group algebra of the 
free group Fy, generated by X.) Let u be a noncommutative Laurent monomial in 
X (i.e, u € Fy). Then the power series 


y= > o(uyP"y" € KI 
n>Q 


is algebraic (over K(t)). 


Proof. We have 
y = (uj — Pt). 
The proof follows from Theorem 6.7.1. Oo 


Note that the commutative analogue of Corollary 6.7.2 fails. For instance, if 
P=xtx!+yty!eClx,x71, y, y74], then 


n n 2 : In 
enn =F () en 


which according to Exercise 6.3 is not algebraic. Thus in the context of diagonals, 
we see that noncommutative series behave better than the commutative ones. 
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6.7.3 Example. An interesting special case of Corollary 6.7.2 is when P = 
Xp RAT ete bh XE +x," + x5! tees tx,z! and u = 1]. Then 


y= OM + tae tag hte. tag!) 


n>0 


= 1+ 2kt? + (8k? — 2k)t* + (40K? — 24k? + 4k) 4... 


It would be extremely tedious to compute y explicitly using the method inherent 
in the proof of Theorem 6.7.1, but a direct combinatorial argument can be used to 
show that 
2k —1 
y= 
k-—1+k/1 —4(2k — 1)t? 


See Exercise 6.74. 


As an application of Theorem 6.7.1, we give another proof that the diagonal of 
a (commutative) rational series in two variables is algebraic (Theorem 6.3.3). 


Second Proof of Theorem 3.3. By Exercise 4.1(b), we can write F(s, t) = P(s, t)/ 
QO(s,t), where P, Q € K[s,t] and Q(0, 0) + 0. Define a noncommutative series 
FG, 1) by 

FG, ft) = PG, xt)QG, xt)! € K()ra (8, #)). 


The coefficient of §° in F(S,—!) is the sum of the coefficients in F(3,7) of 
monomials w € {5,7}* having equal total degree in § and 7. The contribution for 
deg § = deg? = nis just f(n, n)x", where F(s,t) = >~ f (i, j)s't’. Therefore the 
coefficient of §° in F(&, 5!) is just diag F. Moreover, any coefficient [5'] (6, §—") 
is well-defined, so the proof follows from Theorem 6.7.1. Cy 


Notes 


The theory of algebraic functions is a vast subject, but only a small part of it 
has been found to have direct relevance to enumerative combinatorics. It would 
be interesting to see whether some of the deeper aspects of algebraic functions, 
such as the Riemann—Roch theorem or the theory of abelian integrals, can be 
applied to enumerative combinatorics. The first result in our presentation that is 
not a simple consequence of an introductory algebra course is Puiseux’s theorem 
(Theorem 6.1.5). First proved by V. Puiseux [54] in 1850, some expositions of the 
proof appear in (12, Ch. 4.6][14, pp. 373-396](21, Ch. II.6][47, Ch. V, Thm. 
3.1][74, Ch. IV, Thm. 3.1]. A “modern” proof was given by P. M. Cohn [17][18]. 
For computational aspects see [37]. 

Several interesting results concerning algebraic functions and related to enu- 
meration appear in the paper [40] of R. Jungen. In particular, there is a proof of 
Proposition 6.1.11 and a determination of the asymptotic behavior of the coeffi- 
cients of an algebraic power series. This latter result is a useful tool for showing 
that certain series are not algebraic (see Exercise 6.3). For a wealth of further 
information on the fascinating subject of discriminants, see [28]. Equation (6.7) is 
discussed further in Exercise 6.8(a). 


* 
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The enumeration of trees, parenthesizations (or bracketings), ballot sequences, 
lattice paths, and polygon dissections, and the close connections among them, 
as summarized by Proposition 6.2.1, goes back to Segner and Euler in 1760.* 
Segner [67] obtained a recurrence for the number of triangulations of a poly- 
gon (the problem discussed in our Corollary 6.2.3(vi)), and Euler [23] essentially 
solved this recurrence, though without details of a proof. (Euler published his re- 
sult as an unsigned summary of the work of Segner, but it is evident that Euler is 
indeed the author.) The more general problem of computing the number of dis- 
sections of an n-gon by a fixed number m of its diagonals was posed by Pfaff to 
N. von Fuss, who generalized Segner’s recurrence [26]. (For more information on 
this problem of Pfaff and Fuss, see Exercise 6.33(c).) In the period 1838-1839 
four authors considered the Euler—Segner problem. The first was G. Lamé [44]. 
Lamé’s proof of the Euler-Segner result was further developed and discussed by the 
Belgian mathematician Eugéne Charles Catalan (1814—1894) [10], who wrote sev- 
eral other papers on this topic. The other two authors were O. Rodrigues (56][57] 
and J. Binet [7][8]. The term “Catalan number” arose from a citation by Netto 
(1.14, §122, §124], who attributed the problems of binary parenthesization and 
polygon triangulation to Catalan. A good historical discussion is given in [9]. An 
extensive bibliography (up to 1976) of Catalan numbers appears in [30]. The thesis 
[42] contains 31 combinatorial structures enumerated by Catalan numbers and 158 
bijections among them. A very readable popular exposition of Catalan numbers ap- 
pears in [27], while a recent survey aimed at a more mathematical audience is given 
by [38]. An earlier survey is [2]. For further information on Catalan numbers, see 
Exercises 6.19-6.36. For some interesting recent work on triangulations of poly- 
gons, see [1][20][46][69]. A little-known historical aspect of Catalan numbers is 
their independent discovery in China, beginning with Ming An-tu (1692?-1763?). 
He was a Mongolian mathematician who obtained several recurrences for Catalan 
numbers in the 1730s, though his work was not published until 1839. Ming and 
his successors, however, did not obtain combinatorial interpretations of Catalan 
numbers. For further information, see [50]. Recently there have been efforts to 
bring Catalan numbers into undergraduate and even secondary-school education; 
see for instance the papers [(15][39][41][73]. 

The connection between bracketings and plane trees (Proposition 6.2.1(i) and 
(ii)) was known to Cayley [11]. The bijection with polygon dissections (Propo- 
sition 6.2.1(vi)) appears in [5.22] (with a sequel by Erdélyi and Etherington in 
[5.20]). Ballot sequences were first considered by J. Bertrand [6] in 1887. He 
sketched a proof by induction of a ballot theorem that includes Corollary 6.2.3(ii). 
A famous proof based on the “reflection principle” was given soon after by D. 
André. See Exercise 6.20 for further details. Additional information on ballot 
problems appears in Chapter 7 (see Proposition 7.10.3(c) and Corollary 7.21.6). 

The formula (6.18) for the number of plane trees with (k — 1)n + 1 endpoints 
and every internal vertex of degree k is a special case of Theorem 5.3.10. See 


*See the discussion below of Schréder’s second problem for a remarkable earlier reference to a special 
bracketing problem. 
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the Notes to Chapter 5 for references. The power series solution to y> + y = x 
(equivalent to (6.19) in the case k = 5) was obtained by Eisenstein [22] in his 
work on quintic equations. See [51] for an interesting historical discussion. The 
generating functions of Example 6.2.7, as well as some related ones, are consid- 
ered by Pélya in [53]. Pélya mentions that Hurwitz posed the problem of showing 
that >°, (e )x” is algebraic for 8 € Q. The “four combinatorial problems” (vier 
combinatorische Probleme) of Schréder appear in [5.60]. Much additional work 
related to Schréder’s problems has been carried out. The first problem (equiv- 
alent to triangulations of a polygon) has already been discussed. The second 
problem (equivalent to arbitrary dissections of a polygon) is discussed further 
in Exercise 6.39. The term ‘“Schréder number” seems to have been first used 
by Rogers [58]. The third and fourth problems are discussed in the Notes to 
Chapter 5. In 1994 D. Hough, while a graduate student at George Washington 
University, made a remarkable historical discovery related to the second prob- 
lem of Schréder. He observed that the mysterious number 103,049 of Exercise 
1.45 is just the tenth Schréder number s52(10). In other words, Hipparchus was 
aware of the Schréder numbers in the second century B.c. (Should they now be 
called Hipparchus numbers?) This discovery solves what is perhaps the oldest open 
problem related to combinatorics and shows that the ancient Greeks (or at least 
Hipparchus) were much more sophisticated in combinatorics than previously real- 
ized, The number 310,952 of Exercise 1.45 remains an enigma, though a possible 
interpretation of the nearby number 310,954 has been given by L. Habsieger, M. 
Kazarian, and S. Lando [32]. For further information related to Hough’s discovery, 
see [71]. 

The main result of Section 6.3, that the diagonal of a rational function of two 
variables is algebraic (Theorem 6.3.3), is due to H. Furstenburg [25]. His proof was 
based on contour integration as in the proof sketched preceding Example 6.3.5. (For 
further aspects of Furstenburg’s paper, see Exercise 6.11. For a rigorous discussion 
of the contour integration technique for computing diagonals of power series in 
two variables, see [36].) Our first proof of Theorem 6.3.3 follows Gessel (29, 
Thm. 6.1]. A proof based on noncommutative formal series, similar to the proof 
we give at the end of Section 6.7, was given by M. Fliess (24, Prop. 5]. For more 
information on the Delannoy numbers of Example 6.3.8, see (2.3, Exercise 1.21]. 

D-finite power series and P-recursive functions were first systematically investi- 
gated in [70], though much was known about them before [70] appeared. D-finite 
series are also called holonomic and are involved in much recent work dealing 
with algorithms for discovering and verifying combinatorial identities [52][75]. 
The basic connection between D-finite series and P-recursive functions (Propo- 
sition 6.4.1) is alluded to in [40, p. 299]. The earliest explicit statement of the fact 
that algebraic functions are D-finite (Theorem 6.4.6) of which we are aware is due 
to Comtet [19]. The extension of the theory of D-finite series to several variables 
is discussed in [33][34}[48][49] and references given there. Additional references 
on D-finiteness may be found in Exercises 6.53-6.62. 

The hierarchy rational > algebraic = D-finite can be further extended, though 
these extensions have not yet proved as useful in combinatorics as the original 
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three classes. Two classes that may warrant further investigation are differentially 
finite algebraic series and constructible differentially finite algebraic series. For 
further information see [3][4][59][60]. 

The theory of rational formal noncommutative power series originated in the pi- 
oneering work of M. P. Schiitzenberger [64][65][66]. In particular, the Fundamen- 
tal Theorem of Rational Formal Series (Theorem 6.5.7) appears in [66]. A similar 
theory of algebraic formal power series is due to Chomsky and Schiitzenberger 
[13]. For a comprehensive account of the theory of rational series, see [5]. Some 
good references for noncommutative series in general and their connections with 
languages and automata are [16][43][55](61][62][63][68]. These last seven ref- 
erences contain many additional historical remarks and references. For further 
information related to decidability aspects of noncommutative series, see e.g. [43, 
§8 and §16] (61, Ch. VIIN[63, Chs. II.12 and IV.5]. An interesting survey of the 
connection between algebraic series and combinatorics appears in [72). 

The Dyck language of Example 6.6.6 plays a fundamental role in a theorem 
of Chomsky and Schiitzenberger on the structure of arbitrary algebraic series. 
See [63, Thm. IV.4.5] for an exposition. Example 6.6.8 is due to Chomsky and 
Schiitzenberger [13] and is also discussed in (35, Prop. 3.2]. For a proof of 
Lemma 6.6.9, see [45, Chap. X, Prop. 8]. The result that the Hadamard prod- 
uct of a rational series and an algebraic series is algebraic (Proposition 6.6.12) 
is due to Schiitzenberger [65]. For further information on “closure properties” of 
formal series, see Exercise 6.71. 

Our main result on noncommutative diagonals (Theorem 6.7.1) is a special 
case of a theorem of G. Jacob [31, Thm. 4]. We have closely followed Haiman 
(35] in our development of the theory of Section 6.7. For further information on 
Example 6.7.3, see Exercise 6.74. 


References 


6.1. D. Aldous, Triangulating the circle at random, Amer. Math. Monthly 101 (1994), 
223-233. 

6.2. R. Alter, Some remarks and results on Catalan numbers, in Proc. Second Louisiana 
Conference on Combinatorics, Graph Theory and Computing (197]) (R. C. Mullin 
et al., eds.), Congressum Numeratium III, Utilitas Mathematica Publishing Co., 
Winnipeg, 1971, pp. 109-1372. 

6.3. F. Bergeron and C. Reutenauer, Combinatorial resolution of systems of differential 
equations. III. A special class of differentially algebraic series, Europ. J. 
Combinatorics 11 (1990), 501-512. 

6.4. F. Bergeron and U. Sattler, Constructible differentially finite algebraic series in 
several variables, Theoret. Comput. Sci. 144 (1995), 59-65. 

6.5. J. Berstel and C. Reutenauer, Rational Series and Their Languages, 
Springer-Verlag, Berlin/Heidelberg/New York, 1988. 

6.6. J. Bertrand, Calcul des probabilités. Solution d’un probléme, C. R. Acad. Sci. Paris 
105 (1887), 369. 

6.7. J. P.M. Binet, Sur un probléme traité autrefois par Euler et par Ségner, ayant pour 
objet la détermination du nombre des maniéres dont un polygone plan et rectiligne 
peut étre partagé en triangles par ses diagonales, in Extraits des Procés-Verbaux des 
Sciences de la Société Philomatique de Paris, 1838, pp. 127-129. 


6.8. 


Notes 215 


J. P. M. Binet, Réflexions sur le probléme de déterminer le nombre de maniéres dont 
une figure rectiligne peut tre partagée en triangles au moyen de ses diagonales, J. 
Math. Pures Appl. 4 (1839), 79-91. 


. W. G. Brown, Historical note on a recurrent combinatorial problem, Amer. Math. 


Monthly 72 (1965), 973-977. 


. E. C. Catalan, Note sur une équation aux différences finies, J. Math. Pures Appl. (1) 


3 (1838), 508-515; 4 (1839), 95-99. 


. A. Cayley, On the analytical form called trees, Part II, Philos. Mag. (4) 18 (1859), 


374-378. 


. C. Chevalley, Introduction to the Theory of Algebraic Functions of One Variable, 


American Mathematical Society, Providence, 1951. 


. N. Chomsky and M. P. Schiitzenberger, The algebraic theory of context-free 


languages, in Computer Programming and Formal Systems (P. Braffort and D. 
Hirschberg, eds.), North-Holland, Amsterdam, 1963, pp. 118—161. 


. G. Chrystal, Textbook of Algebra, Part 2, Dover, New York, 1961. 
. J. Cofman, Catalan numbers for the classroom?, Elemente der Mathematik 52 


(1997), 108-117. 


. P.M. Cohn, Algebra and language theory, Bull. London Math. Soc. 7 (1975), 1-29. 
. P.M. Cohn, Puiseux’s theorem revisited, J. Pure Appl. Algebra 31 (1984), 1-4. 
. P.M. Cohn, Correction to “Puiseux’s theorem revisited,” J. Pure Appl. Algebra 52 


(1988), 197-198. 


. L. Comtet, Calcul pratique des coefficients de Taylor d’une fonction algébrique, 


Ens. Math. 10 (1964), 267-270. 


. J. H. Conway and H. S. M. Coxeter, Triangulated polygons and frieze patterns, 


Math. Gaz. 57 (1973), 87-94, 175-183. 


. M. Eichler, Introduction to the Theory of Algebraic Numbers and Functions, 


Academic Press, New York/London, 1966. 


. G. Eisenstein, Allgemeine Auflésung der Gleichungen von den ersten vier Graden, 


J. Reine Angew. Math. 27 (1844), 81-83; reprinted in G. Eisenstein, Mathematische 
Werke, vol. 1., Chelsea, New York, 1975, pp. 7-9. 


. L. Euler, Summarium, Novi Commentarii academiae scientiarum Petropolitanae 7 


(1758/59), 13-15. Reprinted in Opera Omnia (1) 26 (1953), xvi—xviii. 


. M. Fliess, Sur divers produits de séries formelles, Bull. Soc. Math. France 102 


(1974), 181-191. 


. H. Furstenburg, Algebraic functions over finite fields, J. Algebra 7 (1967), 271- 


271s 


. N. von Fuss, Solutio quaestionis, quot modis polygonum n laterum in polygone m 


laterum per diagonales resolvi quest, Novi Acta Petropolitanae 9 (1795). 


. M. Gardner, Catalan numbers, Mathematical Games, Scientific American 234 (June, 


1976), pp. 120-125, and bibliography on p. 132. Reprinted (with an Addendum) in 
Time Travel and Other Mathematical Bewilderments, W. H. Freeman, New York, 
1988, Chapter 20. 


. I. M. Gelfand, M. M. Kapranovy, and A. V. Zelevinsky, Discriminants, Resultants 


and Multidimensional Determinants, Birkhauser Boston, Cambridge, 
Massachusetts, 1994. 


. I. M. Gessel, A factorization for formal Laurent series and lattice path enumeration, 


J. Combinatorial Theory (A) 28 (1980), 321-337. 


. H.W. Gould, Bell & Catalan Numbers, revised ed., Combinatorial Research 


Institute, Morgantown, West Virginia, 1977. 


. G. Jacob, Sur un Théoréme de Shamir, Information and Control 27 (1975), 218-261. 
. L. Habsieger, M. Kazarian, and S. Lando, On the second number of Plutarch, 


American Math. Monthly 105 (1998), 446. 


. B. Haible, D-finite Potenzreihen in mehreren Variablen, Diplomarbeit, Universitat 


Karlsruhe, June, 1989. 


216 


6.34, 
6.35, 
6.36. 


6.37. 


6.38. 
6.39. 


6.40. 


6.41, 


6.42. 
6.43. 
6.44. 
6.45, 
6.46. 
6.47. 
6.48. 
6.49. 


6.50. 


6.51. 


6.52. 


6.53. 


6.54. 


6.55. 


6.56. 


6 Algebraic, D-Finite, and Noncommutative Generating Functions 


B. Haible and M. Stoll, D-finite power series and the diagonal theorem, preprint 
dated 13 October 1993. 

M. Haiman, Non-commutative rational power series and algebraic generating 
functions, Europ. J. Combinatorics 14 (1993), 335-339. 

M. L. J. Hautus and D. A. Klarner, The diagonal of a double power series, Duke 
Math. J. 38 (1971), 229-235. 

D. L. Hilliker, An algorithm for computing the values of the ramification index in 
the Puiseux series expansion of an algebraic function, Pacific J. Math. 118 (1985), 
427-435. 

P. J. Hilton and J. Pedersen, Catalan numbers, their generalization, and their uses, 
Math. Intelligencer 13 (Spring 1991), 64-75. 

P. J. Hilton and J. Pedersen, Catalan-Zahlen und Wege in einem ganzzahligen Gitter, 
Elemente der Math. 48 (1993), 45—60. 

R. Jungen, Sur la séries de Taylor n’ayant que des singularités 
algébrico-logarithmiques sur leur cercle de convergence, Comment. Math. Helv. 3 
(1931), 266-306. 

J. Koker, N. J. Kuenzi, A. Okta¢, R. Leibowitz, and L. Carmony, An investigation of 
the sequence of Catalan numbers with activities for prospective teachers, Schoo! 
Science and Mathematics 98 (1998), 4-11. 

M. Kuchinski, Catalan structures and correspondences, M.Sc. thesis, Department 
of Mathematics, West Virginia University, 1977. 

W. Kuich and A. Salomaa, Semirings, Automata, Languages, Springer-Verlag, 
Berlin/Heidelberg/New York, 1986. 

G. Lamé, Extrait d’une lettre de M. Lamé a M. Liouville sur cette question: Un 
polygone convexe étant donné, de combien de maniéres peut-on le partager en 
triangles au moyen de diagonales?, J. Math, Pures Appl. (1) 3 (1838), 505-507. 

S. Lang, Algebra, Addison-Wesley, Reading, Massachusetts, 1965. 

C. W. Lee, The associahedron and triangulations of the n-gon, Europ. J. 
Combinatorics 10 (1989), 551-560. 

S. Lefschetz, Algebraic Geometry, Princeton University Press, Princeton, New 
Jersey, 1953. 

L. Lipshitz, D-finite power series, J. Algebra 122 (1989), 353-373. 

L. Lipshitz and A. J. van der Poorten, Rational functions, diagonals, automata, and 
arithmetic, in Number Theory (R. A. Mollin, ed.), Gruyter, Berlin/New York, 1990, 
pp. 339-358. 

Luo Jian-Jin, Catalan numbers in the history of mathematics in China, in 
Combinatorics and Graph Theory, Proc. Spring School and International 
Conference on Combinatorics, Hefei, 6-27 April 1992 (H. P. Yap et al., eds.), World 
Scientific, 1992, pp. 68-70. 

S. J. Patterson, Eisenstein and the quintic equation, Historia Mathematica 17 
(1990), 132-140. 

M. Petkovsek, H. Wilf, and D. Zeilberger, A = B, A K Peters Ltd., Wellesley, 
Massachusetts, 1996. 

G. Pélya, Sur les séries entiéres dont la somme est une fonction algébrique, Ens. 
Math, 22 (1921-1922), 38-47; Collected Papers, vol. I, MIT Press, Cambridge, 
Massachusetts, 1974, pp. 165-174. 

V. Puiseux, Recherches sur les fonctions algébriques, J. Math. Pures Appl. (1) 15 
(1850), 365-480. 

C. Reutenauer, A survey of noncommutative rational series, in Formal Power Series 
and Algebraic Combinatorics (New Brunswick, NJ, 1994), DIMACS Series Discrete 
Math. Theoret. Comput. Sci. 24, American Mathematical Society, Providence, 
1996, pp. 159-169. 

O. Rodrigues, Sur le nombre de maniéres de décomposer un polygone en triangles 
au moyen de diagonales, J. Math. Pures Appl. 3 (1838), 547-548. 


6.57. 


6.58. 


6.59. 
6.60. 


6.61. 
6.62. 


6.63. 
6.64, 
6.65. 
6.66. 


6.67. 


6.68. 


6.1. 


6.2. 


6.3. 


Exercises 217 


O. Rodriques, Sur le nombre de maniéres d’effectuer un produit de n facteurs, J. 
Math, Pures Appl. 3 (1838), 549. 

D. G. Rogers, A Schroder triangle: Three combinatorial problems, in Combinatorial 
Mathematics V: Proceedings of the Fifth Australian Conference, Lecture Notes in 
Math. 622, Springer-Verlag, Berlin/Heidelberg/New York, 1977, pp. 175-196. 

L. A. Rubel, Some research problems about algebraic differential equations, Trans. 
Amer. Math. Soc. 280 (1983), 43-52. 

L. A. Rubel, Some research problems about algebraic differential equations. II, 
Illinois J. Math. 36 (1992), 659-680. 

A. Salomaa, Formal Languages, Academic Press, New York/London, 1973. 

A. Salomaa, Computation and Automata, Encyclopedia of Mathematics and Its 
Applications 25 (G.-C. Rota, ed.), Cambridge University Press, Cambridge, 1985. 
A. Salomaa and M. Soittola, Automata-Theoretic Aspects of Formal Power Series, 
Springer-Verlag, Berlin/Heidelberg/New York, 1978. 

M. P. Schiitzenberger, Un Probléme de la Théorie des Automates, Séminaire 
Dubriel-Pisot, 13e année (1959-1960), no. 3, Inst. H. Poincaré, Paris, 1960. 

M. P. Schiitzenberger, On a theorem of R. Jungen, Proc. Amer. Math. Soc. 13 
(1962), 885-890. 

M. P. Schiitzenberger, On the definition of a family of automata, Information and 
Control 4 (1961), 245-270. 

A. de Segner, Enumeratio modorum, quibus figurae planae rectilineae per 
diagonales dividuntur in triangula, Novi Commentarii Academiae Scientiarum 
Petropolitanae 7 (1758/59), 203-209. 

E. Shamir, Algebraic, rational, and context-free power series in noncommuting 
variables, in Algebraic Theory of Machines, Languages, and Semigroups (M. Axbib, 
ed.), Academic Press, New York, 1968, pp. 329-341. 


. D.D. Sleator, R. E. Tarjan, and W. P. Thurston, Rotation distance, triangulations 


and hyperbolic geometry, J. Amer. Math. Soc. 1 (1988), 647-681. 


. R. Stanley, Differentiably finite power series, Europ. J. Combinatorics 1 (1980), 


175-188. 


. R. Stanley, Hipparchus, Plutarch, Schréder and Hough, American Math. Monthly 


104 (1997), 344-350. 


. G. Viennot, Enumerative combinatorics and algebraic languages, in Fundamentals 


of computation theory (Cottbus, 1985), Lecture Notes in Computer Science 199, 
Springer-Verlag, Berlin/Heidelberg/New York, 1985, pp. 450-464. 


. I. Vun and P. Belcher, Catalan numbers, Math. Spectrum 30 (1997/98), 3-5. 
. R. J. Walker, Algebraic Curves, Princeton University Press, Princeton, New Jersey, 


1950. Reprinted by Dover, New York, 1962. 


. D. Zeilberger, A holonomic systems approach to special function identities, J. 


Comput. Appl. Math. 32 (1990), 321-368. 


Exercises 


[2+] Give a formal proof (no complex analysis, etc.) that e* is not algebraic, i.e., 


Yo ¢ Cagle. 


n>Q 


a. (3—] Suppose that F(x) € Q[[x]] is algebraic. Show that there is an integer 
m > 1 suchthat FQ@nx) € Z[[x]]. 

b. [1] Deduce that e* is not algebraic. 

[3+] Show that y1 = }°,39 Pe ay and yz = > °,>0 ")?x" are not alge- 


; aoe 3 
braic (over a field of characteristic zero). What about a0 7") Bde: 
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6.4. 
6.5. 


6.6. 


6.7. 


6.8. 


6.9. 


6.10. 


6.11. 


6.12. 
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[3—] Show that Puiseux’s theorem (Theorem 6.1.5) fails in characteristic P> 0. 
[2] Let char K = 0 and 

P(y) = Fay" +++ + Fo(x) € KILx]IDI, 
with Fz(0) ¢ 0. Suppose that P(y) is irreducible, and let C1,...,C, be given 
by Corollary 6.1.7, Show that disc P(y) is divisible by x¢~", 
{2+] Show that yn>0 f(n)x" € K[[x]] is algebraic of degree d if and only if 


Dd n>o(A” f O))x” is algebraic of degree d. (See Section 1.4 for the definition 
of A” f(0).) 


[2—] If u € K[[x]] is algebraic with u(0) = 0 and u'(0) ~ 0, then is the 
compositional inverse u‘~)) algebraic? 


a. [3—] Verify equation (6.7), i.e., show that 
disc(ay* + by +c) = (-1)@at[d4 act! 4. (—1)4- Md — 14-154], 


b. [3-] Find dise($ + S55 +---+2 41). 


a. [2+] Let F(X, y) = dom nso fm, n)x™y", Gx, y) = on noo 8(m. Nn) 
x”y" € K[[x, y]], where K is any field. The Hadamard product is defined 
analogously to the univariate case to be 


FeG= os S(m, n)g(m,n)x™y", 
m,n>Q 


Show that if F and G are rational, then F * G is algebraic (over K(x, y)). 
b. [3—] For k > 2 define the power series 


Fy (X1,..+5Xk) 
n n 
= - (" is ei ( k+ ‘sp pout, 
Ny,...mp 20 ny n2 Ny 
Show that F; is algebraic (over K(x1,..., X,)). 


c. [2] Compute Fy(x, y) = ae iO ( mtn)? pmyn and F3(x, y, z) explicitly. 

[2] Let P(g) € K[q, get] be a Laurent polynomial over K, and fix an integer 

m. Define f(n) = [q”]P(q)” for alln > 0. Show that y = neo f(x” Is 

algebraic. ~ 

a. [3] Let K bea field of characteristic p > 0. Let F, G € Kagl[X1, ..-, Xk], 
i.e., F and G are algebraic power series over the field K(x,,..., x,). Show 
that the Hadamard product F * G (defined for k = 2 in Exercise 6.9(a) and 
extended in the obvious way to arbitrary k) is also algebraic. 

b. [2+] Deduce that if F € Kag[[x1,...,xx]] (with char K = p > 0), then 
diag F is algebraic. 

[2+] Given power series F(x) = F(x1,...,%m)€ K[[x1,...,Xm]] and G(y) 

= G(y1,...,¥n) € KILy,..., Ya]], let Fj, denote the part of F that is ho- 

mogeneous of degree k, and similarly G;, so F = ) Fy and G = 5° Gy. 

Define 


(FOG), y) = D> Fex)Ge(y) € KILx, yl. 
k>0 


6.13. 


6.14. 


6.15. 


6.16. 


6.17. 


6.18. 


- [1]13+] Show that the Catalan numbers C, = —4( 
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the “heartamard product” of F and G. Show that if F and G are rational, then so 
is F O G. Moreover, if F is rational and G is algebraic, then F 9 G is algebraic. 


a. [3—] Letk € P, and define n = >. (ee Example 6.2.7 shows that 7 
is a root of the polynomial 7 


P(y) = k*xy* —(y — Dk -— Dy +11. 


Find (as fractional series) the other k — 1 roots of the polynomial P(y). 
Deduce that P(y) is irreducible (as a polynomial over C(x)). 
b. [3—] Find the discriminant of P(y). 


[3—] Define f :Z x Z—> Qby 
fG-LA-2FG A+ FEF1, 7 -)=0 (6.53) 
for all (¢, 7) € N x N — {(0, 0)}, with the initial conditions f(0,0) = 1 and 

fG, J) = 0ifi < Oorj <0. Thus f(i, 0) = 27, f(0, 1) = i. FO = i: 

etc. Find the generating function F(x, y) = oT pxiy!, 

[2+] Let f, g,h € K[[x]] with h(0) = 0. Find a polynomial P(f, g, h, x) so 

that 

1 _ ol 

1 —sf(st)—tg(st)—h(st) JP’ 

where diag is in the variable x. 

[5—] Let f(n) be the number of paths from (0, 0) to (n, n) using the steps (1, 0), 

(0, 1), and (1, 1); and let g(n) be the number of paths from (0, 0) to (n, n) using 

any elements of N* — {(0, 0)} as Steps. It is immediate from equations (6.27) 

and (6.30) that g(n) = 2"-! Fn), n > 0. Is there a combinatorial proof? 

a. [2+] Let S be a subset of N x N — {(0, 0)} such that (i) every element of 
S has the form (n,n), (n + 1,7), or (n,n + 1), and (ii) (n,n + 1) € S if 
and only if (n + 1,n) € S. Let g(n) be the number of paths from (0, 0) to 
(n, n) using steps from S. Let h(n) be the number of such paths that never go 
above the line y = x. (Let g(0) = A(0) = 1.) Define G(x) = en>o 8()x", 
H(x)= es, h(n)x", and K(x) = Domes x”. Show that 


2 

1— K(x) + Ge)! 

b. [2—] Compute H(x) explicitly when S = {(0, 1), (1, 0), (1, 1)} and deduce 
that in this case h(n) is the Schréder number r,, thus confirming Exer- 
cise 6.39(j). 

c. [3—] Give a combinatorial proof that when S = {(0, 1), (1, 0), (1, 1)} and 
n > 2, then h(n) is twice the number of ways to dissect a convex (n + 2)-gon 
with any number of diagonals that don’t intersect in their interiors. 

[3] Let S be a subset of N x N — {(0, 0)} such that }0 0, neg XY” is rational, 

e.g., S is finite or cofinite. Let f(n) be the number of lattice paths from (0, 0) 

to (n,n) with steps from S that never go above the line y = x. Show that 

>, >0 £(2)x" is algebraic. 


diag 


A(x) = 


a) count the number 
n+1\n 


of elements of the 66 sets S;, (a) < i < (nnn), given below. We illustrate 
the elements of each S; for n = 3, hoping that these illustrations will make any 
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undefined terminology clear. (The terms used in (vv)—(yy) are defined in Chapter 

7.) Ideally S; and S$; should be proved to have the same cardinality by exhibiting 

a Simple, elegant bijection $j; : 5; — Sj; (so 4290 bijections in all). In some 

cases the sets S; and S; will actually coincide, but their descriptions will differ. 

a. Triangulations of a convex (n + 2)-gon into n triangles by n — 1 diagonals 
that do not intersect in their interiors: 


AaVvEee 


b. Binary parenthesizations of a string of n + 1 letters: 
(Xx +x) x(x x) (X-xx)\e x(x XxX) XX xXx 


c. Binary trees with n vertices: 


eee 


d. Plane binary trees with 2” + | vertices (or n + 1 endpoints): 


KS ERRNO 


e. Plane trees with n + 1 vertices: 


fp oY 


f. Planted (i.e., root has degree one) trivalent plane trees with 2n + 2 vertices: 


RROD KA 


g. Plane trees with n + 2 vertices such that the rightmost path of each subtree 
of the root has even length: 


OE A XK 


ep 
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- Lattice paths from (0, 0) to (n,n) with steps (0, 1) or (1,0), never rising 


above the line y = x: 


fo a 


i. Dyck paths from (0, 0) to (2n, 0), i.e., lattice paths with steps (1, 1) and 


(1, —1), never falling below the x-axis: 


TES FO jf oh I IR 


j. Dyck paths (as defined in (i)) from (0, 0) to (2n +2, 0) such that any maximal 


Sequence of consecutive steps (1, —1) ending on the x-axis has odd length: 


a a 


k. Dyck paths (as defined in (i)) from (0, 0) to Qn + 2, 0) with no peaks at 


height two 


ft, FS, 


- (Unordered) pairs of lattice paths with n + 1 steps each, starting at (0, 0), 


using steps (1, 0) or (0, 1), ending at the same point, and only intersecting at 
the beginning and end: 


iceuee 


. (Unordered) pairs of lattice paths with n — 1 steps each, starting at (0, 0), 


using Steps (1, 0) or (0, 1), ending at the same point, such that one path never 
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rises above the other path: 


a ee 


- n nonintersecting chords joining 27 points on the circumference of a circle: 


oe 


at 


. Ways of connecting 2n points in the plane lying on a horizontal line by x 
nonintersecting arcs, each arc connecting two of the points and lying above 


the points: 


AAA Bolas Gk Yaa CAR 


. Ways of drawing in the plane n + 1 points lying on a horizontal line Z and 
n arcs connecting them such that (@) the arcs do not pass below L, (8) the 
graph thus formed is a tree, (vy) no two arcs intersect in their interiors (i.e., 
the arcs are noncrossing), and (64) at every vertex, all the arcs exit in the same 


direction (left or nght): 


aN re ey ES Ae ere a ae 


. Ways of drawing in the plane n + 1 points lying on a horizontal line L and n 
arcs connecting them such that (@) the arcs do not pass below L, (6) the graph 
thus formed is a tree, (vy) no arc (including its endpoints) lies strictly below 
another arc, and (5) at every vertex, all the arcs exit in the same direction (left 


or right): 


EN GA OD as OFA 


(with —1 denoted simply as — below): 
l1l1—-- 11-1-- l1l--1- 1-11-- 1-1-1- 
. Sequences 1 < aj <--- <a, of integers with a; <i: 


111) 112 113 122 123 


. Sequences a, < a) <--+ < a,_ Of integers satisfying 1 < a; < 2i: 
12 13 14 23 24 
. Sequences a), 42,..., a, of integers such that aq} = 0 and 0 < aj4) S 
a; +1: 


000 O01 O10 O11 012 


. Sequences of n 1’s and n —1’s such that every partial sum is nonnegative 


aa. 


bb. 


ce. 


dd. 


Exercises 223 


. Sequences a), a2,..., G,_1 of integers such that a; < 1 and all partial sums 


are nonnegative: 


0,0 0,1 1,-1 1,0 1,1 


. Sequences dj, a2,..., G, of integers such that a; > —1, all partial sums are 


nonnegative, and a; +a, +---+a, =0: 


0,0,0 0,1,-1 1,0,—-1 1,-1,0 2,-1,-1 


. Sequences dj, a2,..., a, of integers such that 0 < a; < n —i, and such 


that ifi < j,a; > 0,a; > 0, and aj41 = aj42 
Jarl>a — Gj: 


*+ = aj_; = O, then 


000 010 100 200 110 


. Sequences a1, a2,..., a, of integers such that i < a; <n and such that if 


i<j <a;,thena; <a;: 


123 133 223 323 333 


. Sequences d), @2,..., @, of integers such that 1 < a; < i and such that if 


aj = j,thenaj;_, < j—rforl<r<j-1: 
111 112 113 121+ «123 


Equivalence classes B of words in the alphabet [n — 1] such that any three 
consecutive letters of any word in B are distinct, under the equivalence re- 
lation uiju ~ ujiv for any words u, v and any i, j € [n — 1] satisfying 
ji — jg] 2 2: 


(O} {1} {2} {12} {21} 


(For n = 4 a representative of each class is given by %, 1, 2, 3, 12, 21, 13, 
23, 32, 123, 132, 213, 321, 2132.) 

Partitions A = (Aj,...,A,—-1) with Ay < n — 1 (so the diagram of A is 
contained in an (n — 1) x (n — 1) square), such that if A’ = (Aj, A5,.-.) 
denotes the conjugate partition to A then A; > A; whenever A; > i: 


(0,0) (,0) ,1) (2,1) (,2) 


Permutations aa2 ---d@, of the multiset {17, 27,..., 7} such that: (i) the 
first occurrences of 1, 2,..., appear in increasing order, and (ii) there is 
no subsequence of the form aBaB: 


112233 112332 122331 123321 122133 


Permutations a1d2---+d, of the set [2n] such that: (i) 1,3,...,2n — 1 
appear in increasing order, (ii) 2,4, ..., 2 appear in increasing order, and 
(iii) 28 — 1 appears before 21,1 <i <n: 


123456 123546 132456 132546 135246 
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ee. Permutations a,a2---a, of [n] with longest decreasing subsequence of 
length at most two (i.e., there does not exist i < j < k, a; > a; > ax), 
called 321-avoiding permutations: 


123) 213) 132 312 231 


ff. Permutations aja2---+a, of [n] for which there does not existi < j <k 
and a; < a, < a; (called 312-avoiding permutations): 


123 132,213. (231-321 


gg. Permutations w of [2n] with n cycles of length two, such that the product 
(1,2,...,2n)-w hasn + 1 cycles: 


(1, 2, 3, 4, 5, 6)(1, 2), 4)(5, 6) = (1)(2, 4, 6))(5) 
(1, 2, 3, 4, 5, 6)(1, 2)(3, 6)(4, 5) = (1)(2, 6)(3, 5)(4) 
(1, 2, 3, 4,5, 6)C1, 4)(2, 3)(5, 6) = C1, 3)(2)(4, 6)(5) 
(1, 2, 3, 4, 5, 6)(1, 6)(2, 3)(4, 5) = C1, 3, 5)(2)(4)(6) 
(1, 2, 3, 4, 5, 6)(1, 6), 5)3, 4) = 1, 5)(2, HGB)(6) 


hh. Pairs (u, v) of permutations of [”] such that u and v have a total of n + 1 
cycles, and uv = (1,2,...,m): 


(1)(2)(3)- 1, 2,3) 1, 2, 3) - (1)(2)3) A, 2)(3) - CL, 3)(2) 
(1, 3)(2) - (D2, 3) (1), 3) - , 2)3) 


ii. Permutations a;a7---a, of [nm] that can be put in increasing order on a 
single stack, defined recursively as follows: If @ is the empty sequence, then 
let S(O) = O. If w = unv is a Sequence of distinct integers with largest term 
n, then S(w) = S(u)S(v)n. A stack-sortable permutation w is one for which 


S(w) = w: 
] [ ajan°--an 


4123 1 3 12 3 123 1234 
SEE 2 —— —_ —————— 
4 4 4 


123 “132. 213° (312: 321 


For example, 


RN Ratesheet tren RG 


J- 


kk. 


nn. 


00. 
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Permutations aa ---a, of [n] that can be put in increasing order on two 
parallel queues. Now the picture is 


~—— _ aja2---a, 


123 132 213 231 312 


Fixed-point-free involutions w of [2n] such that ifi < j < k < / and 
w(i) = k, then w(j) # / (in other words, 3412-avoiding fixed-point-free 
involutions): 


(12)(34)(56) (14)(23)(56) (12)(36)(45)  (16)(23)(45)_ (16)(25)(34) 


- Cycles of length 2n + 1 in G>,4) with descent set {n}: 


2371456 2571346 3471256 3671245 5671234 


. Baxter permutations (as defined in Exercise 6.55) of [2n] or of [2n + 1] 


that are reverse alternating (as defined at the end of Section 3.16) and whose 
inverses are reverse alternating: 


132546 153426 354612 561324 563412 
1325476 1327564 1534276 1735462 1756342 


Permutations w of [n] such that if w has @ inversions then for all pairs of 
sequences (a), 42,..., 2), (b1, b2,..., be) € [n — 1]° satisfying 


W = Sa,Sa,° °° Sag = Sb, Shy ++ * Shee 


where s; is the adjacent transposition (j, 7 + 1), we have that the £-element 
multisets {a,,a2,..., a} and {b,, bo, ..., be} are equal (thus, for example, 
w = 321 is not counted, since w = $)595, = 525,52, and the multisets 
{1, 2, 1} and {2, 1, 2} are not equal): 


123» 132). 213° 231. “312° 


Permutations w of [n] with the following property: Suppose that w has 2 
inversions, and let 


R(w) = {(a1, aye tn—-lf:we= Sa,Sa, °° “Say }s 
where s; is as in (nn). Then 


) ajan---a, = #3, 


Qin. BdERD) 
R(123) = {®}, R213) = {(1)}, R231) = {., 2)} 
R(312) = {(2,1)},. R21) = {(1, 2, 1), (2, 1, 2)} 
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pp. Noncrossing partitions of [n], i.e., partitions 7 = {B,,..., B,} € Tl, such 
thatifa <b<c<danda,ceé B;andb,de B,, theni = j: 


123 12-3 132 23-1 1-23 


qq. Partitions {B,,..., By} of [n] such that if the numbers 1, 2,...,” are ar- 
ranged in order arounda circle, then the convex hulls of the blocks By, ..., B; 
are pairwise disjoint: 


og wes oe » he OO 


rr. Noncrossing Murasaki diagrams with n vertical lines: 


TT LTT TTT Tr] 


ss. Noncrossing partitions of some set [k] with n + 1 blocks, such that any two 
elements of the same block differ by at least three: 


1-—2-3-4 14-2-—3-5 15-—2-—3-4 25-1-—3-—4 16—25—3-—4 


tt. Noncrossing partitions of [2n + 1] into n + 1 blocks, such that no block 
contains two consecutive integers: 


137—46—2-5 1357—2—4-6 157—24—-3-6 
17—246—-3-5 17—26—35—4 


uu. Nonnesting partitions of [n], i.e., partitions of [n] such that if a, e appear in 
a block B and b, d appear in a different block B’ where a < b < d <e, 
then there isac € B satisfying b < c < d: 


123 12-3 132 23-1 12-3 


(The unique partition of [4] that isn’t nonnesting is ae : 
vv. Young diagrams that fit in the shape (n — 1,n —2,. 


“OOO A 


ww. Standard Young tableaux of shape (n, 7) (or equivalently, of shape (n, 1 —1)): 
123 124 125 134 135 
456 356 346 256 246 
or 


123 124 125 134 135 
45 35 34 25 24 
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33 
23 


32 

13 
22 

31 
12 


21 


11 


Figure 6-5. A poset with C, = 14 order ideals. 


xx. Pairs (P, Q) of standard Young tableaux of the same shape, each with n 
squares and at most two rows: 


12 
om (2.2) (2.2) (22) (BY) 


yy. Column-strict plane partitions of shape (n —1,n—2,..., 1), such that each 
entry in the z-th row is equalton —iorn—i+1: 


a3 oo Se. 32 DOD 
De wil ~32:? of 1 


zz. Convex subsets S of the poset Z x Z, up to translation by a diagonal vector 
(m, m), such that if i, 7) € SthenO <i-—j <n: 


O {(1,0)} {(2,0)} {C1, 0), (2,0)}  {(2, 0), (2, D} 


aaa. Linear extensions of the poset 2 X n: 


6 
123456 

4 5 123546 
132456 

2 3 132546 
135246 


bbb. Order ideals of Int(n — 1), the poset of intervals of the chainn — 1: 


c 
| i 6%, a, b, ab, abe 
a b 


2 Int(2) 


ccc. Order ideals of the poset A, obtained from the poset (n — 1) xX (n — I) by 
adding the relations (i, 7) < (j,i) if i > j (see Figure 6-5 for the Hasse 
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ddd. 


eee. 


fff. 


888. 


hhh. 


iii. 


Sid. 


kkk. 


HI. 


diagram of A4): 
O {11} {11,21} {11,21,12} {11, 21, 12, 22} 


Nonisomorphic n-element posets with no induced subposet isomorphic to 
2+2o0r34+1: 


ee Ie WP ZS. | 


Nonisomorphic (n + 1)-element posets that are a union of two chains and 
that are not a (nontrivial) ordinal sum, rooted at a minimal element: 


wae ee Ee aN aS 


Relations R on [n] that are reflexive (i Ri), symmetric @Rj = j Ri), and 
such thatifl <i < j <k < nandiRk, theni Rj and j Rk (in the example 
below we write ij for the pair (Z, 7), and we omit the pairs 17): 


Gi 412, 21) (23,32), (12, 21,9332) 412-21, 13; 31,93;-32} 


Joining some of the vertices of a convex (nm — 1)-gon by disjoint line segments, 
and circling a subset of the remaining vertices: 


° © ° © 
| ° ° © © 


Ways to stack coins in the plane, the bottom row consisting of n consecutive 


coins: CO 
COX do eee BD RD 


n-tuples (a), a2,...,Q,) Of integers a; > 2 such that in the sequence 
la,az---a,1, each a; divides the sum of its two neighbors: 


14321 13521 13231 12531 12341 


n-element multisets on Z/(n + 1)Z whose elements sum to 0: 
000 013 022 112 233 


n-element subsets S of N x N such that if (i, 7) € Stheni > j and there is 
a lattice path from (0, 0) to (i, )) with steps (0, 1), (1, 0), and (1, 1) that hes 
entirely inside S: 


{(0, 0), (1, 0), (2,0)}  {@,0),1, 0), 1, 1} {(0, 0), (1, 0), (2, DJ 
{, 0),(1,1),(2,1)}  {(, 9), A, 1), @, 2)} 


Regions into which the cone xj > x2 > ++: > Xp, in R" is divided by the 
hyperplanes x; — x; = 1,for] <i < j <n (the diagram below shows the 
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] 3 2 l 5 l 2 3 ] 3 2 1 5 
2 5 l 4 4 l 5 2 2 5 ] 4 
3 2 3 3 3 2 3 3 3 2 3 
l 5 2 2 5 1 4 4 l 5 
2 3 1 3 2 1 5 l 2 


1 1 1 ] 1 1 ] l 
Figure 6-6. The frieze pattern corresponding to the sequence (1, 3, 2, 1,5, 1, 2, 3). 


situation for n = 3, intersected with the hyperplane x; + x2 + x3 = 0): 


mmm. Positive integer sequences a), a2, ..., @n+2 for which there exists an integer 


array (necessarily with n + 1 rows) 


1 1 Loe 1 1 1 ree] 1 
QQ 42 a3 +t An+2 a) ag +t Gn-1 
b, b b was b b a a 
1 92 03 n+2 1 n—-2 (6.54) 
r\ io) r3 tg i8 Vn42 1] 
1 1 1 tee 1 
such that any four neighboring entries in the configuration s't satisfy st = 


ru +1 (anexample of such an array for (a), ..., ag) =(1, 59. Los: 2.3) 
(necessarily unique) is given by Figure 6-6): 


12213 22131 21312 13122 31221 


nnn, n-tuples (a, ...@,) of positive integers such that the tridiagonal matrix 
aq 1 0 0... 90 0 
1 a@a1o0-. -. QO 0 
0 lt aii... .: 0 0 
0 0 0 0+ + + a@-, 1 
0 0 00. - + Ll && 


is positive definite with determinant one: 


13d) 122° 221. 2213° 312 
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6.20. 


6.21. 


6.22. 


6.23. 
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a. [2+] Let m,n be integers satisfying 1 <n < m. Show by a simple bijection 
that the number of lattice paths from (1, 0) to (m, 7) with steps (0, 1) and 
(1, 0) that intersect the line y = x in at least one point is equal to the number 
of lattice paths from (0, 1) to (m,n) with steps (0, 1) and (1, 0). 

b. [2—] Deduce that the number of lattice paths from (0, 0) to (m, 1) with steps 
(1, 0) and (0, 1) that intersect the line y = x only at (0, 0) is given by 

man m+n 

c. (1) Show from (b) that the number of lattice paths from (0, 0) to (n,n) 
with steps (1, 0) and (0, 1) that never rise above the line y = x is given by 
the Catalan number C,, = a e ). (This gives a direct combinatorial proof 
of interpretation (h) of C,, in Exercise 6.19.) 


a. [2+] Let X,, be the set of all (2) lattice paths from (0, 0) to (n,n) with 
steps (0, 1) and (1, 0). Define the excedance (also spelled “exceedance”) of 
a path P € X,, to be the number of i such that at least one point (i, i’) of P 
lies above the line y = x (i.e., i’ > i). Show that the number of paths in X,, 
with excedance j is independent of j. 

b. [1] Deduce that the number of P € X,, that never rise abovetheline y = x is 
given by the Catalan number C,, = pat (° a) (a direct proof of interpretation 
(h) of C,, in Exercise 6.19). Compare with Example 5.3.11, which also gives 
a direct combinatorial interpretation of C,, when written in the form —. @ ) 


n+1 
1 f2n4l a 
(as well as in the form =| (7, )). 


[2+] Show (bijectively if possible) that the number of lattice paths from (0, 0) 
to (2n, 2n) with steps (1, 0) and (0, 1) that avoid the points (2i — 1, 2i — 1), 
1 <i <1, is equal to the Catalan number C3,,. 


[3—] Consider the following chess position: 


Black is to make 19 consecutive moves, after which White checkmates Black in 
one move. Black may not move into check, and may not check White (except 
possibly on his last move). Black and White are cooperating to achieve the aim of 
checkmate. (In chess-problem parlance, this problem is called a serieshelpmate 
in 19.) How many different solutions are there? 
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6.24. [?] Explain the significance of the following sequence: 


un, dos, tres, quatre, cinc, sis, set, vuit, nou, deu,.. . 


1 


6.25. [2]-[5] Show that the Catalan number C,, = 4(2") has the algebraic inter- 
pretations given below: 


a. 


b. 


6.26. a. 


n+] 


number of two-sided ideals of the algebra of all (1 — 1) x (n — 1) upper 
triangular matrices over a field, 

dimension of the space of invariants of SL(2, C) acting on the 2-th tensor 
power T 22(V) of its “defining” two-dimensional representation V, 


. dimension of the irreducible representation of the symplectic group Sp(2(n — 


1), C) (or Lie algebrasp(2(n—1), C)) with highest weight A,,_1, the (n—1)-st 
fundamental weight, 


. dimension of the primitive intersection homology (say with real coefficients) 


of the toric variety associated with a (rationally embedded) n-dimensional 
cube, 


. the generic number of PGL(2, C) equivalence classes of degree n rational 


maps with a fixed branch set, 


. number of translation conjugacy classes of degree m + 1 monic polynomials 


in one complex variable, all of whose critical points are fixed, 


. dimension of the algebra (over a field K ) with generators €;,..., €,—; and 
relations 
2 
€; = €j 
Beeje; = if |i -—j|=1 
E16; = €j€; if |i — j| > 2, 


where 6 is anonzero element of K, 


. number of @-sign types indexed by Ay, (the set of positive roots of the root 


system A,_1). 


. Let the symmetric group G,, act on the polynomial ring A. = C[x,..., 


Xn» 15 sede Meal by WwW: Ff, Le Xa Mis ee Na) _ Fw), «+ +9Xw(n)s 
Yw(1)s+++s Yw(n)) for all w € G,,. Let I be the ideal generated by all invariants 
of positive degree, i.e., 


Il=(fé€A:w-f=f forallw € G,, and f(0) = 0). 


Then (conjecturally) C,, is the dimension of the subspace of A/J affording 
the sign representation, ie., 


C, =dim{f € A/I]:w- f =(sgnw)f forall w ¢ G,}. 


[3—] Let D be a Young diagram of a partition A, as defined in Section 1.3. 
Given a square s of D lett be the lowest square in the same column as s, and 
let u be the rightmost square in the same row as s. Let f(s) be the number 
of paths from f to u that stay within D, and such that each step is one square 
to the north or one square to the east. Insert the number f(s) in square s, 


232 6 Algebraic, D-Finite, and Noncommutative Generating Functions 


6.27. a. 


obtaining an array A. For instance, if A = (5, 4, 3, 3) then A is given by 


Let M be the largest square subarray (using consecutive rows and 
columns) of A containing the upper left-hand corner. Regard M as a ma- 
trix. For the above example we have 


16 7 2 
M= 6 3 1 
3 2 1 
Show that det M = 1. 
. [2] Find the unique sequence ado, a), ... of real numbers such that for all 
n > 0 we have 
ag aj wee an a] a2 ae an 
a; a ct An+] a2 43 ots An+l 
det| =det| = 1, 
Ay An+1 “++ Gn Aan An+l ++ AQn-1 


(When 7 = 0 the second matrix is empty and by convention has determinant 
one.) 


[3—] Let V,, be a real vector space with basis x9, x],...,X, and scalar 
product defined by (x;, x;) = Ci+;, the (i + j)-th Catalan number. It follows 
from Exercise 6.26(b) that this scalar product is positive definite, and therefore 
V has an orthonormal basis. Is there an orthonormal basis for V,, whose 
elements are integral linear combinations of the x;’s ? 


. [3—] Same as (a), except now (x;, x;) = Ci+j41. 
. [S—] Investigate the same question for the matrices M of Exercise 6.26(a) 


(so (x;,x;) = Mj;) when A is self-conjugate (so M is symmetric). 

[3—] Suppose that real numbers x), x2,...,%q are chosen uniformly and 
independently from the interval [0, 1]. Show that the probability that the 
sequence x1, X2,..-,%Xg iS convex (i.e., x; < 4 (xi-1 + xi41)for2 <i < 


d — 1)is Cy_\/(d — 1)!?, where Cz_, denotes a Catalan number. 


. [3+] Let Cy denote the set of all points (x), %2,...,%a) € R? such that 


0 < x; < 1 and the sequence x), x2,...,Xg iS convex. It is easy to see that 
Cq is a d-dimensional convex polytope, called the convexotope. Show that 
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the vertices of Cy consist of the points 


i 1 2 
(1, 5, 0.0,..40, 5 Se edey. tl (6.55) 
J Jj J 


(with at least one 0 coordinate), together with (1, 1,..., 1) (so ee) +1 
vertices in all). For instance, the vertices of C3 are (0, 0, 0), (0, 0, 1), (0, 3, 1), 
(1, 0,0), (1, 3,0), (1, 0, 1), (1, 1, 1). 

c. [3] Show that the Ehrhart quasi-polynomial i(Cz,n) of Cz (as defined in 


ale 


Section 4.6) is given by 
ya = >) i(Ca,n)x” 
n>0 
a ee 1 1 
- (Sate 
l-x\& jr —-1! (la-r}! 
d—| 


1 1 
r= (lr — 1]! awoa} (6.56) 


where [i] = 1 —x!, [i]! = [1][2]--- [é], and * denotes Hadamard product. 


For instance, 
om 1 
y= es 2a 
_ its 
= (hae aay 
1+2x + 3x? 
¥3 


~ (1—x)3(1 — x2) 

_ 14+3x + 9x? + 12x3 4 11x* +. 3x5 4 x6 

ia d—xrd —P0 — 2x3) 

_ 14 4x + 14x? + 34x9 + 63x4 + 802° + 87x9 + 68x? + 4228 + 20x? + 7x19 
(1 —x)1 — x? (1 — x3%(1 — x4) 

Is there a simpler formula than (6.56) for i(Cg, n) or yg? 


YS 


6.29. [3] Suppose that m + 1 points are chosen uniformly and independently from 
inside a square. Show that the probability that the points are in convex position 
(i.e., each point is a vertex of the convex hull of all the points) is (C,/n 1), 


6.30. [3—] Let f,, be the number of partial orderings of the set [n] that contain no 
induced subposets isomorphic to3 + J or2 + 2. (This exercise is the labeled 
analogue of Exercise 6.19(ddd). As mentioned in the solution to this exercise, 
such posets are called semiorders.) Let C(x) =1+x+ 2x? 45x34... bethe 
generating function for Catalan numbers. Show that 


> re = C(1—e™), (6.57) 
0 n!} 


x 


the composition of C(x) with the series 1 — e~* = x — 5x? + Ex? see 


— 


234 6 Algebraic, D-Finite, and Noncommutative Generating Functions 


6.31. a. 


6.32. a. 


b. 


a(a-a’) 
a(a* -a) 
a*-a? 
(a-a*)a 
(a* -a)a 


Figure 6-7. The Tamari lattice 73. 


[3—] Let P denote the convex hull in R¢*! of the origin together with all 
vectors e; — e;, where é; is the i-th unit coordinate vector andi < j.Thus P 
is a d-dimensional convex polytope. Show that the relative volume of P (as 
defined in Section 4.6) is equal to Cg /d!, where Cq denotes a Catalan number. 


. [3] Let i(P,n) denote the Ehrhart polynomial of P. Find a combinatorial 


interpretation of the coefficients of the i-Eulerian polynomial (in the termi- 
nology of Section 4.3) 


(1 —xytt! Sl i(P, n)x”. 


n>O 


[3—] Define a partial order 7, on the set of all binary bracketings (parenthe- 
sizations) of a string of lengthn +1 as follows. We say that v covers u if u con- 
tains a subexpression (x y)z (where x, y, z are bracketed strings) and v is ob- 
tained from u by replacing (x y)z with x (yz). For instance, ((a*-a)a”)(a?-a?) 
is covered by ((a -a*)a*)(a* -a?), (a*(a-a*))(a? -a?), ((a* -a)a*\(a(a-a?)), 
and (a? -a)(a?(a” - a*)). Figures 6-7 and 6-8 show the Hasse diagrams of 73 
and 74. (in Figure 6-8, we have encoded the binary bracketing by a string of 
four +’s and four —’s, where a + stands for a left parenthesis and a — for the 
letter a, with the last a omitted.) Let U,, be the poset of all integer vectors 
(a1, 2,...,@,) such thati < a; <n and such thatifi < 7 < a; then 
a; < a;, ordered coordinatewise. Show that 7, and U,, are isomorphic posets. 
[2] Deduce from (a) that 7,, is a lattice (called the Tamari lattice). 


6.33. Let C be a convex n-gon. Let S be the set of all sets of diagonals of C that do 
not intersect in the interior of C. Partially order the element of S by inclusion, 
and add a 1. Call the resulting poset A,,. 


a. 


b. 


[3—] Show that A,, is a simplicial Eulerian lattice of rank n — 2, as defined 
in Section 3.14. 

[3] Show in fact that A, is the lattice of faces of an (n — 3)-dimensional 
convex polytope Q,,. 


. [3—] Find the number W; = W;(7) of elements of A,, of rank 7. Equivalently, 


W; is the number of ways to draw i diagonals of C that do not intersect in 
their interiors. Note that by Proposition 6.2.1, W;(n) is also the number of 
plane trees with n + i vertices and n — 1 endpoints such that no vertex has 
exactly one successor. 


. [3—] Define 


n—-3 n-3 
So Wie — PF = ay, (6.58) 
car a 
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+-+-+-+- 


tet-tt-- ttt Ht 


+-++-+-- 


t-t++t---  $4-t-4--  $4-t--¢-0 PH tt-- 


++-++--- 


+++-+---  +44--+-- +++---+- 


et++--=- 
Figure 6-8. The Tamari lattice 7;. 


as in equation (3.44). The vector (ho, ... , An -3) is called the h-vector of A, 
(or of the polytope Q,,). Find an explicit formula for each h;. 


-34. There are many possible g-analogues of Catalan numbers. In (a) we give what 
is perhaps the most natural “combinatorial” g-analogue, while in (b) we give 
the most natural “explicit formula” q-analogue. In (c) we give an interesting 
extension of (b), while (d) and (e) are concerned with another special case of (c). 


a. [2+] Let 
CQO= yg, 
P 


where the sum is over all lattice paths P from (0, 0) to (n, n) with steps 
(1, 0) and (0, 1), such that P never rises above the line y = x, and where 
A(P) is the area under the path (and above the x-axis). Note that by Ex- 
ercise 6.19(h), we have C,,(1)=C,,. (It is interesting to see what statistic 
corresponds to A(P) for many of the other combinatorial interpretations of 
C, given in Exercise 6.19.) For instance, Co(q) = C\(q) = 1, Co(q) = 14+, 
C3(q) = 1+4 +294? +q°, Ca(q) = 1 +9 +2q7 +39? +3q*+3q°+q%. Show 
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« 6 7 : . 
XT = xyxs x! = xyx4,X% =X1, x7 = x3. Then T is given by 


1113 
2235 
447 
5 

6 


It is easy to see that the map (a@', a”, ...)» T(@!, a”, ...) gives a bijection be- 
tween ways of building up the term x**® from x° (according to the rules above) 
and SSYT of shape A‘ and type jw, so the proof follows. 0 


From the combinatorial definition of Schur functions itis clear that s, (x1, .-., X») 
= Oif £(A) > n, Since by Proposition 7.8.2(b) we have dim A, = #{A € Par : 
£(A) < n}, it follows that the set {s, (x1, ..., Xn) : £04) < n)} isa basis for A,,. (This 
also follows from a simple extension of the proof of Corollary 7.10.6.) We define on 


A, a scalar product (, ), by requiring that {s, (x1, ..., x,)} is an orthonormal ba- 
sis. If f, g € A, then we write (f, g), as short for (f(x1,..., Xn), g(41,---,Xn))n- 
Thus 

(f, 8) =(f, &)n, 


provided that every monomial appearing in f involves at most n distinct variables, 

e.g., if deg f <n. 

7.15.2 Corollary. If f € An, £(A) <n, and& = (n —1,n —2,...,1,0), then 
(Fi 5adn = Jas f, 

the coefficient of x’*? in ag f. 


Proof. All functions will be in the variables x,,...,x,. Let f = eaen CAS2- 
Then by Theorem 7.15.1 we have - 


asf= y Cr,4i485 


£(A)Sn 


so 
sive [x**? as f. oO 
For instance, we have 


for £(A) < n. It is an interesting problem (not completely solved) to compute the 
numbers (7.57); for further information on the case k = 1, see Exercise 7.37. 
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d. [3—] Show that 


1+q 
Cn (034) = 
nD = Te 
For instance, co(0;q)=ci0;q)=1, c20;q)=1+4, ©3(0;g)=1+ 
G7 +a 44°, cag) = 14g +4? 424g? 42g" +2g° + 24° +4" + 
q+q. 

e. [3+] Show that the coefficients of c,,(0; q) are unimodal, 1.e., if ¢,(0;q) = 
> bq’, then for some j we have bp <b) <--- <b; > bj41 > jar = 
--+, (In fact, we can take j = | $ dege,(0;q)| = |5@—1)*].) 

6.35. Let Q, be the poset of direct-sum decompositions of an n-dimensional vector 

space V,, over the field F,, as defined in Example 5.5.2(b). Let Q,, denote Q,, 

with a 0) adjoined, and let /,(q) = 14g, (0, 1). Hence by (5.74) we have 


Cn(q). 


n 


x" x 
rs n(Q—=m— =1 EE 
dH Om 2, qin)! 


n>1 n>0 


a. [3—] Show that 


] 
Hn(g) = =(-1)" - 1)(q? — 1)---(q""! = 1) Pal), 


where P,(q) is a polynomial in qg of degree () with nonnegative integral 


coefficients, satisfying P,(1) = (7"~'). For instance, 
Pi(q) = 1 
Pq) =2+4 
P3(q) = 3 +3q+3q°+q° 
Pa(q) = (2 + 2° + g°)(2 + 2g + 24° +-q°). 
b. [3—] Show that 
exp )q®P,(1/q)— = > q@c,(1/q)x", 
n>1 is n=l 
where C,,(q) is the g-Catalan polynomial defined in Exercise 6.34(a). 
1.36. a. [2+] The Narayana numbers N(n, k) are defined by 


1 fn n 
nono=3(0)(,) 


Let X,x% be the set of all sequences w = wy )W2-:+W2, of m 1’s and 
n —1’s with all partial sums nonnegative such that 

k = #{j :wWp= 1, W744 = —1}. 
Give a combinatorial proof that N(x, k) = #X,,. Hence by Exercise 6.19(r), 
there follows 


3 N(n, k) = Cy. 
k=l 
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(It is interesting to find for each of the combinatorial interpretations of C,, 
given by Exercise 6.19 a corresponding decomposition into subsets counted 
by Narayana numbers.) 


. [24+] Let F(x, t) =), Sys, N(x, k)x"t*. Using the combinatorial in- 


terpretation of N(n, k) given in (a), show that 


xF? + (xt+x—1)F +xt =0, (6.60) 


- $0 


l—-x—xt—-— JU —x — xt)? — 4x7t 
Pies 


2x 


6.37. [2+] The Motzkin numbers M,, are defined by 


yo M n,n Lo-x-vV1—2x — 3x? 
2S 


2x2 


n>0 


= 1tx+2x7 4+ 4x3 4 9x4 4+ 21x95 + 51x% 4 :127x7 
+ 323x8 + 835x? +. 2188x109 4..., 


Show that M,, = A”C, and C,, = A?" Mp, where C,, denotes a Catalan number. 


6.38. [3—] Show that the Motzkin number M,, has the following combinatorial inter- 
pretations. (See Exercise 6.46(b) for an additional interpretation.) 


a. 


b. 


ec te SS 


Number of ways of drawing any number of nonintersecting chords among 7 
points on a circle. 

Number of walks on N with n steps, with steps —1, 0, or 1, starting and 
ending at 0. 


. Number of lattice paths from (0, 0) to (n,m), with steps (0, 2), (2, 0), and 


(1, 1), never rising above the line y = x. 


. Number of paths from (0, 0) to (n, n) with steps (1, 0), (1, 1), and (1, —1), 


never going below the x-axis. Such paths are called Motzkin paths. 


. Number of pairs 1 < aj <-+-- <a, <nand1 <b, <--- <b <nof 


integer sequences such that a; < b; and every integer in the set [n] appears 
at least once among the a;’s and b;’s. 


. Number of ballot sequences (as defined in Corollary 6.2.3(11)) (a,..., 


G2n+2) such that we never have (a;_1, aj, aj4,) = (1, —1, 1). 


. Number of plane trees with 1/2 edges, allowing “half edges” that have no 


successors and count as half an edge. 


. Number of plane trees with n + 1 edges in which no vertex, the root excepted, 


has exactly one successor. 


. Number of plane trees with n edges in which every vertex has at most two 


successors. 


. Number of binary trees with n — 1 edges such that no two consecutive edges 


slant to the right. 


. Number of plane trees with n+ 1 vertices such that every vertex of odd height 


(with the root having height 0) has at most one successor. 
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1. Number of noncrossing partitions w = {B,,..., B,} of [n] (as defined in 
Exercise 3.68) such that if B} = {b} anda < b < c, thena and c appear in 
different blocks of z. 

m. Number of noncrossing partitions a of [n + 1] such that no block of x 
contains two consecutive integers. 


6.39. [3—] The Schroder numbers 7, and s, were defined in Section 6.2. Show that 
they have the following combinatorial interpretations. 

a. S,—1 1s the total number of bracketings (parenthesizations) of a string of n 
letters. 

b. S,— is the number of plane trees with no vertex of degree one and with n 
endpoints. 

Cc. 7,1 is the number of plane trees with n vertices and with each endpoint 
colored red or blue. 

d. s, is the number of binary trees with n vertices and with each right edge 
colored either red or blue. 

€. 5, is the number of lattice paths in the (x, y)-plane from (0, 0) to the x-axis 
using steps (1, k), where kX € Pork = —1, never passing below the x-axis, 
and with n steps of the form (1, —1). 

f. s, is the number of lattice paths in the (x, y)-plane from (0, 0) to (n, n) using 
steps (k, 0) or (0, 1) with k € P, and never passing above the line y = x. 

g. Yn—1 1s the number of parallelogram polynominoes (defined in the solution 
to Exercise 6.19(1)) of perimeter 27 with each column colored either black 
or white. 

h. s, is the number of ways to draw any number of diagonals of a convex 
(n + 2)-gon that do not intersect in their interiors 

i. S, is the number of sequences i,i2---ix, wherei; € P ori; = —1 (andk 
can be arbitrary), such thatn = #{j : i; = —1},4) +i +--+ +i; = Ofor 
all j, andi tig +-:- +h =0. 

J. 7» is the number of lattice paths from (0, 0) to (n, 7), with steps (1, 0), (0, 1), 
and (1, 1), that never rise above the line y = x. 

k. r,—1 is the number of n x n permutation matrices P with the following 
property: We can eventually reach the all 1’s matrix by starting with P and 
continually replacing a O by a 1 if that 0 has at least two adjacent 1’s, where 
an entry a;; is defined to be adjacent to aj+),; and qj, j41. 

l. Let u =u, --- Ug € Gx. We say that a permutation w = w)---Wn © Gn 
is u-avoiding if no subsequence Wa,,..., Wa, (with aj < +++ < ax) is in 
the same relative order as u, ie., uj; < uj; if and only if wa, < Wa,- Let 
G,,(u, v) denote the set of permutations w € G, avoiding both the permu- 
tations uv, v € G4. There is a group G of order 16 that acts on the set of pairs 
(u, v) of unequal elements of G4 such that if (u, v) and (w’, v’) are in the 
same G-orbit (in which case we say that they are equivalent), then there is a 
simple bijection between G,,(u, v) and G,(w’, v’) (for all n). Namely, iden- 
tifying a permutation with the corresponding permutation matrix, the orbit of 
(u, v) is obtained by possibly interchanging u and v, and then doing a simul- 
taneous dihedral symmetry of the square matrices u and v. There are then ten 
inequivalent pairs (u, v) € G4 x Gz, for which #G,,(u, v) = r,-1, namely, 
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6.40. 


(1234, 1243), (1243, 1324), (1243, 1342), (1243, 2143), (1324, 1342), (1342, 
1423), (1342, 1432), (1342, 2341), (1342, 3142), and (2413, 3142). 


. fz—, 18 the number of permutations w = w)w2---w, of [nm] with the fol- 


lowing property: It is possible to insert the numbers w 1, ... , Wy, in order into 
a string, and to remove the numbers from the string in the order 1, 2,..., 7. 
Each insertion must be at the beginning or end of the string. At any time we 
may remove the first (leftmost) element of the string. (Example: w = 2413. 
Insert 2, insert 4 at the right, insert 1 at the left, remove 1, remove 2, insert 3 
at the left, remove 3, remove 4.) 


. Tr, is the number of sequences of length 2” from the alphabet A, B, C such 


that: (i) for every 1 <i < 2n, the number of A’s and B’s among the first 7 
terms is not less than the number of C’s, (ii) the total number of A’s and B’s 
is m (and hence the also the total number of C’s), and (iii) no two consecutive 
terms are of the form CB. 


. Tn—1 is the number of noncrossing partitions (as defined in Exercise 3.68) 


of some set [k] into n blocks, such that no block contains two consecutive 
integers. 


. Sp 1s the number of graphs G (without loops and multiple edges) on the vertex 


set [n + 2] with the following two properties: (a) All of the edges {1, 7 + 2} 
and {i,i + 1} are edges of G, and (8) G is noncrossing, i.e., there are not 
both edges {a, c} and {b, d} witha < b <c < d. Note that an arbitrary 
noncrossing graph on [n + 2] can be obtained from those satisfying (a)-(B) 
by deleting any subset of the required edges in (a). Hence the total number 
of noncrossing graphs on [n + 2] is 2”*+?s,,. 


. T,-1 is the number of reflexive and symmetric relations R on the set [nm] such 


that ifi Rj withi < j, then we never have uRv fori <u < j < v. 


. Tn—| is the number of reflexive and symmetric relations R on the set [] such 


that if i Rj withi < j, then we never have uRv fori <u<j <v. 


. Tn—1 is the number of ways to cover with disjoint dominos (or dimers) the 


set of squares consisting of 2i squares in the i-throw forl1 <i<n—l, 
and with 2(m — 1) squares in the n-th row, such that the row centers lie on a 
vertical line. See Figure 6-9 for the case n = 4. 


[3—] Let a, be the number of permutations w = w,W2--+ Wy € G,, such that 
we never have wji; = w; + 1,e.g., aq = 2, corresponding to 2413 and 3142. 


Figure 6-9. A board with r; = 22 domino tilings. 
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Equivalently, a, is the number of ways to place n nonattacking kings onann xn 
chessboard with one king in every row and column. Let 


A(x) = ae 


n>0 


= L+x+ 2x44 14x° + 90x® + 646x7 + 5242x8 4... 


Show that A(x R(x)) = inno 21x” := E(x), where 


1 
RG= ) 7,3" _ Ps —x-—vV1~6x+x?), 


n>0 


the generating function for Schréder numbers. Deduce that 


>», x(1 — x) 
A(x) = (2 oar: ) : 


6.41. [3] A permutation w € G, is called 2-stack sortable if S*(w) = w, where S is 
the operator of Exercise 6.19(ii). Show that the number §(n) of 2-stack sortable 
permutations in G,, is given by 


2(3n)! 
(n+ 1)!(QQn+1)! 


6.42. [2] A king moves on the vertices of the infinite chessboard Z x Z by step- 
ping from (i, 7) to any of the eight surrounding vertices. Let f(n) be the num- 
ber of ways in which a king can walk from (0,0) to (”, 0) in n steps. Find 
F(x) = dos9 f(m)x", and find a linear recurrence with polynomial coeffi- 
cients satisfied by f (7). 


6.43. a. [2+] A secondary structure is a graph (without loops or multiple edges) on 
the vertex set [”] such that (a) {i, i+ 1} isanedge for all 1 < i <n—1,(b) for 
all i, there is at most one j such that {i, j} is anedge and |j —i| 4 1, and(c) 
if {i, 7} and {k, /} are edges withi < k < j,theni </ < j. (Equivalently, 
a secondary structure may be regarded as a 3412-avoiding involution (as in 
Exercise 6.19(kk)) such that no orbit consists of two consecutive integers.) 
Let s(n) be the number of secondary structures with n vertices. For instance, 
s(5) = 8, given by 


S2(n) = 


PEE, Ise gee Ge 


Let S(x) = en s(n)x™” = l+xt+ x? + 2x3 + 4x4 + 8x9 + 17x® + 
37x7 + 82x8 + 185x° + 423x!9 + .... Show that 


xe —~xt1l—VJ1l— 2x — x2 —2x34+x4 


2G) = 2x2 
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1 2 3 4 


Figure 6-10. A Catalan triangulation of the Mibius band. 


b. [3—] Show that s(7) is the number of walks in n steps from (0, 0) to the 
x-axis, with steps (1, 0), (0, 1), and (0, —1), never passing below the x-axis, 
such that (0, 1) is never followed directly by (0, —1). 

6.44. [3—] Define a Catalan triangulation of the Mobius band to be an abstract simpli- 
cial complex triangulating the Mébius band that uses no interior vertices, and has 
vertices labeled 1, 2, .. . , in order as one traverses the boundary. (If we replace 
the Mobius band by a disk, then we get the triangulations of Corollary 6.2.3(vi) 
or Exercise 6.19(a).) Figure 6-10 shows the smallest such triangulation, with 
five vertices (where we identify the vertical edges of the rectangle in opposite 
directions). Let MB(n) be the number of Catalan triangulations of the Mobius 
band with 7 vertices. Show that 


>_ MB(n) n x°[(2 = Sx — 4x7) + (—2 +x + 2x?)V/1 = 4x] v1 ~ 4x] 
ce Oa = 4x + 2x? + (1 — 2x = 4 


x> 4+14x° 4 113x7 + 720x8 + 4033x° + 20864x194 ---. 


6.45. [3—] Let f(n) be the number of nonisomorphic n-element posets with no 3- 
element antichain. For instance, f(4) = 10, corresponding to 


YAND 
<> MN EI 


Let F(x) = Yiysg f(m)x" = 14+ x + 2x? + 4x3 + 10x4 + 26x9 + 75x° + 
225x7? + 711x8 + 2311x9 + 7725x!9 + ---. Show that 
4 


ee ee oe ee eee ee 


6.46. a. [3+] Let f(n) denote the number of subsets S of N x N of cardinality ” 
with the following property: If p € S then there is a lattice path from (0, 9) 


F@)= 
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to p with steps (0, 1) and (1, 0), all of whose vertices lie in S. Show that 


ein T+x 
Dd, fms =5(, 1 = 3% 7 


n>1 


=x + 2x? + 5x3 + 13x44 35x5 + 96x% + 267x7 
+750x8 + 2123x? + 6046x 19 +..-. 


b. [3+] Show that the number of such subsets contained in the first octant 
0 < x < y isthe Motzkin number M,,_ | (defined in Exercise 6.37). 


6.47. a. [3] Let P, be the Bruhat order on the symmetric group G, as defined in 
Exercise 3.75(a). Show that the following two conditions on a permutation 
w € G,, are equivalent: 
(1) The interval (0, w] of P,, is rank-symmetric, i.e., if p is the rank function 
of P,, (so p(w) is the number of inversions of w), then 


#{u € [0, w]: pu) = i} = Hu € (0, w): p(w) — p(u) = i}, 


for allO <1 < p(w). 
(ii) The permutation w = w ,w2--- w, is 4231 and 3412-avoiding, Le., 
there do not exista <b <c <d such that wg < wy < W,. < Wg OF 
We < Wd < Wa < Wh. 
b. [3—] Call a permutation w € G,, smooth if it satisfies (1) (or (41)) above. Let 
f(n) be the number of smooth w € G,,. Show that 


1 
dL fins" See 

n>0 1—x — ae Creer ears ~~ 1) 
Ltxt+2x? + 6x? + 22x74 + 88x° + 366x° 
+ 1552x7 + 6652x° + 28696x? +--+, 


where C(x) = (1 — V1 - 4x)/2x is the generating function for the Catalan 
numbers. 


6.48. [3] Let f(m) be the number of 1342-avoiding permutations w = w)W2--- Wn 
in G,, 1.e., there do not exista < b <c <d suchthat wz, < wg < Wy < We. 


Show that 
x fone" 32x 
nx” = —— 
re 1+ 20x — 8x2 —(1 — 8x)j3/2 


L+x + 2x? + 6x? + 23x4 + 103x° + 512x° 
+2740x7 + 15485x8 +.-.. 


6.49. a. [3—] Let B, denote the board consisting of the following number of squares 
in each row (read top to bottom), with the centers of the rows lying on a 
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Figure 6-11. A board with D(3, 3) = 63 domino tilings. 


vertical line: 2, 4, 6,..., 2(n — 1), 2m (three times), 2(7 — 1), ..., 6, 4, 2. 
Figure 6-11 shows the board B;. Let f(m) be the number of ways to covel 
B,, with disjoint dominos (or dimers). (A domino consists of two squares 
with an edge in common.) Show that f(7) is equal to the central Delannoy 
number D(n, n) (as defined in Section 6.3). 

b. [3—] What happens when there are only two rows of length 21? 


6.50. [3] Let B denote the “chessboard” N x N. A position consists of a finite subset S 
of B, whose elements we regard as pebbles. A move consists of replacing some 
pebble, say at cell (i, 7), with two pebbles at cells (i + 1, 7) and @, 7 + 1), pro- 
vided that each of these cells is not already occupied. A position S is reachablc 
if there is some sequence of moves, beginning with a single pebble at the cell 
(0, 0), that terminates in the position S. A subset T of B is unavoidable if every 
reachable set intersects T. A subset T of B is minimally unavoidable if T is 
unavoidable, but no proper subset of T is unavoidable. Let u(m) be the numbel! 
of n-element minimally unavoidable subsets of B. Show that 


Satna" _ pda 3 + x?)J/T — 4x —14+5x —x? - 6x7 
ro 1—7x + 14x? — 9x3 


= 4x? + 22x® + 98x? + 412x® + 1700x? 
+ 6974x!° + 28576x!!4..., 


6.51. [3+] Let E,, denote the expected number of real eigenvalues of a random n X !. 
real matrix whose entries are independent random variables from a standarc 
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(mean zero, variance one) normal distribution. Show that 


ye RLS eA 2 2x) 
> Enx = ; 
& (=x +x) 


6.52. [2] Let b, be the number of ways of parenthesizing a string of n letters, subject to 
a commutative (but nonassociative) binary operation. Thus for instance bs = 3, 
corresponding to the parenthesizations 

x? +x? x-(x <n) x(x? . x’), 


2 


(Note that x? is unambiguous, since x - x* = x?- x.) Let 


B(x) = oe 


n>1 
=x tx7 4x3 42x44 3x5 4 6x 4 1127 
+23x8 + 46x? +. 98x19 +... 
Show that B(x) satisfies the functional equation 
B(x) = x + 5 B(x) + 4 B(x”). (6.61) 
6.53. [2—] Let n € P, and define 
f(n) = 1+ 25+---+4a1. 
Find polynomials P(x) and Q(x) such that 
f(a +2) = Pla)fin+1)+ Q(a)f(n) 
for alln > 1. 
6.54, a. [2] Fix r © P, and define 


soa) a 
2, 


Show that the function S“ is P-recursive (as a function of n). More generally, 
if d € Pis also fixed, let 


r 
gid) — ( y ) 
a ) 
ayte-tag=n \Gls +++ Od 


aqeéeNn 


Then S“® is P-recursive. 
b. [3—] Show that 


si 289 S90 


(n+1)S@, —(4n +2)S@ = 0 


(n+ 1S), — On? +n + 2)S9 — 8r?S, = 0 


(n+ 1S , —2(6n3 + 9n? + 5n + 1I)S —(4n + 1)4n)(4n— DS, = 0. 
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c. [3] Show that in fact so satisfies a homogeneous linear recurrence of order; 
| + | with polynomial coefficients. 

6.55. a. [3] A Baxter permutation (originally called a reduced Baxter permutation) is 
a permutation w € G,, satisfying: if w(r) = i and w(s) = i + 1, then there 
isak; betweenr ands (i.e.,7 <k; < sors <k; < r)such that w(t) <j if 
t is betweenr and k;, while w(t) > i+ lifk; +1 <t<sors <t <kj—}, 
For instance, all permutations w € G4 are Baxter permutations except 2413 
and 3142. Let B(n) denote the number of Baxter permutations in G,,. Show 
that 


nt i\ 7) nti1\ 1 Sing l\ (nti\(nt1 
Bin) = . 6.62 
m=) Cr) LOC Veni) 6 
b. [2+] Deduce that B(n) is P-recursive. 


c. [3—] Find a (nonzero) homogeneous linear recurrence with polynomial co- 
efficients satisfied by B(n). 


6.56. a. [3] An increasing subsequence of length j of a permutation w = 
W 1 W2+''W, © Gy, is a sequence w;, Wi, +++ Wi, such that i) < in < 
- < tj and wi, < Wi, <--> < wi. Fixk € P. Let A,(n) denote the 
number of permutations w € G,, that have no increasing subsequence of 
length k. Show that the function A, is P-recursive. 
b. [5] Show that the numbers A,4)(7) satisfy a recurrence of the form 


Lk/2] 
>> piln)Ansi(n — i) = 0, (6.63) 
i=0 
where p;(7) is a polynomial of degree at most k with the following additional 
properties: 


(i) 


Lk/2] 
pon) = [In tik -aP. 


i=] 


(ii) For 2 <i < [k/2] + 1 we have 


i-l 
pi(n) = gi(n) | [m - 7, (6.64) 


j=l 


where q;(n) is a polynomial of degree at most k — 21. 

(iii) The polynomials g;(”) of (6.64) are such that the recurrence (6.63) is 
true with the unique initial condition A;,4)(0) = 1. 

(iv) If k = 2m + 1 then the leading coefficient of g;(n) is the coefficient of 
z' in the polynomial 


[Ju -@7 +1721. 


j=0 


6.57. 


6.58. 


6.59. 


6.60. 


6.61. 


6.62. 


6.63 
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c. (5] Fix a permutation u € G,. Let A,(m) denote the number of u-avoiding 
permutations w € G,,, as defined in Exercise 6.39(1). Is A, P-recursive? 


[3—] Let f(n) for n € N satisfy a homogeneous linear recurrence relation of 
order d with constant coefficients over C, i.e., 


ftntd)+ajfintd—1)+--:+agf(n) =0, (6.65) 


and suppose that f satisfies no such recurrence of smaller order. What is the 
smallest order of a (nonzero) homogeneous linear recurrence relation with poly- 
nomial coefficients satisfied by f? (The answer will depend on the recurrence 
(6.65), not just on d.) (Example: If f(n) = n, then f satisfies f(n + 2) — 
2f(n+1)+ f(™) = 0 (constant coefficients) andnf(n+1)—(n+1)f(n) = 0 
(polynomial coefficients).) 


[2+] Consider the homogeneous linear equation (6.34), where P.(n) 4 0 and 


the ground field K has characteristic 0. Let V be the K-vector space of all 
solutions f : N —> K to (6.34). Show that 


e<xdimV<e+m, (6.66) 


where m is the number of distinct zeros of P,(n) that are nonnegative integers. 
Show that for fixed e and P,(n), any value of dim V in the range given by (6.66) 
can occur. 


[3—] Show by direct formal arguments that the series sec x and ./log(1 + x?) 
are not D-finite. Hence the reciprocal and square root of a D-finite series need 
not be D-finite. 


[3+] Let y € C[[x]] be D-finite with y(0) 4 0. Show that 1/y is D-finite if 
and only if y’/y is algebraic. 

[3+] Let F(x1,...,%m) = aa f(a&)x” be a rational power series over the 
field K. Show that 


diag(F’) := a f(n,...,n)t” 
n>0 

is D-finite. 

[3] Let y € Cag[[x]]. Thus by Theorem 6.4.6, y satisfies a homogeneous lin- 
ear differential equation with polynomial coefficients. Show that the least order 
of such an equation is equal to the dimension of the complex vector space V 
spanned by y and all its conjugates. (Example: Suppose y2 = R(x) € C(x), 
where y*? — R(x) is irreducible over C(x). The conjugates of y are given by Cy, 
where ¢¢ = 1. Hence y and all its conjugates span a one-dimensional vector 
space, and equation (6.37) gives the differential equation of order one satisfied 
by y.) 


. a. [5] Suppose that y = >.) ax” € C[[x]] is D-finite. Define x :C > Z 
by 
1, a0 
Aes fe a=0. 


Is )° 59 X(Gn)x" rational? This question is open even if y is just assumed 
to be algebraic; for the case when y is rational see Exercise 4.3. 
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6.64. 


6.65. 


6.66. 


6.67. 


6.68. 
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b. [3] Show that (a) is false if y is assumed only to satisfy an algebraic dif- 
ferential equation (ADE), i.e., there is a nonzero polynomial f(x, x2, .. 
Xa42) € C[x1, x2,...,%g42] such that f(x, y, y’, y”,..., ¥) =0. 

c. [5] Suppose that y satisfies an ADE and y ¢ C[x]. Can y be more than 
quadratically lacunary? In other words, if y = }°d;x"/, can one have 
lim;_,90 i7/nj = 0? 


wed: 


a. [2] Let x and y be noncommuting indeterminates. Show that the following 
identity is valid, in the sense that the formal series represented by both sides 
are the same. 


(l+x)1—yxy'd+y)=(+y(l—xy) +x). (667) 


b. [3—] Is equation (6.67) valid in any associative algebra with identity for 
which both sides are defined? 

c. [3] Even more generally, let R be the ring obtained from the noncommuta- 
tive polynomial ring K (x;,...,x,) by successively joining inverses of all 
elements whose series expansion has constant term 1. Let w be the homomor- 
phism from R to the ring K ((x,, ..., Xn)) that replaces a rational “function” 
by its series expansion. Is @ one-to-one? 


a. [2+] Verify the statement preceding Definition 6.5.3 and in Example 
6.6.2 that the series }°,,., x” y” is not rational. 

b. [3—] More generally, suppose that S € Kyat ({X)}). Let supp(.S) be defined as 
in Definition 6.6.4. Show that there is a p € P such that every z € supp(S) 
of length at least p can be decomposed as z = uvw where v # 1 and 
{uv"w :n > 0} M supp(S) is infinite. 

c. [3] Let L © X* bea language. Show that L is rational (as defined in Defin1- 
tion 6.6.4) if and only if there is a p € P satisfying the following condition: 
Every word x € X* of length p can be decomposed as x = uvw, where 
v # 1 and, for all y € X* andalln € N, we have that xy € L if and only 
ifuv"wy € L. 

[2+] Let S, 7 € K((X)) be rational series. Show that the Hadamard product 

S * T (as defined in Section 6.6) is also rational. 

[2] Let b > 2. Ifn = i,b* +---+ i,b + ig is the base b expansion of n (with 

ix > 0), then associate with n the word w(n) = xj, «+ x;,Xig in the alphabet 

X = {xo,..., xp-i}- Let S = )°,.) nw(n), the generating function for base b 

expansions of positive integers. For instance, if b = 2 then 


S =x, + 2x ;xo + 3x7 + Ax 1x2 + 5x,xXoxX1 + 6x 7x9 + Tx? 5 
1 0 


Show that S is rational. 


[3+] Let (W, S) be a Coxeter group, i.e., W is generated by S = {s),..., Sn} 
subject to relations s? = 1, (s;5;)"% =1 for alli < j, where m;; > 2 (possibly 
mj; = 00, meaning there is no relation (sjsj)""” = 1). A word xj, Xj, -+ + Xi, in 
the alphabet X¥ = {x,,..., x,} is reduced if there is no relation 5;,5;,---5;, = 
Sj,S jy °++5j, in W with q < p. Show that the set of reduced words is a rational 
language, as defined in Definition 6.6.4. 


a 


6.69. 


6.70. 


6.71. 


6.72. 


6.73. 


6.74. 


6.1. 
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(3—] Let A be a finite alphabet. Given u, v € A*, define u < vif u is asubword 
of v. Write u@ v for elements of the direct product A* x A*. Show that the series 
es u ® v, and hence the language {u @ v € A* x A*:u < v}, is rational. 


[1] Find explicitly the solution (R,, Rz) to the proper algebraic system 


Z= yz is Zz 
Z2 = 22X21 + 2122. 

[2] Let X be a finite alphabet. Show that the set Kajg ((X}) of all algebraic series 

in X forms a subalgebra of K (X)). Moreover, if u € Kaig (X)) and u! exists, 

then u~! € Kap ((X)). 

a. [3—] Let L € Kaig((X)) be an algebraic language, as defined in Defi- 
nition 6.6.4. Show that there is a p € P such that every z € L of length at 
least p can be decomposed as z = uuwxy where vx # 1 and {uv"wx"y: 
n > 0} 1 L is infinite. 

b. [1+] Deduce from (a) that yer x” y"z" is not algebraic. 

a. [2+] Let S = >’ w, summed over all words w € {x, y}* with the same 
number of x’s as y’s. Thus 


2n oe 1 
w= > (7) Y= SS 


where ¢ is the “abelianization” operator. Show that S is algebraic. 
b. [5—] What is the least number of equations in a proper algebraic system for 
which § — 1 is a component? 


[3—] Let x;, ..., x, be noncommuting indeterminates. Let f(n) be the constant 
term of the noncommutative Laurent polynomial (x; + x, Meret Xe +x, I y’. 
Show that 


2k —1 
SY) fay" = ———————, 
ee k—-14+k/1 —4Qk - 1)? 


as Stated in Example 6.7.3. 


Solutions to Exercises 


One way to proceed is as follows. Suppose that e* is algebraic of degree d, and 
let 


Py(x)e%* + Py_i(x)e4-* +--+ + Po(x) = 0, (6.68) 


where P;(x) € C[x], and deg P4(x) is minimal. Differentiate (6.68) with respect 
to x and subtract equation (6.68) multiplied by d. We get the equation 


(Pi ~d Po) +{Pi —(d —1)Pyle* +--+ + (Py — Pa-ve™ + Pje™ =0, 


which either has degree less than d or else contradicts the minimality of deg Pa. 
For a less straightforward but also less ad hoc solution, see Exercise 6.2. 
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6.2. a. This result is known as Eisenstein’s theorem. For a proof and additional] 


6.3. 


references, see G. Pélya and G. Szegé, Problems and Theorems in Analysis, 
vol. II, Springer-Verlag, New York/Berlin/Heidelberg, 1976 (Part 8, Ch. 3. 
§§2-3). 
b. Easy from (a). 
It follows from a theorem of R. Jungen [40] that if y = }° a,x" € C[[x]] is 
algebraic and a, ~ cn’a” for some constants 0 #c € C,0 > r € R, and 
O4a€C,thenr=s+ 5 for some s € Z. Since by Stirling’s formula 
( a ) ~ cn™a” and (2)? ~ dn=! B", the proof follows. 


nnn 
For another proof that y, and y2 aren’t algebraic, we use the Gaussian hyper- 


geometric series 


nn-l . . 
F(a,b,c;x)= > as I] Regus Cay 
n>0* i=0 Cord 
It is easy to see that y,) = F(}, $,1;27x) and yp = F($, 4, 1; 16x). It was 
determined by H. A. Schwarz, J. Reine Angew. Math. 75 (1873), 292-335; Ges. 
Math. Abh. Bd. II, Chelsea, New York, 1972, pp. 211-259, for exactly what 
parameters a, b, c is F(a, b, c; x) algebraic. From this result it follows that y; 
and y2 aren’t algebraic. Alternatively, we could use a result of T. Schneider, 
Einfithrung in die Tranzendenten Zahlen, Springer, Berlin, 1957, which implies 
that y)(x) and y2(x) take nonalgebraic values (over Q) when x 4 0 is algebraic. 
Since it is easy to see that algebraic power Series with rational coefficients satisfy 
a polynomial equation with rational coefficients, it follows that y; and y2 aren’t 
algebraic. For yet another proof that y, isn’t algebraic (due to J. Rickard), see G. 
Almkvist, W. Dicks, and E. Formanek, J. Algebra 93 (1985), 189-214 (p. 209). 

Finally, in the paper C. F Woodcock and H. Sharif, J. Algebra 121 (1989), 
364-369, appears a clever proof that z:= }-,..o (2 yx" isn’t algebraic for any 
t € N,t > 1. (The asymptotic method of the first proof above works only for 
even ft.) They use the fact that z is algebraic in characteristic p > 0 (for which 
they give a direct proof, though one could also use Exercise 6.11) and show that 
the degree of z over F,(x) is unbounded as p — 00. From this it follows easily 
that z is not algebraic. Woodcock and Sharif show that some similar series are 
not algebraic by the same technique. 

In general it seems difficult to determine whether some “naturally occurring” 
power series y is algebraic. If y is D-finite and one is given the linear differential 
equation D of least degree with polynomial coefficients that y satisfies, then a de- 
cision procedure for deciding whether y is algebraic (in which case all solutions 
to D are algebraic) was given by M. F. Singer, in Proceedings of the 1979 Queens 
University Conference on Number Theory, Queens Papers in Pure and Applied 
Mathematics 54, pp. 378-420. (The problem had been almost completely solved 
by Boulanger and Painlevé in the nineteenth century, as discussed in the previous 
reference.) Singer has improved and generalized his result in several papers; for 
a brief discussion and references see his paper in Computer Algebra and Differ- 
ential Equations (E. Tournier, ed.), Academic Press, New York, 1990, pp. 3-57. 


. Let K be the algebraic closure of F,,, the finite field of order p. Then the equa- 


tion y? — y — x7! has no solution that belongs to K((x)), as may be seen by 


6.5. 


6.6. 
6.7. 


6.8. 
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considering the smallest integer VN > 0 for which y € K((x))[x'/")]. This ex- 
ample is due to Chevalley [12, § IV.6]. Subsequently S. Abhyankar, Proc. Amer. 
Math. Soc. 7 (1956), 903-905, gave the factorization 


-1 
ices need -fI(>-. Diag 


i=0 j21 


Using this example Men-Fon Huang, Ph.D. thesis, Purdue University, 1968, 
constructed a “generalized Puiseux field” A(p) containing an algebraic closure 
of K((x)). Further properties of A(p) were developed by S. Vaidya, Illinois J. 
Math. 41 (1997), 129-141. Another example of an equation with no solution in 
K fra((x)) is mentioned by Cohn (17, p. 198] and attributed to M. Ojanguren. 


Let 71, .-., 4a be the roots of P, so by Proposition 6.1.8 we have m1,..., qa € 
K**[[x]]. Suppose 7; = > ,.9 @nx”/", where degx (xj = N (so N = cs for 
some 5). Let ¢ be a primitive N-th root of unity, and set i = paee acral! 
for 0 <k < N. Thus disc P(y) is divisible by [loca <pew_1 (0 — 0°)’ 
Each i _ 0 has zero constant term and hence is divisible by x | so 
the product is divisible by (x!/%)?G) = x%-!. The stated result follows 
easily. 
Follows easily from Exercise 1.37(a). 
Yes. If u satisfies the polynomial equation P(x,u) = 0, then u‘~”) satisfies 
Paul», x)=0. 
a. The discriminant of a polynomial F(y) is 0 if and only if F(y) and F’(y) 

have a common nonconstant factor. If F(y) = ay? + by +c, then 

dF(y) — yF'(y) = b(d — Dy + cd. 


Assume c + 0. (Otherwise the problem is easy.) Then disc F(y) = 0 if and 
only if F’(y) is divisible by b(d — 1)y + cd, i-e., F’(—cd/b(d — 1)) = 0. 
This leads to the condition 


dtact 4+. (-1)4-(d — 1)77!b? = 0, 


and a simple normalization argument yields equation (6.7). 
A somewhat different approach is the following. It is easily seen that for 
any polynomial G(y) = ay4 +--+. = a(y — yi)---(y — ya), we have 


disc G = (—1)@atG'(y) -- (ya). (6.69) 
Letting G(y) = F(y), we see that F’(y;) = adyt"! + b, so y;F'(yi) = 
ady( + by; = d(—by; — c) + by; = b(1 — d)y; — cd. Hence 
d 
b( —d)y; — cd 
disc F = (—)@a4-? I] aoe 
i=l i 


4) jid-2 b4(d — 1)4a~! F(cd/b(1 — d)) 
(—1)4a-!c , 


ee ean. 
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which by routine manipulation becomes (6.7). This result appears in G, 
Salmon, Lectures Introductory to the Modern Higher Algebra, Dublin, 1885, 
reprinted by Chelsea, New York, 1969, and E. Netto, Vorlesungen liber Alge- 
bra, Teubner- Verlag, Leipzig, 1896, though it may go back earlier. See also 
[28, Ch. 12, (1.38)]. 

b. Let 


1 
P=—+ tee $x+1 => —(% — x})--- (4 — x,). 
ni (n — 1)! ni 


Then P = x"/n! + P’, so by (6.69) we have 


disc P = (-1)@n)-@-2 I] (Pe = 9 
i=l Nn. 


i=] 


= (—1)Q)n1-@- (yn (1) 


= (1902) ny-22( 1"n ty" 
= (-NOpr 9), 


This result follows from a more general result of D. Hilbert, J. Reine Angew. 
Math. 103 (1888), 337-345, though as in (a) it may have been known earlier. 
See also [28, Ch. 12, (1.42)]. 


6.9, a. Let x, denote Hadamard product with respect to x only, and let diag denote 


the diagonal (in the variable y) with respect to the variables y, and yo. It is 
clear that 


Fx G = diag(F'(x, y1) * F(x, y2)). (6.70) 


Now F(x, y,) and F(x, yz) are both rational series in x over the field 
K(y1, y2), So by Proposition 4.2.5 we have 


F(x, v1) *x FX, y2) € K(y1, ya(x) = K(x), yo). 


Then by Theorem 6.3.3, diag(F(x, y1) *, F(x, y2)) is algebraic over 
K(x)(y) = K(x, y), as desired. ; 

An explicit statement of the result of this exercise first appears in C. F. 
Woodcock and H. Sharif, J. Algebra 128 (1990), 517-527 (Thm. 5.1), who 
give a more complicated proof than ours. For the case when char K > 0, see 
Exercise 6.11. 

b. Write *; for Hadamard product with respect to x;, and *;; for Hadamard 
product with respect to x; and x;. Since (1—x — yy !=)> ae Fea 
it is easy to see that 


1 1 
ies | ee a (8) 
1 — xXx) — Xx 
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By successive applications of Proposition 4.2.5, the expression within brack- 
ets is rational, so by (a) we have that F; is algebraic. 
c. By (6.70) we need to compute 


Now 
1 1 1 1 
Se ee YS ee 
tema ye lege Ta oe 
Hence 
1 l 1 
Pat Pa On ee a Se) 
[=a bx j= 
a eee 1 
S fae jae! 
l~x 


Now apply Exercise 6.15 to obtain 


1 1 


Va-x+yP—4y fx y= ary 


By similar reasoning we obtain 


1 
Jd —x —y—2* —4xyz 


The results of (b) and (c) are due to L. Carlitz, SIAM Review 6 (1964), 20-30, 
essentially by the same methods as here. Carlitz did not appeal to (a) directly to 
show (b), but rather found an explicit (though based on a recurrence) formula 
for F,. In particular, Fy, = Pp * where P, is a polynomial in x), ..., Xx. 
(This result can also be obtained by a careful analysis of equation (6.71)). For 
further information and references related to the “cyclic binomial sums” of 
the type considered here, see V. Strehl, in Séries Formelles et Combinatoire 
Algébrique (P. Leroux and C. Reutenauer, eds.), Publ. du LACIM, vol. 11, 
Univ. du Québec 4 Montréal, 1992, pp. 363-377. 


6.10. The series y is just the diagonal of 


i= 


—m 


q nu-—m nn 
TAREE Warsi y q P(q)t’,~ 
1—qPq@)t "SS 


so the proof follows from Theorem 6.3.3. (Technically speaking, Theorem 6.3.3 
does not apply because we are dealing with a Laurent series and not a power 
series, but the proof goes through in exactly the same way.) A somewhat more 
general result was proved by G. Pélya [53]. 
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6.11. a. This result is due to H. Sharif and C. F. Woodcock, J. London Math. Soc. (2) 
37 (1988), 395-403 (p. 401). 

b. Let G = 1/(1 — x1 --- xx). By (a), F * G is algebraic over K(x1,..., x,). 
Now F « G = (diag F’)(x, - - -x,) (the diagonal of F inthe variable x, - - - x; ), 
From this it is not hard to deduce that (diag F’)(x) is algebraic over K(x). 
See ibid., Thm. 7.1, for the details. 

This result was first proved by P. Deligne, Invent. Math. 76 (1983), 129- 
143, using sophisticated methods. Another elementary proof (in addition to 
the one of Sharif and Woodcock just sketched) appears in J. Denef and L. Lip- 
shitz, J. Number Theory 26 (1987), 46-67 (Prop. 5.1). Earlier it was shown 
by H. Furstenberg [25] that the diagonal of a rational power series in several 
variables over a field of characteristic p > 0 is algebraic. An interesting 
survey of some aspects of power series in characteristic p (as well as some 
results valid in characteristic 0), including connections with finite automata, 
appears in L. Lipshitz and A. J. van der Poorten, in Number Theory (R. A. 
Mollin, ed.), de Gruyter, Berlin/New York, 1990, pp. 340-358. 

Note that (a) follows from (b), since 


(F * G)(x1,...,X4) = diag, ., ---diagy., FO. - ++. )G(Z1.---. Zk), 


where diag,,., denotes the diagonal with respect to y; and z; in the variable 
x;. Hence (a) and (b) are essentially equivalent (as noted by J.-P. Allouche. 
Sém. Théor. Nombres Bordeaux (2) 1 (1989), 163-187). 


6.12. Let ¢ be a new indeterminate, and write xt for the variables x,t, ..., Xf, and 
similarly for yr. Let * denote the usual Hadamard product with respect to the 
variable t. We may regard the series F(xt) and G(yt) as rational power series 
in ¢ over the field K(x, y). Moreover, 


F(x)OG(y) = FXt) * GO)a1- 


Now consider Proposition 4.2.5, which is proved for the field K = C. The proof 
actually shows that over any field K, the Hadamard product A x B of rational 
power series A and B in one variable is rational over the algebraic closure of K. 
But since A * B is defined over K, it is easy to see that A * B is in fact rational 
over K. It therefore follows that 


F(xt) * G(yt) € K(@, y(t), 


and the proof follows. A similar argument applies to the case when F is rational 
and G is algebraic, using Proposition 6.1.11. 

The product V was first defined (using a different notation) by S. Bochner 
and W. T. Martin, Ann. Math. 38 (1938), 293-302. The result of this exercis¢ 
was stated without proof by M. P. Schiitzenberger [65, p. 885]. 


6.13. a. The other roots are given by 


ene kn (KW) on afk) 6.72) 
a mth n )e i / 


n>0 


where ¢*—! = 1. By Corollary 6.1.7, it suffices to prove the assertion for 


6.14. 


6.15. 
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= |. Let 


= k-1 l kn/(k—1)\_, 
T=O(x =--L( _ ye 


We need to show that 
kk lek = (re — yk — 1) + 1}. (6.73) 


Applying Example 6.2.7 to the series —(k — 1)t = (1 —k)r (with k replaced 
by k/(k — 1)) gives 


(l—k)r—-1 pd —k)t = 
1+(-5-)d-be “\i+GE-p)a_ee) 
= k=1 
Simple algebraic manipulations show that this equation is equivalent to 
(6.73). Since the k — 1 series (6.72) are all conjugate over C(x) by Corol- 
lary 6.1.7 (or Proposition 6.1.6), either P(y) is irreducible or y = D7 (*")x" 
is rational. It is easy to see [why?] that y can’t be rational, so irreducibility 


follows. 
b. Answer: (—1)@kEE-D key — (& — 1)k-} ]yk-2 


The recurrence relation (6.53) and the values f(i, 0) = 2~' imply that 
(x? — 2x + y)F(x, y) = —2x + H(y) 


for some H(y) € Q{{y]]. The left-hand side vanishes formally when x = 
1—./1 — y,so hence also the right-hand side. Thus H(y) = 2(1— 1 — y), so 


2 == Y) Soe. 2 
eS lee ee LS 
This exercise is due to R. Pemantle. A slightly different result also due to Pe- 
mantle is cited in M. Larsen and R. Lyons, J. Theor. Probability, to appear. 
Let 


Fa,y)= 


F(s,t) = [1 —sf(st) — tg(st) — A(st)\"', 


sO 
1 


Oe ee ea 
diag F = [u"] 1 — uf (x) — = g(x) — A(z) 


0 —u 
— [u ] Pe Lae EE ee ees - 
ur f —(h—l)ju+xg 
The computation now parallels that of Examples 6.3.4, 6.3.8, and 6.3.9 (which 
the present exercise generalizes), yielding 


1 


JU — hy —4xfe- 


A “naive” proof can also be given by generalizing the solution to Exercise 1.5(b). 


diag F = 
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6.17. a. Because of the conditions on S, no S-path can move from one side of the line 


6.18. 
6.19. 


y = x to the other without actually landing on the line y = x. Let P,, be the 
set of all S-paths from (0, 0) to (m, m) that don’t just consist of the single step 
(m, m) and that stay strictly below y = x except at (0, 0) and (m, m). Every 
S-path from (0, 0) to (n, n) is a unique product (juxtaposition) of S-paths of 
the types (i) a single step from S of the form (j, j), (ii) elements of P,, for 
some m, and (ili) reflections about y = x of elements of ?,, for some m. 
Every S-path from (0, 0) to (7, 1) that doesn’t rise above y = x is a unique 
product of S-paths of types (i) and (ii). Hence if P(x) = >°,.)(#Pm)x"", 
then - 
1 1 
ee eee H = ———_.. 
1—K-—2P 1-—K-P 


Eliminating P from these two equations gives H = 2/(1 — K + G~'), as 
desired. 


G 


. We have K(x) = x, while from Exercise 1.5(b) or Example 6.3.8 we have 


G(x) = 1/71 — 6x + x2. Hence 
2 ere wT Ona? 
l-x4+VJ1-6x4+ x2 2x ; 


so by the discussion of Schréder’s second problem in Section 6.2 we have 
h(n) = rp. 


A(x) = 


. It was observed in the discussion of Schréder’s second problem that r,,/2 


(= s,) does indeed count dissections of the appropriate kind. However, this 
observation leads only to a generating function, not combinatorial, proof that 
h(n) = r,. A combinatorial proof was subsequently given by L. W. Shapiro 
and R. A. Sulanke, Byections for the Schréder numbers, preprint. 


See I. M. Gessel, J. Combinatorial Theory (A) 28 (1980), 321-337 (Cor. 5.4). 


It would require a treatise in itself to discuss thoroughly all the known inter- 
connections among these problems. We will content ourselves with some brief 
hints and references that should serve as a means of further exposure to “Catalan 
disease” or “Catalania” (= Catalan mania). One interesting item omitted from 
the list because of its complicated description is the number of flexagons of 
order n + 1; see C. O. Oakley and R. J. Wisner, Amer. Math. Monthly 64 (1957), 
143-154 (esp. p. 152) for more information. 


d. 


Parts a, b, c, h, i, r are covered by Corollary 6.2.3. 

This is covered by Example 5.3.12. Alternatively, do a depth-first search. 
ignoring the root edge, recording 1 when a left edge is first encountered, and 
recording —1 when a right edge is first encountered. This gives a bijection 
with (r). Note also that when all endpoints are removed (together with the 
incident edges), we obtain the trees of (c). 


. This is covered by Example 6.2.8. For a bijection with (r), do a depth-first 


(preorder) search through the tree. When going “down” an edge (away from 
the root) record a 1, and when going up an edge record a —1. For further 
information and references, see D. A. Klarner, J. Combinatorial Theory 9 
(1970), 401-411. 


f. When the root is removed we obtain the trees of (d). See also Klarner, op. ¢l- 
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g. The bijection between parts (i) and (iv) of Proposition 6.2.1 gives a bijection 
between the present problem and (j). An elegant bijection with (e) was given 
by F. Bernhart (private communication, 1996). 

j. Let A(x) = x + x3 + 2x4 + 6x° +--- (respectively, B(x) = x? +23 + 
3x4 + 8x° + ---) be the generating function for Dyck paths from (0, 0) to 
(2n, 0) (n > 0) such that the path only touches the x-axis at the beginning 
and end, and the number of steps (1, —1) at the end of the path is odd (re- 
spectively, even). Let C(x) = 1 +x +2x?+5x3+4 --- be the generating 
function for all Dyck paths from (0, 0) to (2n, 0), so the coefficients are Cata- 
lan numbers by (i). Itis easy to see that A = x(1 + CB) and B = xCA. (Also 
C = 1/(1 — A — B), though we don’t need that fact here.) Solving for A 
gives A = x/(1 — x*C*). The generating function we want is 1 /( — A), 
which simplifies (using 1+xC* = C) to 1+.xC, and the proof follows. 
This result is due to E. Deutsch (private communication, 1996). 

k. This result is due to P. Peart and W. Woan, Dyck paths with no peaks at 
height 2, preprint. The authors give a generating function proof and a simple 
bijection with (i). 

\. The region bounded by the two paths is called a parallelogram polyomino. 
It is an array of unit squares, say with k columns Cj, ..., Cx. Let a; be the 
number of squares in column C;, for 1 <i < k, and let b; be the number of 
rows in common to C; and Cj, for 1 < i < k — 1. Define a sequence o 
of 1’s and —1’s as follows (where exponentiation denotes repetition): 


c= 14! (- [yee {ert (= 127241 123-241 endite 1% Sher l_y . 


This sets up a bijection with (r). For the parallelogram polyomino of 
Figure 6-12 we have (a), ..., a7) = (3, 3, 4, 4, 2, 1, 2) and (b,..., bg) = 


Figure 6-12. A parallelogram polyomino. 


nnn canner eta HeaReH tae 
A ALAA tree 
ieee 
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(3, 2, 3, 2, 1, 1). Hence (writing — for —1) 
o=1l11-—1-——-111—-ll—--—-1-—-1-ll--. 


The enumeration of parallelogram polyominoes is due to J. Levine, Scripta 
Math. 24 (1959), 335-338, and later G. Pélya, J. Combinatorial Theory 6 
(1969) 102-105. See also L. W. Shapiro, Discrete Math. 14 (1976), 83- 
90; W.-J. Woan, L. W. Shapiro, and D. G. Rogers, Amer. Math. Monthly 
104 (1997), 926-931; G. Louchard, Random Structures and Algorithms 11 
(1997), 151-178; and R. A. Sulanke, J. Difference Equations and Applica- 
tions, to appear. For more information on the fascinating topic of polyomino 
enumeration, see M.-P. Delest and G. Viennot, Theoretical Computer Science 
34 (1984), 169-206, and X. G. Viennot, in Séries Formelles et Combinatoire 
Algébrique (P. Leroux and C. Reutenauer, eds.), Publications de Laboratoire 
de Combinatoire et d’ Informatique Mathématique 11, Université du Québec 
a Montréal, 1992, pp. 399-420. 


. Regarding a path as a sequence of steps, remove the first and last steps from 


the two paths in (1). This variation of (1) was suggested by L. W. Shapiro 
(private communication, 1998). 


. Fix a vertex v. Starting clockwise from v, at each vertex write 1 if encounter- 


ing achord for the first time and —1 otherwise. This gives a bijection with (r). 
This result is apparently due to A. Errera, Mém. Acad. Roy. Belgique Coll. 8° 
(2) 11 (1931), 26 pp. See also J. Riordan, Math. Comp. 29 (1975), 215-222, 
and S. Dulucg and J.-G. Penaud, Discrete Math. 17 (1993), 89-105. 


. Cut the circle in (n) between two fixed vertices and “straighten out.” 
P,q- 


These results are due to I. M. Gelfand, M. I. Graev, and A. Postnikov, in The 
Arnold-Gelfand Mathematical Seminars, Birkhauser, Boston, 1997, pp. 205— 
221 (§6). For (p), note that there is always an arc from the leftmost to the 
rightmost vertex. When this arc is removed, we obtain two smaller trees sat- 
isfying the conditions of the problem. This leads to an easy bijection with 
(c). The trees of (p) are called noncrossing alternating trees. 

An equivalent way of stating the above bijection is as follows. Let T be a 
noncrossing alternating tree on the vertex set 1, 2,...,7 + 1 (in that order 
from left to right). Suppose that vertex 7 has r; neighbors that are larger than 
i. Let u; be the word in the alphabet {1, —1} consisting of r; 1’s followed by 
a —1. Let u(T) = uyu2--+Uy41. Then u is a bijection between the objects 
counted by (p) and (r). It was shown by M. Schlosser that exactly the same 
definition of u gives a bijection between (q) and (r)! The proof, however, 
is considerably more difficult than in the case of (p). (A more complicated 
bijection was given earlier by C. Krattenthaler.) 

For further information on trees satisfying conditions (a), (B), and (6) 
(called alternating trees), see Exercise 5.41. 


. Consider a lattice path P of the type (h). Let a; be the area above the x-axis 


betweenx = i—landx = i,andbelow P. This sets upa bijection as desired. 


. Subtract i — 1 from a; and append a one at the beginning to get (s). This result 


is closely related to Exercise 6.25(c). If we replace the alphabet 1, 2,..-, 
2(n — 1) with the alphabet n —1,n — 1,n—2,n —2,...,1,1 (in that 
order) and write the new sequence b, bz,...,b,—; in reverse order in a 
column, then we obtain the arrays of R. King, in Lecture Notes in Physics, 


aa. 


bb. 
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vol. 50, Springer-Verlag, Berlin/Heidelberg/New York, 1975, pp. 490-499 
(see also S. Sundaram, J. Combinatorial Theory (A) 53 (1990), 209-238 (Def. 
1.1)) that index the weights of the (mn — 1)-st fundamental representation of 
Sp(2(n — 1), C). 


. Let b} = a; — aj4; + 1. Replace a; with one 1 followed by b; —1’s for 


1 <i <n (with a,4; = 0) to get (r). 


. Take the first differences of the sequences in (u). 
. Doadepth-first search through a plane tree with n+1 vertices asin (e). When a 


vertex is encountered for the first time, record one less than its number of suc- 
cessors, except that the last vertex is ignored. This gives a bijection with (e). 


. These sequences are just the inversion tables (as defined in Section 1.3) 


of the 321-avoiding permutations of (ee). For a proof see S. C. Billey, 
W. Jockusch, and R. Stanley, J. Alg. Combinatorics 2 (1993), 345-374 (Thm. 
2.1). (The previous reference deals with the code c(w) of a permutation w 
rather than the inversion table /(w). They are related by c(w) = J (w7!). 
Since w is 321-avoiding if and only if w~! is 321-avoiding, it makes no 
difference whether we work with the code or with the inversion table.) 


. If we replace a; by n — a;, then the resulting sequences are just the inversion 


tables of 213-avoiding permutations w (i.e., there does not existi < j <k 
such that w; < w; < w,). Such permutations are in obvious bijection with 
the 312-avoiding permutations of (ff). For further aspects of this exercise, 
see Exercise 6.32. 


. Given a sequence a@),..., 4a, of the type being counted, define recursively 


a binary tree T(a,,..., Qn) as follows. Set T(@) = @. If n > 0, then let the 
left subtree of the root of T(a),...,a,) be T(a@), a2,...,@n,—g,) and the 
right subtree of the root be T(@,~a,41, Gn—a,+2>---> 4-1). This sets up a 
bijection with (c). Alternatively, the sequences a, — 1, @,-; —1,..., a1 —1 
are just the inversion tables of the 312-avoiding permutations of (ff). Let us 
also note that the sequences a), a2, ..., @, are precisely the sequences T(x), 
u € G,, of Exercise 5.49(d). 
If a = a \ay---ax is a word in the alphabet [n — 1], then let w(a) = 
Sa;Sa,°**Sa, © Gn, where s; denotes the adjacent transposition (7,7 + 1). 
Then w(a) = w(b) if a ~ b; and the permutations w(a), as a ranges over 
a set of representatives for the classes B being counted, are just those enu- 
merated by (ee). This statement follows from S. C. Billey, W. Jockusch, and 
R. Stanley, J. Alg. Combinatorics 2 (1993), 345-374 (Thm. 2.1). 
Regard a partition whose diagram fits in an (m —1) x (7 —1) square as an order 
ideal of the poset (n — 1) x (nm — 1) in an obvious way. Then the partitions 
being counted correspond to the order ideals of (ccc). Bijections with other 
Catalan families were given by D. E. Knuth and A. Postnikov. Postnikov’s 
bijection is the following. Let A be a partition whose diagram is contained in 
an(n — 1) x (n — 1) square S. Let x be the lower right corner of the Durfee 
square of A. Let L; be the lattice path from the upper right corner of S to x that 
follows the boundary of 4. Similarly let L2 be the lattice path from the lower 
left corner of S' to x that follows the boundary of A. Reflect Lz about the main 
diagonal of S. The paths L, and the reflection of L2 form a pair of paths as in 
(m). Figure 6-13 illustrates this bijectionforn = 8 andA = (5, 5, 3, 3, 3, 1). 
The path L, is shown in dark lines and L and its reflection in dashed lines. 
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Figure 6-13. A bijection between (ccc) and (bb). 


Remove the first occurrence of each number. What remains is a permutation 
w of [n] that uniquely determines the original sequence. These permutations 
are precisely the ones in (ff). There is also an obvious bijection between the 
sequences being counted and the nonintersecting arcs of (0). 

Replace each odd number by 1 and even number by —1 to get a bijection 
with (r). 

Corollary 7.23.11 shows that the RSK algorithm (Section 7.11) establishes a 
bijection with (xx). See also D. E. Knuth, The Art of Computer Programming, 
vol. 3, Sorting and Searching, Addison-Wesley, Reading, Massachusetts, 
1973 (p. 64). 

The earliest explicit enumeration of 321-avoiding permutations seems to 
be due to J. M. Hammersley, in Proc. Sixth Berkeley Symposium on Math- 
ematical Statistics and Probability, vol. 1, University of California Press, 
Berkeley/Los Angeles, 1972, pp. 345-394. In equation (15.9) he states the 
result, saying “and this can be proved in general.” The first published proof 
is a combinatorial proof due to D. G. Rogers, Discrete Math. 22 (1978), 
35-40. Another direct combinatorial proof, based on an idea of Good- 
man, de la Harpe, and Jones, appears in S. C. Billey, W. Jockusch, and 
R. Stanley, J. Alg. Combinatorics 2 (1993), 345-374 (after the proof of The- 
orem 2.1). A sketch of this proof goes as follows. Given the 321-avoiding 
permutation w = a)a7---a,, define c; = #{j : j > i, wy < wij}. Let 
{ji,---,je}< ={j : cj > 0}. Define a lattice path from (0, 0) to (n, m) as 
follows. Walk horizontally from (0, 0) to (cj, + ji — 1, 0), then vertically 
to (cj, + j1 — 1, ji), then horizontally to (cj, + j2 — 1, j1), then vertically 
to (cj, + jo — 1, jz), etc. The last part of the path is a vertical line from 
(cj, + je — 1, je-1) to (Cj, + je — 1, je), then (if needed) a horizontal line 
to (n, je), and finally a vertical line to (n,n). This establishes a bijection 
with (h). 

For an elegant bijection with (ff), see R. Simion and F. W. Schmidt, Europ. 
J. Combinatorics 6 (1985), 383-406 (Prop. 19). Two other bijections with 
(ff) appear in D. Richards, Ars Combinatoria 25 (1988), 83-86, and J. West, 
Discrete Math. 146 (1995) 247-262 (Thm. 2.8). 


ff. 
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" record a —1. This sets up a bijection with (r). This result is due to D. E. 
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There is an obvious bijection between 312-avoiding and 231-avoiding per- 
mutations, ViZ.,@,a2--:d,t> n+l—a),...,.nt+l—a,n+1—a). 
It is easily seen that the 231-avoiding permutations are the same as those of 
(ii), as first observed by D. E. Knuth [5.41, Exer. 2.2.1.5]. The enumeration 
via Catalan numbers appears in ibid., Exer. 2.2.1.4. References to bijections 
with (ee) are given in the solution to (ee). For the problem of counting permu- 
tations in G,, according to the number of subsequences with the pattern 132 
(equivalently, 213, 231, or 312), see M. Bona, in Conference Proceedings, 
vol. 1, Formal Power Series and Algebraic Combinatorics, July 14—July 18, 
1997, Universitat Wien, pp. 107-118. 

This result appears on p. 796 of D. M. Jackson, Trans. Amer. Math. Soc. 299 
(1987), 785-801, but probably goes back much earlier. For a direct bijective 
proof, it is not hard to show that the involutions counted here are the same 
as those in (kk). 

A coding of planar maps due to R. Cori, Astérisque 27 (1975), 169 pp., when 
restricted to plane trees, sets up a bijection with (e). 

When an element a; is put on the stack, record a 1. When it is taken off, 


Knuth [5.41, Exer. 2.2.1.4]. The permutations being counted are just the 
231-avoiding permutations, which are in obvious bijection with the 312- 
avoiding permutations of (ff) (see Knuth, ibid., Exer. 2.2.1.5). 

Same Set as (ee), as first observed by R. Tarjan, J. Assoc. Comput. Mach. 
19 (1972), 341-346 (the case m = 2 of Lemma 2). The concept of queue 
sorting is due to Knuth (5.41, Ch. 2.2.1]. 


. Obvious bijection with (0). 
. See I. M. Gessel and C. Reutenauer, J. Combinatorial Theory (A) 64 (1993), 


189-215 (Thm. 9.4 and discussion following). 


. This result is due to O. Guibert and S. Linusson, in Conference Proceedings, 


vol. 2, Formal Power Series and Algebraic Combinatorics, July 14 —July 18, 
1997, Universitat Wien, pp. 243-252. Is there a nice formula for the number 
of alternating Baxter permutations of [7m]? 

This is the same set as (ee). See Theorem 6.2.1 of the reference given in (ee) 
to S. C. Billey et al. For a generalization to other Coxeter groups, see J. R. 
Stembridge, J. Alg. Combinatorics 5 (1996), 353-385. 

These are just the 132-avoiding permutations w ---w,, of [n] (i.e., there 
does not existi < j < k such that w; < wy < wy), which are in 
obvious bijection with the 312-avoiding permutations of (ff). This result is 
an immediate consequence of the following results: (i) I. G. Macdonald, 
Notes on Schubert Polynomials, Publications du LACIM, vol. 6, Univ. du 
Québec a Montréal, 1991, (4.7) and its converse stated on p. 46 (due to 
A. Lascoux and M. P. Schiitzenberger), (ii) ibid., eqn. (6.11) (due to Mac- 
donald), (iii) part (ff) of this exercise, and (iv) the easy characterization of 
dominant permutations (as defined in Macdonald, ibid.) as 132-avoiding 
permutations. For a simpler proof of the crucial (6.11) of Macdonald, see 
S. Fomin and R. Stanley, Advances in Math. 103 (1994), 196-207 (Lemma 
2.3). 

See Exercise 3.68(b). Noncrossing partitions first arose in the work of H. 
W. Becker, Math. Mag. 22 (1948-49), 23-26, in the form of planar rhyme 
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schemes, i.e., rhyme schemes with no crossings in the Puttenham diagram, 
defined by G. Puttenham, The Arte of English Poesie, London, 1589 (pp. 
86-88). Further results on noncrossing partitions are given by H. Prodinger, 
Discrete Math. 46 (1983), 205-206; N. Dershowitz and S. Zaks, Discrete 
Math. 62 (1986), 215-218; R. Simion and D. Ullman, Discrete Math. 98 
(1991), 193~206; P. H. Edelman and R. Simion, Discrete Math. 126 (1994), 
107-119; R. Simion, J. Combinatorial Theory (A) 65 (1994), 270-301; R. 
Speicher, Math. Ann. 298 (1994), 611-628; A. Nica and R. Speicher, J. 
Algebraic Combinatorics 6 (1997), 141-160; R. Stanley, Electron. J. Com- 
binatorics 4, R20 (1997), 14 pp. See also Exercise 5.35. 

These partitions are clearly the same as the noncrossing partitions of (pp). 
This description of noncrossing partitions is due to R. Steinberg (private 
communication). 

Obvious bijection with (pp). (Vertical lines are in the same block if they 
are connected by a horizontal line.) As mentioned in the Notes to Chapter 
1, Murasaki diagrams were used in The Tale of Genji to represent the 52 
partitions of a five-element set. The noncrossing Murasaki diagrams corre- 
spond exactly to the noncrossing partitions. The statement that noncrossing 
Murasaki diagrams are enumerated by Catalan numbers seems first to have 
been observed by H. W. Gould, who pointed it out to M. Gardner, leading 
to its mention in [27]. Murasaki diagrams were not actually used by Lady 
Murasaki herself. It wasn’t until the Wasan period of old Japanese mathe- 
matics, from the late 1600s well into the 1700s, that the Wasanists started 
attaching the Murasaki diagrams (which were actually incense diagrams) to 
illustrated editions of The Tale of Genji. 

This result was proved by M. Klazar, Europ. J. Combinatorics 17 (1996), 
53-68 (p. 56), using generating function techniques. 

See R. C. Mullin and R. G. Stanton, Pacific J. Math. 40 (1972), 167—172 
(p. 168). They set up a bijection with (e). They also show that 2n + 1 is the 
largest possible value of k for which there exists a noncrossing partition of 
[k] with n + 1 blocks such that no block contains two consecutive integers. 
A simple bijection with (a) was given by D. P. Roselle, Utilitas Math. 6 
(1974), 91-93. The following bijection with (d) is due to A. Vetta (1997). 
Label the vertices 1,2, ..., 22 + 1 of a tree in (d) in preorder. Define i and 
j to be in the same block of m € May,41 if j is a right child of i. 

Let P, denote the poset of intervals with at least two elements of the chain 
n, ordered by inclusion. Let A, denote the set of antichains of P,. By the 
last paragraph of Section 3.1, #.A,, is equal to the number of order ideals of 
P,,. But P,, is isomorphic to the poset Int(n — 1) of all (nonempty) intervals 
of n — 1, so by (bbb) we have #4, = C,. Given an antichain A € An, 
define a partition x of [n] by the condition that i and j (with i < j) belong 
to the same block of x if [i, 7] € A (and no other conditions not implied 
by these). This establishes a bijection between A, and the nonnesting parti- 
tions of [n]. For a further result on nonnesting partitions, see the solution to 
Exercise 5.44, The present exercise was obtained in collaboration with A. 
Postnikov. The concept of nonnesting partitions for any reflection group 
(with the present case corresponding to the symmetric group G,,) is due to 
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Postnikov and is further developed in C. A. Athanasiadis, On noncrossing 
and nonnesting partitions for classical reflection groups, preprint, 1998. 

vy. IfA=(Aq,..-,An-1) CG (n—1,n—2,..., 1), then the sequences (1, A,_1 
+1,...,A1+1) are in bijection with (s). Note also that the set of Young dia- 
grams contained in(n—1,n—2,..., 1), ordered by inclusion (i.e., the inter- 
val [0, (n—1,n—2,..., 0)] in Young’s lattice, as defined in Exercise 3.63), 
is isomorphic to J (Int(a — 1))*, thereby setting up a bijection with (bbb). 

ww. Given a standard Young tableau T of shape (n,n), define a,a2 ---@2, by 

a; = 1 ifi appears in row 1 of T, while a; = —1 if i appears in row 2. This 
sets up a bijection with (r). See also [7.72, p. 63] and our Proposition 7.10.3. 

xx. See the solution to (ee) (first paragraph) for a bijection with 32 1-avoiding per- 
mutations. An elegant bijection with (ww) appears in [2.15, vol. 1, p. 131] 
(repeated in [7.72, p. 63] Namely, given a standard Young tableau T of 
shape (n, n), let P consist of the part of T containing the entries 1, 2, ..., 1; 
while Q consists of the complement in T of P, rotated 180°, with the entry 
i replaced by 2n + 1 — 1. See also Corollary 7.23.12. 

yy. Let b; be the number of entries in row i that are equal to n — i + 1 (so 
b, = 0). The sequences by, + 1, bn-1 +1,..., bj + 1 obtained in this way 
are in bijection with (s). 

zz. This result is equivalent to Prop. 2.1 of S. C. Billey, W. Jockusch, and R. 
Stanley, J. Algebraic Combinatorics 2 (1993), 345-374. See also the last 
paragraph on p. 363 of this reference. 

aaa. Obvious bijection with (ww). This interpretation of Catalan numbers ap- 
pears in [3.34, p. 222]. Note also that if we label the elements of 2 x n 
analogously to what was illustrated for n = 3, then the linear extensions 
coincide with the permutations of (dd). 

bbb. There is an obvious bijection with order ideals J of Int (7) that contain every 
one-element interval of n. But the “upper boundary” of the Hasse diagram 
of J “looks like” the Dyck paths of (i). See [3.34, bottom of p. 222]. 

ccc. This result is equivalent to the g =1 case of G. E. Andrews, J. Statist. 
Plann. Inf. 34 (1993), 19-22 (Corollary 1). For a more explicit statement 
and some generalizations, see R. G. Donnelly, Ph.D. thesis, 
University of North Carolina, 1997, and Symplectic and odd orthogonal 
analogues of L(m,n), preprint. For a bijective proof, see the solution to 
(bb). A sequence of posets interpolating between the poset Int(n — 1) of 
(bbb) and A,,_1, and all having C,, order ideals, was given by D. E. Knuth 
(private communication, 9 December 1997). 

ddd. Given a sequence 1 < a, < --- < a, of integers with a; < 1, define 
a poset P on the set {x1,...,X,} by the condition that x; < x, if and 
only if j + Qn4i-; => n+ 1. (Equivalently, if Z is the matrix of the 
zeta function of P, then the 1’s in Z — J form the shape of the Young 
diagram of a partition, rotated 90° clockwise and justified into the upper 
right-hand corner.) This yields a bijection with (s). This result is due to 
R. L. Wine and J. E. Freund, Ann. Math. Statist. 28 (1957), 256-259. See 
also R. A. Dean and G. Keller, Canad. J. Math. 20 (1968), 535-554. Such 
posets are now called semiorders. For further information, see P. C. Fish- 
burn, /nterval Orders and Interval Graphs, Wiley-Interscience, New York, 
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1985, and W. T. Trotter, Combinatorics and Partially Ordered Sets, Johns 
Hopkins University Press, Baltimore/London, 1992 (Ch. 8). For the labeled 
version of this exercise, see Exercise 6.30. 

The lattice J(P) of order ideals of the poset P has a natural planar Hasse 
diagram. There will be two elements covering 0, corresponding to the two 
minimal elements of P. Draw the Hasse diagram of J(P) so that the rooted 
minimal element of P goes to the left of 6 (so the other minimal element 
goes to the right). The “outside boundary” of the Hasse diagram then “looks 
like” the pair of paths in (1) (rotated 45° counterclockwise). 


. These relations are called similarity relations. See L. W. Shapiro, Discrete 


Math. 14 (1976), 83-90; V. Strehl, Discrete Math. 19 (1977), 99-101; D. G. 
Rogers, J. Combinatorial Theory (A) 23 (1977), 88-98; J. W. Moon, Dis- 
crete Math. 26 (1979), 251-260. Moon gives a bijection with (r). E. Deutsch 
(private communication) has pointed out an elegant bijection with (h), viz., 
the set enclosed by a path and its reflection in the diagonal is a similarity 
relation (as a Subset of [n] x [n]). The connectedness of the columns ensures 
the last requirement in the definition of a similarity relation. 

A simple combinatorial proof was given by L. W. Shapiro, J. Combinatorial 
Theory 20 (1976), 375-376. Shapiro observes that this result is a combina- 
torial manifestation of the identity 


> é ee = Casts 


due to J. Touchard, in Proc. Int. Math. Congress, Toronto (1924), vol. 1, 
1928 (p. 465). 

Obvious bijection with (bbb). This interpretation in terms of stacking coins 
is due to J. Propp. See A. M. Odlyzko and H. S. Wilf, Amer. Math. Monthly 
95 (1988), 840-843 (Rmk. 1). 

See J. H. van Lint, Combinatorial Theory Seminar, Eindhoven University 
of Technology, Lecture Notes in Mathematics, 382, Springer-Verlag, Berlin/ 
Heidelberg/New York, 1974 (pp. 22 and 26-27). 


. The total number of n-element multisets on Z/(n + 1)Z is (°") (see 


Section 1.2). Call two such multisets M and N equivalent if for some 
k € Z/(n+1)Zwehave M = {a),...,a@,}andN = {a, +k, ..., a, +k}. 
This defines an equivalence relation in which each equivalence class con- 
tains n + 1 elements, exactly one of which has its elements summing to 0. 
Hence the number of multisets with elements summing to 0 (or to any other 
fixed element of Z/(n + 1)Z) is — es ). This result appears in R. K. Guy, 
Amer. Math. Monthly 100 (1993), 387-289 (with a more complicated proof 
due to I. Gessel). 

This result is implicit in the paper G. X. Viennot, Astérisque 121-122 (1985), 
225-246. Specifically, the bijection used to prove (12), when restricted to 
Dyck words, gives the desired bijection. A simpler bijection follows from 
the work of J.-G. Penaud, in Séminaire Lotharingien de Combinatoire, 22° 
Session, Université Louis Pasteur, Strasbourg, 1990, pp. 93-130 (Cor. IV- 
2-8). Yet another proof follows from more general results of J. Bétréma and 
J.-G. Penaud, Theoret. Comput. Sci. 117 (1993), 67-88. For some related 
problems, see Exercise 6.46. 


* 


Hl. 


minm. 


nnn. 


6.20. a. 


6.21. a. 


Solutions 265 


Let / be an order ideal of the poset Int (#7 — 1) defined in (bbb). Associate 
with J the set R, of all points (x1, ...,X,) € R” satisfying xj > --- > x, 
and x; — x; < lif [i,j — 1] € J. This sets up a bijection between (bbb) 
and the regions R; being counted. This result is implicit in R. Stanley, Proc. 
Natl. Acad. Sci. U.S.A. 93 (1996), 2620-2625 (§2), and also appears (as part 
of more general results) in C. A. Athanasiadis, Ph.D. thesis, Massachusetts 
Institute of Technology, 1996 (Cor. 7.1.3) and A. Postnikov and R. Stanley, 
Deformations of Coxeter hyperplane arrangements, preprint (Prop. 7.2), 
available at http://front.math.ucdavis.edu/math.CO/9712213. 


Let P be aconvex (n + 2)-gon with vertices v1, V2, ..., Un +2 in clockwise 
order. Let T be a triangulation of T as in (a), and let a; be the number of 
triangles incident to v;. Then the map T +> (a1, ..., G42) establishes a 


bijection with (a). This remarkable result is due to J. H. Conway and H. S. 
M. Coxeter [20, problems (28) and (29)]. The arrays (6.54) are called frieze 
patterns. 

See F. T. Leighton and M. Newman, Proc. Amer. Math. Soc. 79 (1980), 
177-180, and L. W. Shapiro, Proc. Amer. Math. Soc. 90 (1984), 488-496. 


Given a path P of the first type, let (i, 7) be the first point on P that intersects 
y = x. Replace the portion of P from (1, 0) to (i, 7) by its reflection about 
y = x. This yields the desired bijection. 

This argument is the famous “reflection principle” of D. André, C. R. 
Acad. Sci. Paris 105 (1887), 436-437. The application (b) below is also due 
to André. The importance of the reflection principle in combinatorics and 
probability theory was realized by W. Feller, An Introduction to Probability 
Theory and Its Applications, vol. 1, John Wiley and Sons, New York, 1950 
(3rd edition, 1968). For a vast number of extensions and ramifications, see L. 
Takacs, Combinatorial Methods in the Theory of Stochastic Processes, John 
Wiley and Sons, New York, 1967; T. V. Narayana, Lattice Path Combinatorics 
with Statistical Applications, Mathematical Expositions no. 23, University 
of Toronto Press, Toronto, 1979; and S. G. Mohanty, Lattice Path Counting 
and Applications, Academic Press, New York, 1979. For a profound gener- 
alization of the reflection principle based on the theory of Coxeter groups, 
as well as some additional references, see I. Gessel and D. Zeilberger, Proc. 
Amer. Math. Soc. 115 (1992), 27-31. 


. The first step in such a lattice path must be from (0, 0) to (1, 0). Hence we 


must subtract from the total number of paths from (1, 0) to (m, n) the number 


that intersect y = x, so by (a) we get (ee 2) = (as ') ar ( 


. Move the path one unit to the right to obtain the case m = n + 1 of (b). 


Givena path P € X,,, definec(P) = (co, C1, .--, Cn), where c; is the number 
of horizontal steps of P at height y = i. It is not difficult to verify that the 
cyclic permutations Cj; = (Cj, Cj41,---,Cn,Cl,~+++,Cj-1) of c(P) are all 
distinct, and for each such there is a unique P; € X,, with c(P;) = C;. More- 
over, the number of excedances of the paths P = Po, Pi,..., Py are just 
the numbers 0, 1, . .. , 1 in some order. From these observations the proof is 
immediate. 


This result, known as the Chung—Feller theorem, is due to K. L. Chung 
and W. Feller, Proc. Nat. Acad. Sci. U.S.A. 35 (1949), 605-608. A refinement 
was given by T. V. Narayana, Skand. Aktuarietidskr. 1967 (1967), 23-30. For 
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further information, see the books by Narayana (81.2) and Mohanty (§3.3) 
mentioned in the solution to Exercise 6.20(a). 
b. Immediate from (a). 


This result was given by L. W. Shapiro, problem E2903, Amer. Math. Monthly 
88 (1981), 619. An incorrect solution appeared in 90 (1983), 483-484. A cor- 
rect but nonbijective solution was given by D. M. Bloom, 92 (1985), 430. The 
editors asked for a bijective proof in problem E3096, 92 (1985), 428, and such 
a proof was given by W. Nichols, 94 (1987), 465-466. Nichols’s bijection is the 
following. Regard a lattice path as a sequence of E’s (for the step (1, 0)) and 
N’s (for the step (0, 1)). Given a path P of the type we are enumerating, define 
recursively a new path y(P) as follows: 


y) = 0, (DX) = Dy(x), W(D'X) = Ey(X)ND*, 


where (a) D is a path of positive length, with endpoints on the diagonal x = y 
and all other points below the diagonal, (b) D’ denotes the path obtained from 
D by interchanging E’s and N’s, and (c) D = ED*N. Then wy establishes a 
bijection between the paths we are enumerating and the paths of Exercise 6.19(h) 
with n replaced by 2n. For an explicit description of y~! and a proof that y is 
indeed a bijection, see the solution of Nichols cited above. 


The Black pawn on a6 must promote to a knight and then move (in a unique 
way) to h7 in five additional moves. The Black pawn on a7 must also promote to 
a knight and then move (in a unique way) to f8 in four additional moves. White 
then plays Pf 7 mate. The first move must be Pa5, after which the number of 
solutions is the same as if the pawn on a7 were on a6. Each pawn then makes 
nine moves (including moves after promotion). After the first move Pa5, denote 
a move by the pawn on a5 by +1 and a move by the pawn on a7 by —1. Since the 
pawn on a7 can never overtake the pawn on a5 (even after promotion), it follows 
that the number of solutions is just the number of sequences of nine 1’s and 
nine —1’s with all partial sums nonnegative. By Exercise 6.19(r), the number of 
solutions is therefore the Catalan number Co = 4862. 

This problem is due to Kauko Vaisa&nen, and appears in A. Puusa, Queue 
Problems, Finnish Chess Problem Society, Helsinki, 1992 (Problem 2). This 
booklet contains fifteen problems of a similar nature. See also Exercise 7.18. 
For more information on serieshelpmates in general, see A. Dickins, A Guide to 
Fairy Chess, Dover, New York, 1971, p. 10, and J. M. Rice and A. Dickins, The 
Serieshelpmate, second edition, Q Press, Kew Gardens, 1978. 


These are just Catalan numbers! See for instance J. Gili, Catalan Grammar, Dol- 
phin, Oxford, 1993, p. 39. A related question appears in Amer. Math. Monthly 
103 (1996), 538 and 577. 


a. Follows from Exercise 3.29(b) and 6.19(bbb). See L. W. Shapiro, American 
Math. Monthly 82 (1975), 634-637. 

b. We assume knowledge of Chapter 7. It follows from the results of Appendix 2 
of Chapter 7 that we want the coefficient of the trivial Schur function sg in 
the Schur function expansion of (x, +.x2)*” in the ring B) = A2/(x1x2—1). 
Since sg = Sqn) in Ep, the number we want is just (s?”, sinn)) = fo) 
(using Corollary 7.12.5), and the result follows from Exercise 6.19(ww). 


= O&O 


6.26. a. 


6.27. a. 


6.28. a. 
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» See R. Stanley, Ann. New York Acad. Sci., vol. 576, 1989, pp. 500-535 (Ex- 


ample 4 on p. 523). 


. See R. Stanley, in Advanced Studies in Pure Math., vol. 11, Kinokuniya, 


Tokyo, and North-Holland, Amsterdam/New York, 1987, pp. 187-213 (bot- 
tom of p. 194). A simpler proof follows from R. Stanley, J. Amer. Math. Soc. 
5 (1992), 805-851 (Prop. 8.6). For a related result, see C. Chan, SIAM J. 
Disc. Math. 4 (1991), 568-574. 


. See L. R. Goldberg, Adv. Math. 85 (1991), 129-144 (Thm. 1.7). 
- See D. Tischler, J. Complexity 5 (1989), 438-456. 
- This algebra is the Temperley—Lieb algebra Ag , (over K), with many inter- 


esting combinatorial properties. For its basic structure see F, M. Goodman, 
P. de la Harpe, and V. F. R. Jones, Coxeter Graphs and Towers of Algebras, 
Springer-Verlag, New York, 1989, p. 33 and §2.8, For adirect connection with 
321-avoiding permutations (defined in Exercise 6.19(ee)), see S.C. Billey, W. 
Jockusch, and R. Stanley, J. Algebraic Combinatorics 2 (1993), 345-374 
(pp. 360-361). 


. See J.-Y. Shi, Quart. J. Math. 48 (1997), 93-105 (Thm. 3.2(a)). 
. This remarkable conjecture is a small part of a vast conjectured edifice due 


to M. Haiman, J. Algebraic Combinatorics 3 (1994), 17-76. See also A. M. 
Garsia and M. Haiman, J. Algebraic Combinatorics 5 (1996), 191-244; A. 
M. Garsia and M. Haiman, Electron. J. Combinatorics 3 (1996), no. 2, Paper 
24; and M. Haiman, (ft, q)-Catalan numbers and the Hilbert scheme, Discrete 
Math., to appear. 


This curious result can be proved by induction using suitable row and column 
operations. It arose from a problem posed by E. Berlekamp and was solved 
by L. Carlitz, D. P. Roselle, and R. A. Scoville, J. Combinatorial Theory 
11 (1971), 258-271. A slightly different way of stating the result appears in 
[3.34, p. 223]. 


. Answer: a, = Cy, the nth Catalan number. One way (of many) to prove 


this result is to apply part (a) to the cases A = (2m + 1, 2n,..., 2, 1) and 
A = (2n,2n—1,...,2, 1), and to use the interpretation of Catalan numbers 
given by Corollary 6.2.3(v). Related work appears in A. Kellogg (proposer), 
Problem 10585, Amer. Math. Monthly 104 (1997), 361, and C. Radoux, Bull. 
Belgian Math. Soc. (Simon Stevin) 4 (1997), 289-292. 


The unique such basis yo, y1,..-, Yn, up to sign and order, is given by 


j or 
i ftt J 
y= zy ( 3 J 


Now 


j _(ititl 
ie ( +1 Js 
fms 


The problem of computing the probability of convexity was raised by 
J. van de Lune and solved by R. B. Eggleton and R. K. Guy, Math. Mag. 
61 (1988), 211-219, by a clever integration argument. The proof of Eggle- 
ton and Guy can be “combinatorialized” so that integration is avoided. The 
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decomposition of Cz given below in the solution to (c) also yields a proof. For 
a more general result, see P. Valtr, in Intuitive Geometry (Budapest, 1995), 
Bolyai Soc. Math. Stud. 6, Janos Bolyai Math Soc., Budapest, 1997, pp. 441- 
443. 


. Suppose that x = (x1, x2,...,Xa) € Cg. We say that an index i is slack if 


2<1<d—Jlandx;_; + x;4; > 2x;. If no index is slack, then either x = 
(0,0,...,0),x =(1,1,..., l,orx = ACI, 1,..., D+U—A)yfory € Cy 
and sufficiently small A > 0. Hence in this last case x is not a vertex. So 
suppose that x has a slack index. If for all slack indices i we have x; = 0, then 
x is of the stated form (6.55). Otherwise, let i be a slack index such that x; > 0. 
Let j = i—pbe the largest index such that j < i and j is not slack. Similarly, 
letk =i + be the smallest index such that k > i and k is not slack. Let 


€ 2€ 
A(e) = Nine eA pepo — pa ees 
Pp P 


2€ € 
Xi Ey 66 Xia Hm Xp Hi XE, Xn |. 
q q 


For small € > 0, both A(e) and A(—e) are in Cg. Since x = 4[A€) 
+i 5 Al €)], it follows that x is not a vertex. The main idea of this argument 
is ane to A. Postnikov. 


. Forl<r<s <d,let 


Frs = {(41, ---, Xa) € Ca 2X = X41 = ++: = Xs = 0} 

FO = {(,..-,%a) € Cg 2X =Xpagp = ++ = Xe =O} 

Ft = {(x1,...,%¢@) € Cai x1 =X. =--- = x, = OF. 
Now F, is a simplex with vertices (1, oan Se 770, 0,...,0) for 
1 <k <r —1, together with (0, 0,...,0). These vertices have denomi- 


nators (i.e., the smallest positive integer whose product with the vertex has 
integer coordinates) 1,2,3,...,r — 1, 1, respectively. Hence 


] 
F eae ed 
2 iF nix" = (tr — 11!" 


n>0 
Similarly 
1 


“(et mn 
Silk, ,n)x = fide! 


n>0 
Since F,,; = F> x F+, we have i(F,s,n) = i(F-, n)i(F.*, n) and 
DilFs, mx" = — 
i ,n)x" ———_———_., 
ie ~ Tilirl! ld —st! 


n>0 
Let P be the poset of all F,,’s, ordered by inclusion, and let jz denote the 
Mobius function of P U {i}. Let G = (ees F,,, a polyhedral complex in 
R?, By Mobius inversion we have 


i(G,n)=— D> w Fy, DiF sr, 1). 


Fy, EP 


6.29. 


6.30. 
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But F;, C F,,; if and only ift <r < s < u, from which it is immediate that 


1, s=t 
—W(Fe, f= )-1l, s=r-i 
0, otherwise. 
Hence 
7 1 l 
i(G,n)x" = ———_— *« —_—— 
» » (Ir — 1}! (Md — r}! 
aa 1 1 
ae 
a LU He =}! 
Now the entire polytope Ca is just a cone over G with apex (1, 1,..., 1). 


From this it is not hard to deduce that 


SS i(Cq, mx" = — SiG, n)x", 


n>0 n>0 


and the proof follows. 


See P. Valtr, Discrete Comput. Geom. 13 (1995), 637-643. Valtr also shows in 
Combinatorica 16 (1996), 567~—573, that if n points are chosen uniformly and 
independently from inside a triangle, then the probability that the points are in 


ele . it = 
convex position is Son tnt ; 


Equation (6.57) is equivalent to 


S> fn lost a) = Ca). 


n>0 


Hence by (5.25) we need to show that 
nC, =) c(n, k) fie 

k=1 
where c(n, k) is the number of permutations w € G, with k cycles. Choose a 
permutation w € G, with k cycles in c(n, k) ways. Let the cycles of w be the 
elements of a semiorder P in f; ways. For each cycle (a1, ..., a;) of w, replace 
this element of P with an antichain whose elements are labeled aj, ..-, a;. 
If a = (a,...,a;) and b = (bj,...,b;) are two cycles of w, then define 
a, < by if and only if a < b in P. In this way we get a poset p(P, w) with 
vertices 1,2,..., . It is not hard to see that o(P, w) is a semiorder, and that 
every isomorphism class of n-element semiorders occurs exactly n! times among 
the posets o(P, w). Since by Exercise 6.19(ddd) there are C,, nonisomorphic 
n-element semiorders, the proof follows. 

This result was first proved by J. L. Chandon, J. Lemaire, and J. Pouget, 
Math. Sci. Hum. 62 (1978), 61-80, 83. For a more general situation in which 
the number A,, of unlabeled objects is related to the number B,, of labeled ob- 
jects by )> By(x"/n!) = }° An(1 — e*)", see R. Stanley, Proc. Natl. Acad. 
Sci. U.S.A. 93 (1996), 2620-2625 (Thm. 2.3) and A. Postnikov and R. Stanley, 


te ti RS 
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Deformations of Coxeter hyperplane arrangements, preprint (§6), available at 
http://front.math.ucdavis.edu/math.CO/9712213. 


6.31. a. (Sketch.) We will triangulate ? into d-dimensional simplices o, all contain- 
ing 0. Thus each o will have d vertices of the form e; — e;, where i < j. 
Given a graph G with d edges on the vertex set [d + 1], let og be the convex 
hull of all vectors e; — e; for which ij is an edge of G with i < j, and let 
6g be the convex hull of og and the origin. It is easy to see that Gg is a d- 
dimensional simplex if and only if G is a tree. Moreover, it can be shown that 
0G lies on the boundary of (and hence can be part of a triangulation of the 
type we are looking for) if and only if G is an alternating tree, as defined in 
Exercise 5.41. We therefore want to choose a set 7 of alternating trees 7 
on [d +1] such that the dy’s are the facets of a triangulation of P. One 
way to do this is to take T to consist of the noncrossing alternating trees 
on [d + 1], i.e., alternating trees such that if i < j <k </, then not both 
ik and jl are edges. By Exercise 6.19(p) the number of such trees is Cy. 
(We can also take T to consist of alternating trees on [d + 1] such that if 
i<j<k<lI then not both il and jk are edges. By Exercise 6.19(q) the 
number of such trees is again Cg.) Moreover, it is easy to see that for any 
tree T on [d + 1] we have V(G7) = 1/d!, where V denotes relative volume. 
Hence V(P) = Cq/d!. This result appears in I. M. Gelfand, M. I. Graev and 
A. Postnikov, Combinatorics of hypergeometric functions associated with 
positive roots, in The Arnold-Gelfand Mathematical Seminars, Birkhauser, 
Boston, 1997, pp. 205-221 (Thm. 2.3(2)). 

b. Order the c) edges ij, 1 <i < j < d +1, lexicographically, e.g., 
12 < 13 < 14 < 23 < 24 < 34. Order the Cz noncrossing alternating trees 
T|, T2,..., Tc, lexicographically by edge set, ie., T; < T; if for some & the 
first (in lexicographic order) k edges of T; and T; coincide, while the (k + !)- 
st edge of T; precedes the (k + 1)-st edge of T;. For instance, when d = 3 the 
ordering on the noncrossing alternating trees (denoted by their set of edges) is 


{12, 13, 14}, {12, 14, 34}, {13, 14, 23}, {14, 23, 24}, {14, 23, 34}. 


One can check that &7, intersects 7, U---U67,_, inaunion of j — 1 (d —1)- 
dimensional faces of G7,, where j is the number of vertices of 7; that are 
less than all their neighbors. It is not hard to see that the number of non- 
crossing alternating trees on [d + 1] for which exactly j vertices are less that 
all their neighbors is just the Narayana number N(d, j) of Exercise 6.36. It 
follows from the techniques of R. Stanley, Annals of Discrete Math. 6 (1980), 
333-342 (especially Thm. 1.6), that 


(dQ —x)?t! »~ i(P, n)x" = 


n>0 j=l 


d 
Nid, j)xi'. 

6.32. The Tamari lattice was first considered by D. Tamari, Nieuw Arch. Wisk. 10 
(1962), 131-146, who proved it to be a lattice. A simpler proof of this result 
was given by S. Huang and D. Tamari, J. Combinatorial Theory (A) 13 (1972). 
7~13. The proof sketched here follows J. M. Pallo, Computer J. 29 (1986), 171- 
175. For further properties of Tamari lattices and their generalizations, see P. H. 
Edelman and V. Reiner, Mathematika 43 (1996), 127—154; A. Bjérner and M. L. 
Wachs, Trans. Amer. Math. Soc. 349 (1997), 3945-3975 (§9); and the references 
given there. 


Solutions 27) 


6.33. a. Since S is a simplicial complex, A, is a simplicial semilattice. It is easy to 
see that it is graded of rank n — 2, the rank of an element being its cardinality 
(number of diagonals). To check the Eulerian property, it remains to show 
that w(x, 1) = (—1)°") for all x € An. If x € A, and x # Tf, then x 
divides the polygon C into regions Cj, ..., Cj, where each C; is a convex 
n;-gon for some n;. Let A, = A, — {1}. It follows that the interval [x, 1] 


is isomorphic to the product A,, x --- x A,,, with a I adjoined. It follows 


from Exercise 5.61 (dualized) that it suffices to show that 2(0, 1) = (—1)"~°. 
Equivalently (since we have shown that every proper interval is Eulerian), 
we need to show that A, has as many elements of even rank as of odd rank. 
One way to proceed is as follows. For any subset B of A,, let n(B) denote 
the number of elements of B of even rank minus the number of odd rank. 
Label the vertices of C as 1,2,..., in cyclic order. For3 <i <n—1, let 
S* be the set of all elements of S for which either there is a diagonal from 
vertex 1 to some other vertex, or else such a diagonal can be adjoined without 
introducing any interior crossings. Given § € S*, let i be the least vertex 
that is either connected to 1 by a diagonal or for which we can connect it to 
vertex 1 by a diagonal without introducing any interior crossing. We can pair 
S with the set S’ obtained by deleting or adjoining the diagonal from 1 to i. 
This pairing (or involution) shows that 7(S*) = 0. But A, — S* is just the 
interval [T, 1], where T contains the single diagonal connecting 2 and n. By 
induction (as mentioned above) we have ([T, 1]) = 0,soin fact n(A,) = 0. 

b. See C. W. Lee, Europ. J. Combinatorics 10 (1989), 551-560. An indepen- 
dent proof was given by M. Haiman (unpublished). This polytope is called 
the associahedron. For a far-reaching generalization, see [28, Ch. 7] and the 
survey article C. W. Lee, in DIMACS Series in Discrete Math. and Theo. 
Comput. Sci. 4, 1991, pp. 443-456. 

c. Write 


n—1 
Fx, yy=xt °° Win + Dx’y’ 


n>2 i=l 
=xtxry tay + 2y?) + x4(y + Sy? + Sy?) to 


By removing a fixed exterior edge from a dissected polygon and consider- 
ing the edge-disjoint union of polygons thus formed, we get the functional 
equation 


9) 


F= : 
ae ae 


(Compare equation (6.15).) Hence by Exercise 5.59 we have 


i rr \” 
Fad se (x+y i) 


m>1 
m ; 2 m-n 
ae ry) 


STS 
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From here it is a simple matter to obtain 


n—-|1 . 
ey 1 n+i\/f/n—2 : 
F= ny)! 
OD | i ae 


1 n+i\f{n—3 
win) = (FF ; } ee 


This formula goes back to T. P. Kirkman, Phil. Trans. Royal Soc. London 
147 (1857), 217-272; E. Prouhet, Nouvelles Annales Math. 5 (1866), 384; 
and A. Cayley, Proc. London Math. Soc. (1) 22 (1890-1891), 237—262, who 
gave the first complete proof. For Cayley’s proof see also (28, §7.3]. For a 
completely different proof, see Exercise 7.17. Another proof appears in D. 
Beckwith, Amer. Math. Monthly 105 (1998), 256-257. 


d. We have 
—_ 1 me oT 
n—-1 i i+] 


This result appears in C. W. Lee, Europ. J. Combinatorics 10 (1989), 551-560 
(Thm. 6.3). 


6.34. a—d. See J. Fiirlinger and J. Hofbauer, J. Combinatorial Theory (A) 40 (1985), 
248-264, and the references given there. For (b) see also G. E. Andrews, 
J. Statist. Plann. Inf. 34 (1993), 19-22 (Cor. 1). The continued fraction 
(6.59) is of a type considered by Ramanujan. It is easy to show (see for 
instance [1.1, §7.1]) that 


whence 


n? x" 
vneo(-D"q (—q)-(—q") 
= -)__ 
Dino ge” Gag 


e. See R. Stanley, Ann. New York Acad. Sci. 574 (1989), 500-535 (Example 
4, p. 523). This result is closely related to Exercise 6.25(c). 


6.35. These results are due to V. Welker, J. Combinatorial Theory (B) 63 (1995), 
222-244 (§4). 


6.36. a. There are (2) pairs of compositions A : a, +--- ta =n+1 
and B: bi +---+b, =n ofn+ 1 andn into k parts. Construct from 
these compositions a circular sequence w = w(A, B) consisting of @) 
1’s, then b; —1’s, then a> 1’s, then by —1’s, etc. Because n andn + | 
are relatively prime, this circular sequence w could have arisen from ex- 
actly k pairs (A;, B;) of compositions of n + 1 and n into k parts, viz., 
Aji aj +aiy, +++: tagtayt ++: ta;_; =n+1 and B; : bj + bi41 
+--- +b, +b,)+--- +b); =n, 1 <i < k. By the second proof of 
Theorem 5.3.10 (or more specifically, the paragraph following it), there is 
exactly one way to break w into a linear sequence w such that w begins 
with a 1, and when this initial 1 is removed every partial sum is nonnegative. 
Clearly there are exactly k 1’s in W (with or without its initial 1 removed) 
followed by a —1. This sets up a bijection between the set of all “circular 


F(x) = 


6.37. 


6.38. 


6.39. 
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equivalence classes” {(A;, By), ..., (Ax, By)} and X,,4. Hence 


md eh KS 


b. For k > 1, let X, = XU Xx Woes, Every w € X, can be written 
uniquely in one of the forms (i) 1 u —1 v, where u € X jandv € X,_; for 
some 1 < j < k —1, Gi) 1 —1 u, where u € X;,_1, (iii) 1 uw —1, where 
u € Xx, and (iv) 1 —1 (when k = 1). Regarding X, as a language as in 
Example 6.6.6, and replacing for notational comprehensibility 1 by « and 
—1 by B, conditions (i)-(iv) are equivalent to the equation 


k-1 


Xp = DL aX jBXp_j +OPXp-1 + aXe B + d1cc08. 
j=l 


Thus if y,. = peer, N(n, k)x", it follows that (setting yo = 0) 


k 
ye =x » YjYe—j + Xe 1 + XVE A SEX. 
j=0 
Since F(x, t) = )°,.., yet*, we get (6.60). 

Narayana numbers were introduced by T. V. Narayana, C. R. Acad. Sci. 
Paris 240 (1955), 1188-1189, and considered further by him in Sankhya 
21 (1959), 91-98, and Lattice Path Combinatorics with Statistical Applica- 
tions, Mathematical Expositions 23, University of Toronto Press, Toronto, 
1979 (§V.2). Further references include G. Kreweras and P. Moszkowski, 
J. Statist. Plann. Inference 14 (1986), 63-67; G. Kreweras and Y. Poupard, 
Europ. J. Combinatorics 7 (1986), 141-149; R. A. Sulanke, Bull. Inst. Com- 
bin. Anal. 7 (1993), 60-66; and R. A. Sulanke, J. Statist. Plann. Inference 34 
(1993), 291-303. 


Equivalent to Exercise 1.37(c). See also the nice survey R. Donaghey and L. W. 
Shapiro, J. Combinatorial Theory (A) 23 (1977), 291-301. 


All these results except (f), (k), (1), and (m) appear in Donaghey and Shapiro, 
loc. cit. Donaghey and Shapiro give several additional interpretations of Motzkin 
numbers and state that they have found a total of about 40 interpretations. 
For (f), see M. S. Jiang, in Combinatorics and Graph Theory (Hefei, 1992), 
World Scientific Publishing, River Edge, New Jersey, 1993, pp. 31-39. For (k), 
see A. Kuznetsov, I. Pak, and A. Postnikov, J. Combinatorial Theory (A) 76 
(1996), 145-147. For (1), see M. Aigner, Europ. J. Combinatorics 19 (1998), 
663-675. Aigner calls the partitions of (1) strongly noncrossing. Finally, for (m) 
see M. Klazar, Europ. J. Combinatorics 17 (1996), 53-68 (pp. 55-56) (and com- 
pare Exercise 1.29). Klazar’s paper contains a number of further enumeration 
problems related to the present one that lead to algebraic generating functions; 
see Exercise 6.19(ss), (tt) and Exercise 6.39(0) for three of them. The name 
“Motzkin number” arose from the paper T. Motzkin, Bull. Amer. Math. Soc. 
54 (1948), 352-360. 


a. This was the definition of Schréder numbers given in the discussion of 
Schréder’s second problem in Section 6.2. 
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b,e,f,h,i. 
Cc. 


ik. 


These follow from (a) using the bijections of Proposition 6.2.1. 
See D. Gouyou-Beauchamps and D. Vanquelin, RAIRO Inform. Théor. App! 


22 (1988), 361-388. This paper gives some other tree representations of 


Schréder numbers, as well as connections with Motzkin numbers and nu- 
merous references. 


. An easy consequence of the paper of Shapiro and Stephens cited below. 
. Due to R. A. Sulanke, J. Difference Equations and Applications, to appear. 


The objects counted by this exercise are called zebras. See also E. Pergola 
and R. A. Sulanke, J. Integer Sequences (electronic) 1 (1998), Article 98.1.7. 
available at http://www.research.att.com/~njas/sequences/JIS. 

See L. W. Shapiro and A. B. Stephens, SIAM J. Discrete Math. 4 (1991), 
275-280. For (j), see also Exercise 6.17(b). 


. L. W. Shapiro and S. Getu (unpublished) conjectured that the set G,, 


(2413, 3142) and the set counted by (k) are identical (identifying a pcr- 
mutation matrix with the corresponding permutation). It was proved by J. 
West, Discrete Math. 146 (1995), 247-262, that #G,,(2413, 3142) = r,_). 
Since it is easy to see that permutations counted by (k) are 2413-avoiding 
and 3142-avoiding, the conjecture of Shapiro and Getu follows from the fact 
that both sets have cardinality r,_;. Presumably there is some direct proof 
that the set counted by (k) is identical to G,,(2413, 3142). 

West also showed in Theorem 5.2 of the above-mentioned paper that the 
sets G,,(1342, 1324) and (m) are identical. The enumeration of G, (1342. 
1432) was accomplished by S. Gire, Ph.D. thesis, Université Bordeaux, 1991. 
The remaining seven cases were enumerated by D. Kremer, Permutations 
with forbidden subsequences and a generalized Schréder number, preprint. 
Kremer also gives proofs of the three previously known cases. She proves 
all ten cases using the method of “generating trees” introduced by F. R. K. 
Chung, R. L. Graham, V. E. Hoggatt, Jr., and M. Kleiman, J. Combinatorial 
Theory (A) 24 (1978), 382-394, and further developed by J. West, Discrete 
Math. 146 (1995), 247-262, and 157 (1996), 363-374. It has been verified 
by computer that there are no other pairs (u, v) € G4 x Gq for which 
#G,(u, Vv) = r,_) forall n. 


. This is aresult of Knuth (5.41, Exercises 2.2.1.10-2.2.1.11, pp. 239 and 533- 


534]; these permutations are now called deque-sortable. A combinatorial 
proof appears in D. G. Rogers and L. W. Shapiro, in Lecture Notes in Math. 
884, Springer-Verlag, Berlin, 1981, pp. 293-303. Some additional combina- 
torial interpretations of Schréder numbers and many additional references 
appear in the preceding reference. For q-analogues of Schréder numbers. 
see J. Bonin, L. W. Shapiro, and R. Simion, J. Statist. Plann. Inference 34 
(1993), 35-55. 


. See D. G. Rogers and L. W. Shapiro, Lecture Notes in Mathematics 686. 


Springer-Verlag, Berlin, 1978, pp. 267-276 (§5) for simple bijections with 
(a) and other “Schroder structures.” 


. This result is due toR.C. Mullin and R. G. Stanton, Pacific J. Math. 40 (1972). 


167-172 (§3), using the language of “Davenport-Schinzel sequences.” It 15 
also given by M. Klazar, Europ. J. Combinatorics 17 (1996), 53-68 (p. 55). 


. Remove a “root edge” from the polygon of (h) and “straighten out” to obtain 


a noncrossing graph of the type being counted. 


6.40. 


6.41. 


6.42. 


6.43. 
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q.r. These results (which despite their similarity are not trivially equivalent) ap- 
pear in D. G. Rogers, Lecture Notes in Math. 622, Springer-Verlag, Berlin, 
1977, pp. 175-196 (equations (38) and (39)), and are further developed in 
D. G. Rogers, Quart. J. Math. (Oxford) (2) 31 (1980), 491-506. In particu- 
lar, a bijective proof that (q) and (r) are equinumerous appears in §3 of this 
latter reference. It is also easy to see that (p) and (r) are virtually identical 
problems. A further reference is D. G. Rogers and L. W. Shapiro, Lecture 
Notes in Mathematics 686, Springer-Verlag, Berlin, 1978, pp. 267-276. 

s. See M. Ciucu, J. Algebraic Combinatorics 5 (1996), 87-103, Thm. 4.1. 


Note that this exercise is the “opposite” of Exercise 6.39(k), i.e., here we are 
counting the permutation matrices P for which not even a single new 1 can be 
added (using the rules of Exercise 6.39(k)). The present exercise was solved by 
Shapiro and Stephens in §3 of the paper cited in the solution to Exercise 6.39(k). 
For a less elegant form of the answer and further references, see M. Abramson 
and M. O. J. Moser, Ann. Math. Statist. 38 (1967), 1245-1254. 


This result was conjectured by J. West, Ph.D. thesis, M.I.T., 1990 (Conjec- 
ture 4.2.19), and first proved by D. Zeilberger, Discrete Math. 102 (1992), 85-93. 
For further proofs and related results, see M. Bona, 2-stack sortable permutations 
with a given number of runs, MSRI Preprint 1997-055; M. Bousquet-Mélou, 
Electron. J. Combinatorics 5 (1998), R21, 12 pp.; S. Dulucgq, S. Gire, and J. 
West, Discrete Math. 153 (1996), 85-103; I. P. Goulden and J. West, J. Combi- 
natorial Theory (A) 75 (1996), 220-242; and J. West, Theoret. Comput. Sci. 117 
(1993), 303-313. 


It’s easy to see that (1) is the number of lattice paths with n steps (1, 0), (0, 1), 
and (1, 1) that begin at (0, 0) and end on the line y = x. Hence by equation 
(6.29) we have F(x) = 1/1 — 2x — 3x2. The linear recurrence is then given 
by Example 6.4.8(b)(ii). 

It’s also easy to see that f(n) = [t°\(¢7! + 1 +1)". For this reason f(n) is 
called a middle trinomial coefficient. Middle trinomial coefficients were first con- 
sidered by L. Euler, Opuscula Analytica, vol. 1, Petropolis, 1783, pp. 48-62, who 
obtained the generating function 1/1 — 2x — 3x2. See also Problem TI.217 
of [5.53, vol. I, pp. 147 and 349]. The interpretation of f(n) in terms of chess is 
due to K. Fabel, Problem 1413, Feenschach 13 (October 1974), Heft 25, p. 382; 
solution, 13 (May—June—July, 1975), Heft 28, p. 91. Fabel gives the solution 
as 


Ln/2] n! 
n)= =e 
Ff) ge i!2(n — 2i)! 
but does not consider the generating function F(x). 


a. Define a secondary structure to be irreducible if either n = 1 or there is an 
edge from | to n. Let t(m) be the number of irreducible secondary structures 
with n vertices, and set 


T(x) = > tx” = ge aye A aes, 


n>| 
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It is easy to see that S = 1/(1 — T) and T = x*S +x — x?. Eliminating T 
and solving for S yields the desired formula. 

This result is due to P. R. Stein and M. S. Waterman, Discrete Math. 26 
(1978), 261-272 (the case m = 1 of (10)). For further information and refer- 
ences, including connections with biological molecules such as RNA, see W. 
R. Schmitt and M. S. Waterman, Discrete Applied Math. §1 (1994), 317-323. 

b. See A. Nkwanta, in DIMACS Series in Discrete Math. and Theor. Comput. 
Sci. 34, 1997, pp. 137-147. 


This result is due to P. H. Edelman and V. Reiner, Graphs and Combinatorics 
13 (1997), 231-243 (Thm. 6.1). 


See R. Stanley, solution to 6342, American Math. Monthly 90 (1983), 
61-62. A labeled version of this result was given by S. Goodall, The num- 
ber of labeled posets of width two, Mathematics Preprint Series LSE-MPS-46, 
London School of Economics, March 1993. 


These remarkable results are due to G. Viennot and D. Gouyou-Beauchamps, 
Advances in Appl. Math. 9 (1988), 334-357. The subsets being enumerated are 
called directed animals. For a survey of related work, see G. Viennot, Astérisque 
121~122 (1985), 225-246. See also the two other papers cited in the solution 
to Exercise 6.19(kkk), as well as the paper M. Bousquet-Mélou, Discrete Math. 
180 (1998), 73-106. Let us also mention that Viennot and Goyou-Beauchamps 
show that f(n) is the number of sequences of length n — 1 over the alphabet 
{—1, 0, 1} with nonnegative partial sums. Moreover, M. Klazar, Europ. J. Com- 
binatorics 17 (1996), 53-68 (p. 64) shows that f (7) is the number of partitions 
of [n + 1] such that no block contains two consecutive integers, and such that 
ifa <b <c <d,aandd belong to the same block B81, and b and c belong to 
the same block B>, then B} = Bo. 


a. There is a third condition equivalent to (i) and (ii) of (a) that motivated this 
work. Every permutation w € G,, indexes a closed Schubert cell (2,, in the 
complete flag variety GL(n, C)/B. Then w is smooth if and only if the vari- 
ety Q2,, is smooth. The equivalence of this result to (i) and (ii) is implicit in K. 
M. Ryan, Math. Ann. 276 (1987), 205-244, and is based on earlier work of 
Lakshmibai, Seshadri, and Deodhar. An explicit statement that the smooth- 
ness of (2,, is equivalent to (ii) appears in V. Lakshmibai and B. Sandhya, 
Proc. Indian Acad. Sci. (Math. Sci.) 100 (1990), 45-52. 

b. This generating function is due to M. Haiman (unpublished). 


Nore. It was shown by M. Béna, Electron. J. Combinatorics 5, R31 (1998), 
12 pp., that there are four other inequivalent (in the sense of Exercise 6.39(!)) 
pairs (u, v) € G4 x Gq such that the number of permutations in G, thal 
avoid them is equal to f (n), viz., (1324, 2413), (1342, 2314), (1342, 2431). 
and (1342, 3241). (The case (1342, 2431) is implicit in Z. Stankova, Discrete 
Math. 132 (1994), 291-316.) 


This result is due to M. Bona, J. Combinatorial Theory (A) 80 (1997), 257-272. 


6.49. a. Given a domino tiling of B,, we will define a path P from the center of the 


left-hand edge of the middle row to the center of the right-hand edge of the 
middle row. Namely, each step of the path is from the center of a domino 
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Figure 6-14. A path on the augmented Aztec diamond B3. 


edge (where we regard a domino as having six edges of unit length) to the 
center of another edge of the same domino D, such that the step is symmetric 
with respect to the center of D. One can check that for each tiling there is 
a unique such path P. Replace a horizontal step of P by (1, 1), a northeast 
step by (1, 0), and a southeast step by (0, 1) (no other steps are possible), 
and we obtain a lattice path from (0, 0) to (n, n) with steps (1, 0), (0, 1), and 
(1, 1), and conversely any such lattice path corresponds to a unique domino 
tiling of B,,. This establishes the desired bijection. For instance, Figure 6-14 
shows a tiling of B3; and the corresponding path P (as a dotted line). The 
steps in the lattice path from (0, 0) to (3, 3) are (1, 0), (1, 1), (1, 0), (0, 1), 
(0, 1). 

The board B, is called the augmented Aztec diamond, and its number of 
domino tilings was computed by H. Sachs and H. Zernitz, Discrete Appl. 
Math. 51 (1994), 171-179. The proof sketched above is based on an expli- 
cation of the proof of Sachs and Zernitz due to Dana Randall (unpublished). 


b. The board is called an Aztec diamond, and the number of tilings is now 272"), 
(Note how much larger this number is than the solution f(m) to (a).) Four 
proofs of this result appear in N. Elkies, G. Kuperberg, M. Larsen, and J. 
Propp, J. Alg. Combinatorics 1 (1992), 111-132, 219-234. For some related 
work, see M. Ciucu, J. Alg. Combinatorics 5 (1996), 87-103, and H. Cohn, 
N. Elkies, and J. Propp, Duke Math. J. 85 (1996), 117-166. Domino tilings 
of the Aztec diamond and augmented Aztec diamond had actually been con- 
sidered earlier by physicists, beginning with I. Carlsen, D. Grensing, and 
H.-Chr. Zapp, Philos. Mag. A 41 (1980), 777-781. 


6.50. This result appears in F. R. K. Chung, R. L. Graham, J. Morrison, and A. M. 
Odlyzko, Amer. Math. Monthly 102 (1995), 113-123 (eqn. (11)). This paper 
contains a number of other interesting results related to pebbling. 

6.51. This amazing result is due to A. Edelman, E. Kostlan, and M. Shub, J. Amer. 
Math. Soc. 7 (1994), 247-267 (Thm. 5.1). 
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Setting b, = O fork ¢ P, it is easy to obtain the recurrence 


by, 
by = ‘> bb; + (( :)): n> 2, 


i+j=n 
i<j 


from which (6.61) follows easily. This problem was considered by J. H. M. Wed- 
derburn, Ann. Math. 24 (1922), 121-140, and I. M. H. Etherington, Math. Gaz. 
21 (1937), 36-39, and is known as the Wedderburn-Etherington commutative 
bracketing problem. For further information and references, see [2.3, pp. 54-55] 
and H. W. Becker, Amer. Math. Monthly 56 (1949), 697-699. 


We have 
f(nt+2)— f(n t+) = (n+2)! = (n+2)n4+)! = (n4+2)[ fat) — fm). 


It follows that we can take P(x) = x +3 and Q(x) = x — 2. This prob- 
lem appeared as Problem B-1 in the Forty-Fifth (1984) William Lowell Putnam 
Competition. Of course the existence of some linear recurrence with polynomial 
coefficients satisfied by f(n) follows from Theorem 6.4.9, since n! is obviously 
P-recursive and )-., f(n)x” =(1 —x)7! Og nix”. 

a. Let y = So. o(x"/n!’). Clearly 1/n!” is P-recursive, so y is D-finite. 
Hence by Theorem 6.4.9, y? is D-finite. But y? = }> 5 SOx" /n!”). 
so S/n!" is P-recursive. Thus by Theorem 6.4.12 (or by a simple direct 
argument), 574) is P-recursive. This argument appears in [70, Exam. 2.4] 
in the case d = 2. 

b. The cases r = 1 andr = 2 are immediate from S!) = 2” and S® = (7"). 
The cases r = 3 andr = 4 are due to J. Franel, L’Intermédiaire des Math- 
ematiciens 1 (1894), 45-47, and 2 (1895), 33-35. For r = 5 andr = 6, sec 
M. A. Perlstadt, J. Number Theory 27 (1987), 304-309. 

c. This result was conjectured by Franel in the 1895 reference above. An in- 
complete proof was given by T. W. Cusick, J. Combinatorial Theory (A) 52 
(1989), 77-83. Cusick also gives a method for computing the recurrences 
that is simpler than Perlstadt’s and that would allow the computation for 
some values of r > 7. The gap in Cusick’s proof was pointed out by M. 
Stoll, who gives an elegant proof of his own in Europ. J. Combinatorics 18 
(1997), 707-712. Franel made an additional conjecture about the form of the 
recurrences, but this is disproved by Perlstadt’s computation. For analogous 
results concerning alternating sums of powers of binomial coefficients, sec 
R. J. McIntosh, J. Combinatorial Theory (A} 63 (1993), 223-233. 


a. See F. R. K. Chung, R. L. Graham, V. E. Hoggatt, Jr., and M. Kleiman, J. 
Combinatorial Theory (A) 24 (1978), 382-394. For more information 0? 
this fascinating subject, see C. L. Mallows, J. Combinatorial Theory (A) 27 
(1979), 394-396; R. Cori, S. Dulucg, and G. Viennot, J. Combinatorial The- 
ory (A) 43 (1986), 1-22; and S. Dulucq and O. Guibert, Discrete Math. 157 
(1996), 91-106. This last paper contains some additional references. See also 
Exercise 6.19(mm). 
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b. Let f(k) = 1/(k — 1)!k!(k + 1)!. Thus 


n+1\7'(n+1\"' 2 
Bo = ( ; ) ( ) Ue oie ®: 


Clearly f(k) is P-recursive, so by Proposition 6.4.3 and Theorem 6.4.9 the 
function }-y_, f() f(n + 1 — k) is P-recursive. It is then easy to see (e.g., 
from Theorem 6.4.12, though a simple direct argument can also be given) 
that B(n) is P-recursive. This result can also be deduced from the general 
theory presented in [75]. 

c. According to Chung et al. (reference in (a)), P. S. Bruckman derived from 
(6.62) that 


(a+ 11+ 2)(n + 3)Gn — 2)BMH) 
= 2(n + 1)(9n? + 3n* — 4n + 4)B(n — 1) 
+ (n — 1)(n — 2)(15n* — 5n — 14)B(n — 2) 
+ 83n + 1)(n — 2)°(n — 3)B(n — 3), 


forn > 4. 


a. Using the notation and techniques of Chapter 7 (see Corollary 7.23.12), we 
have 


AOS So 
A-n 
L(A)<k 


where f* denotes the number of standard Young tableaux of shape 2. Using 
the hook-length formula for f* (Corollary 7.21.6), we get an explicit formula 
for A,(n) from which the techniques of [75] (especially §3.3) imply that A, 
is P-recursive. Another approach is given by I. M. Gessel, J. Combinatorial 
Theory (A) 53 (1990), 257-285 (§7). 

b. These conjectures are due to F. Bergeron, L. Favreau, and D. Krob, Discrete 
Math. 139 (1995), 463-468. They were obtained using the Maple package 
gfun and some related tools developed by S. Plouffe. 

c. Very little is known about the function A, for arbitrary v € Gx. For instance, 
it is conjectured that lim, _, 9 A,(n)!/" exists (and is finite), but it is not even 
known whether A,(n) < c” for some constant c > 0 depending on v. For 
further work on the function A,, see Exercises 6.19(ee,ff), 6.39(1), 6.47, and 
6.48 

Let O(x) = l+a ,x+-- -+agx? = ieee (l- yix yi , where the y;’s are distinct 

nonzero complex numbers and d; > 0. We claim that the answer is k, the number 

of distinct zeros of Q(x). By Theorem 4.1.1 we have f(n) = er Pi(n)y;" 
for some polynomials 0 4 P;(n) € C[n]. Let E be the unit shift operator, given 
by (Eg)(n) = g(n + 1). Let 


g(n) = (Prn)E — ye Pen t+ DIf. 


It’s easy to see that g(n) = Sa Qi(n)y;' for some polynomials Q;(n) € C[n]. 
Hence by induction on k (the case kK = 1 being trivial), there is an operator 
Q = H,_\(n)E*"! +--- + H,)E + Hon), where H;(n) € C[n], satisfying 
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Qg = 0. Hence 2-[Pr(M)E — yy, Py(n + 1)] f = 0, a (nonzero) homogeneous 
linear recurrence of order at most & with polynomial coefficients satisfied by /f. 

It remains to show that f cannot satisfy a recurrence of order less than k. 
Suppose to the contrary that 


Trin fin +k —1l)+ Thoftat+k —2)+---+To(n)f(n) =0 
for all n > 0, where 7;(n) € C[n] and not all 7; = 0. Then 


k-1 


k 
0= » T;(n)) Pin + jy" 


i=] 


j=0 

k k-1 ; 

=i yf Vi MPia + jy). 
i=l] j=0 

Since the functions y," are linearly independent over C(n) (e.g., by Theorem 

4.1.1), we have 


k~1 


Yo Tin) Pin + jy? =0, 1<i<k. 
j=0 


Since the Vandermonde matrix ty’ ] has nonzero determinant, we have T;(n) P(n 
+ fj) = OforallO < j <k—-—1,1 <i <k,andn > O. Since each P; and 
some T; have only finitely many zeros, we have reached a contradiction. 

Let r be the maximum nonnegative integer zero of P,(n) (where we setr = ~1 
if P.(n) has no such zero). Once we know f(0), ..., f(r +e), then all other val- 
ues of f(n) are uniquely determined by (6.34). Hence V has the same dimension 
as the space of all (r+e+1}tuples (f (0), f(1),..., f(r+e)), where f € V.If 
we substituten = 0, 1, ..., 7 in (6.34), then we obtain r + 1 homogeneous linear 
equations Eo, E,,..., E,inther+e+1 unknowns f(0), f(1),..., f(r +e). If 
nisnotazero of P,(n), then the equation E,, involves f(n + e) with anonzeroco- 
efficient, while the equations Eo, E,,..., E,—; do not involve f(n + e). Thus 
the system (Eo, E\,..., E,) has rank one more than the rank of the system 
(Eo, E1,..., En—1). It follows that the rank of the system (Eo, E,,..., Ey) is 
at least r + 1 — m. On the other hand, the rank is at most the number r + | of 
equations. Since the dimension of the solution space is the number r + e + |! 
of unknowns minus the rank, we get e < dimV < e+ ™m, as desired. Given 
e and P,(n), it is easy to arrange for any value of dim V in this range to occur. 
(In fact, since one can specify finitely many values of a polynomial arbitrarily, 
the system (Eo, E,..., E,) can also be specified arbitrarily, except for being 
consistent with P.(n) having m zeros in N, the largest being r.) 

Let u = secx. Suppose that uw satisfies the differential equation (6.31). Now 
ul = uVu? — 1, then u” = u3 + u? — u, and in general by induction it is 
easily seen that u@+) = L;(u)Ju2 — 1 and u??) = M;(u), where L; and 
M; are polynomials (with complex coefficients), both of degree 2i + 1. Making 
these substitutions into (6.31) yields a nonzero polynomial equation in x, u, and 
/u* — 1 satisfied by u. Hence u is algebraic, which is easily seen to be imposs- 
ible (e.g., by Exercise 6.1). This argument appears in [70, Exam. 2.5]. An earlier 
proof was given by L. Carlitz, J. Reine Angew. Math. 214/215 (1964), 184-191 


6.60. 


6.61. 
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(Thm. 4). Another proof follows from the result within the theory of differential 
equations that an analytic D-finite series cannot have infinitely many poles. See 
[70, §4(a)] for a stronger result. Yet another way to see that sec x is not D-finite 
is to appeal to the difficult Exercise 6.60. An argument similar to the one given 


above can be applied to ,/log(1 + x*). See [70, Exam. 2.6] for further details. 
Suppose that u := y’/y is algebraic. Repeatedly differentiating the equation 


y’ = uy and using induction shows that y = P,(u,u’,...)y, where P; 
is a polynomial (over C) in u,u’,.... Since u is algebraic, all of the series 
P,(u,u',...) lie in the field C(x, u) (using (6.12)) and hence satisfy some 
linear dependence relation S68 Si(x) Px = 0, where f(x) € C(x). Thus 
> fe(x)y = 0, so y is D-finite. 

The converse is considerably more difficult. It was first proved explicitly by 
W. A. Harris, Jr., and Y. Sibuya, Advances in Math. 58 (1985), 119-132, though 
it actually follows from an earlier result of S. Morrison appearing in P. Blum, 
Amer. J. Math. 94 (1972), 676-684 (Thm. 3). The result of Harris and Sibuya was 
successively generalized by W. A. Harris, Jr., and Y. Sibuya, Proc. Amer. Math. 
Soc. 97 (1986), 207-211, and S. Sperber, Pacific J. Math. 124 (1986), 249-256, 
culminating in M. F. Singer, Trans. Amer. Math. Soc. 295 (1986), 753-763. 


This is a result of L. Lipshitz, J. Algebra 113 (1988), 373-378. Earlier proofs 
by I. Gessel, Utilitas Math. 19 (1981), 247-254, and D. Zeilberger, J. Math. 
Anal. Appl. 85 (1982), 114-145 (Thm. 11), were incomplete, though Zeilberger 
later completed his approach. A more general result was later proved by L. Lip- 
shitz, J. Algebra 122 (1989), 353-373 (Thm. 2.7), using his generalization of 
D-finiteness to several variables. 


Suppose that y satisfies an appropriate differential equation € of order e. Ap- 
plying to € an element of the Galois group G of the irreducible polynomial P 
of which y is a root, we see that every conjugate of y also satisfies €. It’s easy to 
see that the space of fractional power series (or even fractional Laurent series) 
solutions to € has complex dimension at most e. Hence e > dim V. 

It remains to show that y satisfies some equation € whose degree is equal to 
dim V. Let L be the splitting field of P. The derivation d/dx extends uniquely 
to L. G leaves V invariant, and so we have a representation G — GL(V). For 
any C-basis z,,..., Zm of V, let 


Wr(Y, Z1> ieee) 
Wr(Z1,-.-3 Zm) , 


where Y is an indeterminate and Wr denotes the Wronskian determinant. For 
any o € G, apply o to the coefficients of T(Y) and call the resulting differential 
polynomial T° (Y). We then have 


Wr(Y, 021, seep OZm) 


T(Y) = 


el Wr(o21,.-+5OZm) 
det({o]) - Wr(z1,.--5 Zm) 
= T(Y), 


where [a] is the matrix of o with respect to the basis z},..., Zm- Therefore the 
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coefficients of T(Y) are left invariant by G and so lie in C(x). T(Y) is clearly 
nonzero (since Z1, ..., Z are linearly independent), vanishes at the roots of P, 
and has order equal to dim V, as desired. 

The above argument is due to B. Dwork and later independently M. F. Singer 
(private communications). 


6.63. b. It was shown by K. G. J. Jacobi, J. Reine Angew. Math. (= Crelle’s J.) 36 
(1847), 97-112, that the series y = 1+25°,,,x”" satisfies the ADE 


(y2z3 — 15yzizz + 3023)” + 32 (yzo — 327)” — y! (yzo — 322)" = 0, 
where y= xy’, n= xy! +x*y", a= xy’ + 3x7" a xs”, 

c. The strongest related result known to date is due to L. Lipshitz and L. A. 
Rubel, Amer. J. Math. 108 (1986), 1193-1214 (Thm. 4.1). Their result shows 
in particular that y cannot have Hadamard gaps. In other words, if y satisfies 
an ADE, then there does not exist r > 1 such that nj,,/n; > r for alli. 
It is open whether some series of the form )°, b,x”, with each b, + 0, 
can satisfy an ADE. In fact, it does not seem to be known whether the series 
¥, x” satisfies an ADE. (It seems likely that )*, b,x” does not satisfy an 
ADE, since otherwise there would be a completely unexpected result about 
representing integers as sums of cubes.) 


6.64, a. The series represented by both sides is just the sum of all words w € {x, y}* 
whose letters alternate (i.e., no two consecutive x’s or y’s). 
b. Letu = (1—xy)~! and v = (1 — yx)7!. Note that (1 — yx)y = y(1 —xy), 
and therefore yu = vy. Thus 


Q+x)vil+y)=v+xu+ yu+xyu 
=vu+xvutyutu—(l—xyu 
=utovutxv+yu-—l. 


This last expression is symmetric with respect to the permutation (written 
in disjoint cycle form) (x, y)(u, v), so an affirmative answer follows. This 
argument is due to S. Fomin (private communication), and the problem itself 
was motivated by the paper S. Fomin, J. Combinatorial Theory (A) 72 (1995), 
277-292 (proof of Thm. 1.2). 

c. An affirmative answer is due to D. Krob, in Topics in Invariant Theory (M.-P. 
Malliavin, ed.), Lecture Notes in Math. 1478, Springer-Verlag, Berlin/Heidel- 
berg/New York, 1991, pp. 215-243. A short discussion also appears in [55. 
§8]. 

6.65. a. First Solution. Suppose that S = 5°. x"y" were rational. By Theo- 
rem 6.5.7, there exist N x N matrices A and B (for some N) such that 
(A'B/)\n = 6;; for alli, 7 => 1. Form the commutative generating function 


F(s,t)= 5° (A‘B! sit 


ijl 
= [As — As) ' Brat — Bt). 


By an argument as in Exercise 4.8(a), we see that F'(s, t) is a rational function 
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of s and t with denominator det(J — As) - det(J — At). On the other hand, 


St 
l—st’ 


F(s,t) — ys, b;js't/ = 


i,j21 


so that 1 — st is a factor of the denominator of F(s, t), a contradiction (e.g., 
by the fact that K[s, t] is a unique factorization domain). 

Second Solution. Let A, B,and N be as above. By the Cayley—Hamilton 
theorem, we have AY = ay_, AN~!+---+a,A+ag/ for certain constants 
a;. Hence 


N-1 
1=(ANB™)y = ms a;(A'B™)y = 0, 
i=0 


a contradiction. This elegant argument is due to P. Hersh. 

b. This is an example of an “iteration lemma” or “pumping lemma” for ratio- 
nal series, and is due to G. Jacob, J. Algebra 63 (1980), 389-412. For some 
stronger results and additional references, see C. Reutenauer, Acta Inf. 13 
(1980), 189-197. See also [5, Ch. III, Thm. 4.1][43, Thm. 8.23]. 

c. This pumping lemmais a result of J. Jaffe, SIGACT News (1978), 48-49. See 
also [62, Thm. 3.14]. The paper of Jaffe mentions some further characteri- 
zations of rational languages, the earliest due to A. Nerode. 


By Theorem 6.5.7, there are homomorphisms «p : X* > K™*™andv: Xt > 
K"*" such that (S, w) = (w),m and (T, w) = v(w), forall w € Xt. Define 
w@v:Xt—> K™"™"" by (uw @ v)(w) = u(w) @ v(w), where the latter @ 
denotes tensor (Kronecker) product of matrices. Then jz ® v is ahomomorphism 
of monoids satisfying (44@v)(wW)1,mn = (S, w)-(T, w) forall w €¢ Xt,and the 
proof follows from Theorem 6.5.7. This result is due to M. P. Schiitzenberger [65, 
Property 2.2]. See also for instance [63, Thm. II.4.4]. (Schiitzenberger assumes 
only that K is a semiring, in which case the proof is considerably more difficult.) 
Letx = xp +X) +--->+Xp-) and y = x) + 2x2 +---+ (6 — 1)xp_1. Then 
one sees easily that 


S = bSx +(x —xo)(1—x)'y+y, 
whence 
S=[(@ —xo)(l—x)'y+ yl] — bx) !. 


This result is a slight variation of [5, Exer. 4.4, p. 19]. 


A proof of this result is given in M. W. Davis and M. D. Shapiro, Coxeter groups 
are automatic, Ohio State University, 1991, preprint. However, the proof of a 
result called the parallel-wall property is incomplete. Subsequently B. Brink and 
R. B. Howlett, Math. Ann. 296 (1993), 179-190, asserted that their Thm. 2.8 
implies the parallel-wall property, thereby completing the proof of Davis and 
Shapiro. Other proofs were given by H. Eriksson, Ph.D. thesis, Kungl. Tekniska 
Hoégskolan, 1994 (Thm. 73) and P. Headley, Ph.D. thesis, University of Michigan, 
1994 (Thm. VII.12). 
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6 Algebraic, D-Finite, and Noncommutative Generating Functions 


For this result and a number of related results, see A. BjGrner and C. Reutenauer, 
Theoret. Comput. Sci. 98 (1992), 53-63. 


This is something of a trick question — clearly (0, 0) is a solution. 


Let a, B € K. Let s; = u be a component of a proper algebraic system S in 

variables 51, 52,...,5;, and let t; = v be a component of a proper algebraic 

system J in variables t), t2,...,t,. Then z = au + fv is a component of the 
proper algebraic system consisting of S, J, and the equation z = as, + Bry. 

Hence au + fv is algebraic. A similar argument works for uv. 

It remains to show that if u is algebraic and u—! exists (i.e., (u, 1) 0), then 
u~! is algebraic. Suppose (u, 1) = a £0. Letv =u7!,u! =u—a,andv' = 
v—a!,so(u’, 1) = (v’, 1) = 0. Thenv’ = —a~2u' — a! v'u’, from which it 
is immediate that v’ (and therefore v) is algebraic whenever u’ (or u) is algebraic. 

For additional “closure properties” of algebraic series, see [63, Ch. IV.3] and 
[24]. 

a. This pumping lemma for algebraic languages is due to Y. Bar-Hillel, Z. 
Phonetik, Sprachwiss. u. Kommunicationsforschung 14 (1961), 143-172 
(Thm. 4.1); reprinted in Y. Bar-Hillel, Language and Information, Addison- 
Wesley, Reading, Massachusetts, 1964, p. 130. See also [62, Thm. 3.13]. For 
additional methods of showing that some languages are not algebraic, see 
[63, Exers. IV.2.4 and IV.5.8]. 

b. Easy. 


a. Let D be the Dyck language of Example 6.6.6. Let D be the set of all words 
obtained from words in D by interchanging x’s and y’s. A simple com- 
binatorial argument shows that S = (1 — D+ — D*)~!. Since D and D 
are algebraic, it follows immediately that S is algebraic. More explicitly, if 
S’ = S — 1 then we have (using (6.51)) 


S’ = (S'+1)Dt + (8 + 1)Dt 
Dt =x(Dt + )Dy(Dt +) 
Dt = y(D* + 1)x(Dt + 1). 


b. Define a series Q by Q =1+xQyQ+ yQxQ. Then Q is algebraic, and 
the support of Q is the language S, as noted by J. Berstel, Transductions and 
Context-Free Languages, Teubner, 1979 (Thm. II.3.7 on p. 41). However, 
this leaves open the question of whether S — 1 itself can be defined by a 
single equation (or even two equations). 


Every word w = w)W2--- w, in the alphabet {x,, ae aching RBs ce) that re- 
duces to 1 can be uniquely written as a product of irreducible such words. If g (7) 
is the number of such irreducible words of lengthn andif G(t) = >°,5, gs@t". 
then it follows that F = 1/(1 — G). If an irreducible word u begins with a letter 
y = x; Or ae? then it must end in y~! [why?].If uw = yvy—!, then v can be any 
word reducing to 1 whose irreducible components don’t begin with y~!. The 
7 f . . 7 : # -l: 2k-1 
generating function for irreducible words not beginning with y~! is “-—G(), 
so the generating function for sequences of such words is 


-1 
(.-==cw) 
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Since the word u is two letters longer than v and there are 2k choices for y, there 
follows 


ou 2kt? 
aes #1 G(1) 
From this it is easy to solve for G(t) and then F(t). 

The argument given above is due to D. Grabiner. Another elegant solution by 
A.J. Schwenk appears in Amer. Math. Monthly 92 (1985), 670-671.The problem 
was formulated originally by M. Haiman and D. Richman for the case k = 2 in 
Amer. Math. Monthly 91 (1984), 259, though Schenk notes that his solution car- 
ries over to any k. The problem of Haiman and Richman provided the motivation 
for the paper [35], from which we obtained Theorem 6.7.1 and Corollary 6.7.2. 

This problem was solved independently by physicists, in the context of ran- 
dom walks on the Bethe lattice. See A. Giacometti, J. Phys. A: Math. Gen. 28 
(1995), L13-L17, and the references given there. 
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Symmetric Functions 


7.1 Symmetric Functions in General 


The theory of symmetric functions has many applications to enumerative combi- 
natorics, aS well as to such other branches of mathematics as group theory, Lie 
algebras, and algebraic geometry. Our aim in this chapter is to develop the basic 
combinatorial properties of symmetric functions; the connections with algebra will 
only be hinted at in Sections 7.18 and 7.24, Appendix 2, and in some exercises. 

Let x = (%1, x2, ...) be a set of indeterminates, and letn € N. A homogeneous 
symmetric function of degree n over a commutative ring R (with identity) is a 
formal power series 


AC ane 


a 


where (a) a ranges over all weak compositions @ = (@, @2,...) of n (of infinite 
length), (b) cy € R, (c) x® stands for the monomial sata ..., and (d) fw), 
Xw2),---) = f(&1, X2,...) for every permutation w of the positive integers P. 
(A symmetric function of degree 0 is just an element of R.) Note that the term 
“symmetric function” is something of a misnomer; f(x) is not regarded as a 
function but rather as a formal power series. Nevertheless, for historical reasons 
we adhere to the above terminology. 

The set of all homogeneous symmetric functions of degree n over R is denoted 
Ap. Clearly if f,g € AR anda,b € R, thenaf + bg € Af; in other words, AR 
is an R-module. For our purposes it will suffice to take R = Q (or sometimes Q 
with some indeterminates adjoined), so A% is a Q-vector space. For the sake of 
convenience, then, and because some readers are doubtless more comfortable with 
vector spaces than with modules, we will henceforth work over Q, though this is 
not the most general approach. 

If f € AZ and g € A4, then it is clear that fg € Ag*" (where fg is a product 
of formal power series). Hence if we define 


Ag= Ab @ NG @--- (vector space direct sum) (7.1) 
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(so the elements of Ag are powerseries f = fot+fit---where f, € Ag and all but 
finitely many f, = 0), then Ag has the structure of a Q-algebra (i.e., a ring whose 
operations are compatible with the vector space structure), called the algebra (over 
Q) of symmetric functions. Note that the algebra Ag is commutative and has an 
identity element 1 € Ae. The decomposition (7.1) in fact gives Ag the structure 
of a graded algebra, meaning thatif f € Ag and g € AG, then fg € AQ’. From 
now on we suppress the subscript Q and write simply A” and A for Aj and Ag. 
Note, however, that in the outside literature A usually denotes Az. 

A central theme in the theory of symmetric functions is to describe various bases 
of the vector space A” and the transition matrices between pairs of these bases. 
We will begin with four “simple” bases. In Sections 7.10—7.19 we consider a less 
obvious basis which is crucial for the deeper parts of the theory. 


7.2 Partitions and Their Orderings 


Recall from Section 1.3 that a partition X of a nonnegative integer n is a sequence 
Opgoasap ew satisfying A; > --- > A, and }>A; =n. Any A; = 0 is consi- 
dered irrelevant, and we identify 4 with the infinite sequence (A), ..., Ax, 0,0, ...). 
We let Par(n) denote the set of all partitions of n, with Par(Q) consisting of the 
empty partition @ (or the sequence (0, 0, ...)), and we let 


Par := LJ Par(n). 


n>0 
For instance (writing for example 4211 as short for (4, 2, 1, 1, 0, ...)), 


Par(1) = {1} 

Par(2) = {2, 11} 

Par(3) = {3, 21, 111} 

Par(4) = {4, 31, 22, 211, 1111} 

Par(5) = {5, 41, 32, 311, 221, 2111, 11111}. 


If A € Par(n), then we also write 4. n or |A| = n. The number of parts of A (.e., 
the number of nonzero A,) is the length of A, denoted £(A). Write m; = mj(A) for 
the number of parts of 4 that equal 7, so in the notation of Section 1.3 we have 
A= (12. ...), which we sometimes abbreviate as 1'2”? .--. Also recall from 
the discussion of entry 10 of the Twelvefold Way in Section 1.4 that the conjugate 
partition d' = (Aj, A4,...) of A is defined by the condition that the Young (or 
Ferrers) diagram of i’ is the transpose of the Young diagram of A; equivalently, 
m;(A') = A; — di41. Note that Aj = £(A) and A, = £00’). 

Three partial orderings on partitions play an important role in the theory of 
symmetric functions. We first define x C A for any w,A € Par if uw; < A; for 
all 7. If we identify a partition with its (Young) diagram, then the partial order 


288 7 Symmetric Functions 


Figure 7-1. Young’s lattice. 


¢ is given simply by containment of diagrams. The set Par with the partial order 
is called Young’s lattice Y and (as mentioned in Exercise 3.63) is isomorphic to 
J (N°). The rank of a partition A in Young’s lattice is equal to the sum |A| of its 
parts, so the rank-generating function by equation (1.30) is given by 


F(Y,x) = [[a — xt 


i>] 


See Figure 7-1 for the first six levels of Young’s lattice. 

The second partial order is defined only on Par(n) for eachn € N, and is called 
dominance order (also known as majorization order or the natural order), denoted 
<. Namely, if |u| = |A| then define uw <4 if 


My t+ilot--- +e; <Ay+Ag+--- +); for alli > I. 


For the reader’s benefit we state the following basic facts about dominance order, 
though we have no need for them here. 


® (Par(n), <) is a lattice. 

© The map A +> 4’ is an anti-automorphism of (Par(n), <) (so Par(n) is self-dual 
under dominance order). 

© (Par(n), <) is a chain if and only ifn < 5. 

¢ (Par(n), <) is graded if and only if n < 6. 
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® ForA = (A1,...,4n) Fn, let P, denote the convex hull in R” of all permutations 
of the coordinates of 2. Then (Par(n), <) is isomorphic to the set of P,,’s ordered 
by inclusion. 


For the Mobius function of (Par(m), <) see Exercise 3.55, and for some further 
properties see Exercise 7.2. 

For our final partial order, also on Par(7), it suffices to take any linear order 
compatible with (i.e., a linear extension of ) dominance order. The most convenient 
is reverse lexicographic order, denoted <. Given |A| = ||, define yu é A if either 
ft = i, or else for some 1, 


My =A1,---, Mi =Ai, Migr < Aidt. 
: R oe 
For instance, the order > on Par(6) is given by 


62514422 411 4 33 £ 321 2 3111 S 222 2 2011 2 21111 2 11111. 


On the other hand, in dominance order the partitions 33 and 411, as well as 3111 
and 222, are incomparable. 

We would like to make one additional definition related to partitions. Define the 
rank of a partition A = (Aj, A2,...), denoted rank(A), to be the largest integer 7 
for which A; > 7. Equivalently, rank(A) is the length of the main diagonal of the 
diagram of i or the side length of the Durfee square of 4 (defined in the solution 
to Exercise 1.23(b)). Note that rank(A) = rank()’). 


7.3 Monomial Symmetric Functions 
Given 4. = (Aj, A2, ...) Fn, define a symmetric function m,(x) € A” by 


m= ) , ee 
a 


where the sum ranges over all distinct permutations a = (a), a2, .. .) of the entries 
of the vector A = (A,, A2,...). For instance, 


We call m, a monomial symmetric function. Clearly if f = >>, cax% € A” then 
f = Yen Cama. It follows that the set {mn : 4 F n} is a (vector space) basis for 
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A", and hence that 
dim A” = p(n), 


the number of partitions of n. Moreover, the set {m, :A € Par} is a basis for A. 


7.4 Elementary Symmetric Functions 
Next we define the elementary symmetric functions e, ford € Par by the formulas 


Cn = Myr = > Xie Xi,, nel (with €97 = mg = 1) 
<i <iy (7.2) 
CE, =6),Or° °°; if A = (Ay, A2,...). 


If A = (a;;);,;>1 is an integer matrix with finitely many nonzero entries and 
with row and column sums 


J 
Cj = ) aij, 


then define the row-sum vector row(A) and column-sum vector col(A) by 


row(A) => (r1, T2506 9) 
col(A) => (cq, CIs a .). 


Also define a (0, 1)-matrix to be a matrix whose entries are all 0 or 1. 


7.4.1 Proposition. Let 2+ n, and leta = (@), @2,...) be a weak composition 
of n. Then the coefficient My of x* in e;, i.e, 


e. = >> Mymy, (7.3) 


pen 


ts equal to the number of (0, 1)-matrices A = (a; pi,jz1 Satisfying row(A) = A and 
col(A) = a@. 


Proof. Consider the matrix 
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To obtain a term of e,, choose ), entries from the first row, 42 from the second row, 
etc. Let the product of the chosen entries be x*. If we convert the chosen entries 
to 1’s and the other entries to 0’s, then we obtain a matrix A with row(A) = A 
and col(A) = a. Conversely, any such matrix corresponds to a term of e,, and the 
proof follows. Oo 


7.4.2 Corollary. Let Mj, be given by (7.3). Then My, = M,y, i.€., the transition 
matrix between the bases* {m, : 4+ n} and {e, : 4. n} is a symmetric matrix. 


Proof. The (0, 1)-matrix A satisfies row(A) = A and col(A) = w if and only if 
the transpose A’ satisfies row(A’) = w and col(A‘) =X. Oo 


It is easy to see that the coefficient M,,, of (7.3) has the following alternative 
combinatorial interpretation. We have n balls in all, with A; balls labeled i. We also 
have boxes labeled 1, 2,.... Then M,,, is the number of ways of placing the balls 
into the boxes so that: (a) no box contains more than one ball with the same label, 
and (b) box contains exactly 1; balls. The elegant combinatorial interpretations 
we have given of M),, are our first hints of the combinatorial efficacy of the theory 
of symmetric functions. 

In general, let {u,} be a basis for A and let f <¢ A. Ifthe expansion f = >>, ajuy 
of f in terms of the basis {u,} satisfies a, >0 for all A, then we say that f is 
u-positive. If f is u-positive, then the coefficients a, often have a simple com- 
binatorial or algebraic interpretation. (An example of an algebraic interpretation 
would be the dimension of a vector space.) For instance, it is obvious from the 
relevant definitions that e, is m-positive, and Proposition 7.4.1 gives a stronger 
result (viz., a combinatorial interpretation of the coefficients). Similarly to the def- 
inition of u-positivity, we also say that f is u-integral if the coefficients a, above 
are integers. 

Proposition 7.4.1 has an equivalent formulation in terms of generating func- 
tions. The type of generating function that we will be considering throughout this 
chapter has the form z = }°, c,u,, where A ranges over Par, {u,} is a Q-basis for 
A (and usually u, € A”, where A n), and c, belongs to some coefficient ring R 
(which for us will always be a Q-algebra). We may think of z as belonging to the 


x ting Ar = A ® R, where Ap denotes the completion of Az with respect to the 


ideal Al @ A%,---. Readers unfamiliar with completion need not be concerned; 
the generating functions >} c,u, will always behave in a reasonable, intuitive 
way. 

A frequently occurring class of generating functions has R = A(y), 1.e., sym- 
metric functions in a new set of variables y = (yj, y2,...). For instance, the 
generating function z = >>, m,(x)e,(y) of the next proposition is of the form 
>>, Cxua Where uy = m(x) € A(x) and c, = e,(y) € A(y) = R. In general, 
if a function c, indexed by A € Par arises in an enumeration problem, then it is 


* It follows from Theorem 7.4.4 below that the set {e, : A + n} is indeed a basis. 
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natural to consider a generating function of the form )> c,u, for a suitable basis 
u, Of A. The difficulty, of course, is deciding what basis is “suitable.” We will see 
throughout this chapter various choices of u,, the most common being the Schur 
functions s, discussed in Sections 7.10—7.19. 

Let us now give the promised reformulation of Proposition 7.4.1. The generating 
function that we consider, as well as a closely related one to be discussed later (see 
Proposition 7.5.3), plays an important role in the theory of symmetric functions. 


7.4.3 Proposition. We have 


| [a +19) = D5 Mayme.) (7.4) 
i,j Ayp 
= yy m(x)e,(y). (7.5) 
ri 
Here X and tt range over Par. (It suffices to take |A| = |u|, since otherwise 
My = 0.) 
Proof. A monomial xj'x,;?--- y : y? >... = x%y8 appearing in the expansion of 


[]Q + x;y;) is obtained by choosing a (0, 1)-matrix A = (a;;) with finitely many 
1’s, satisfying 


[enn =x%". 


ij 
But 


I Ic XiYj tii = xtowlA) yoo) 
ij 


so the coefficient of x“ y* in the product [](1 + x;y;) is the number of (0, 1)- 
matrices A satisfying row(A) = @ and col(A) = B. Hence equation (7.4) follows. 
Equation (7.5) is then a consequence of (7.3). O 


Note that Corollary 7.4.2 is immediate from (7.4), since the product [[(1+4i))? 
is invariant under interchanging x; and 5, for all 7. 

We now come to a basic result known as the “fundamental theorem of symmetric 
functions,” though for us it will barely scratch the surface of this subject. 


7.4.4 Theorem. Let i, 1 n. Then Mj, = 0 unless uw < A’, while Myy = }- 
Hence the set {e, :  - n} is a basis for A” (so {e, : 4 € Par} isa basis for 
A). Equivalently, e,, e2,... are algebraically independent and generate A as 4 
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Q-algebra, which we write as 


A = Qlei, e2,...]. 


Proof. Suppose that M,, 4 0, so by Proposition 7.4.1 there is a (O, 1)-matrix A 
with row(A) = A and col(A) = ju. Let A’ be the matrix with row(A’) = A and with 
its 1’s left-justified, ie., A; j= 1 precisely for 1 < j < A,. For any i the number of 
1’s in the first columns of A’ clearly is not less than the number of 1’s in the first i 
columns of A, so by definition of dominance order we have col(A’) > col(A) = p. 
But col(A’) = A’, so A’ = pw as desired. Moreover, it is easy to see that A’ is the 
only (0, 1)-matrix with row(A’) = A and col(A’) = 4’, so May = 1. 

The previous argument shows the following: let A!, A?,... , A?“ be an ordering 
of Par(n) that is compatible with dominance order, and such that the “reverse 
conjugate” order (A?)’, ... , (A?)’, (A!) is also compatible with dominance order. 
(It is easily seen that such orders exist.) Then the matrix (M,,,), with the row order 
d1,a?,... and column order (A'Y, (A?)’,..., is upper triangular with 1’s on the 
main diagonal. Hence it is invertible, so {e, : 4  n} is a basis for A”. (In fact, it is 
a basis for AZ since the diagonal entries are actually 1’s, and not merely nonzero.) 

The set {e, : A € Par} consists of all monomials e{'e5” - - - (where a; € N, }0 a; < 
oo). Hence the linear independence of {e, : 4 € Par} is equivalent to the algebraic 
independence of e), é2,..., as desired. Oo 


Figure 7-2 gives a short table of the coefficients M,,,. 


e| = my, 

ei1 = m2 + 2mi1 

e2 = mil 

én = m3 +3m 1+ Omi 

a1 = m+ 3m 

e3 = Mii 

Qt = m4 +4m3, + Gro + 12my1, + 24m, 

en = m31 + 2m + Sma, + 12mi144 

22 = my + 2m, + Omi 

61 = mart 4miun 

ea = mii 

Qn = m5 + 5g, + 10m32 + 20311 + 30m) + 60Ma11 + 120M. 
211 = mat + 3m32 + Tg + 12m) + 27min + 60min 
e221 = m3. + 2m3i, + Sma + 12mai1 + 30min 
11 = m3, + 2my, + Tm, + 20miiii1 
42 = moi + 3m + 10min 
é1 = mouut Smini 
es = M111 


Figure 7-2. The coefficients My,. 
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7.5 Complete Homogeneous Symmetric Functions 


Define the complete homogeneous symmetric functions (or just complete symmetric 
functions) h), for 4 € Par by the formulas 


hn=Yom= Yo x--, 21 (withho = mg =1) 
An ip<- <i, (7.6) 
Ay=hyaye- if = (Ay, Aa, ..). 


Thus A,, is the sum of all monomials of degree n. 

The symmetric functions A) are in many ways “dual” to the elementary sym- 
metric functions e,,. The underlying reason for this duality will be brought out by 
Theorem 7.6.1 and various subsequent developments. For now let us consider the 
“complete analogue” of Proposition 7.4.1. 


7.5.1 Proposition. Leta n, and let a = (a, a2, ...) be a weak composition 
of n. Then the coefficient N)q of x* in hj, ie., 


hy =o Nyy, (7.7) 


pbkn 
is equal to the number of N-matrices A = (aj;;)j,;>1 satisfying row(A) = A and 


col(A) = a. 


Proof. Analogous to the proof of Proposition 7.4.1. A term x* from hy =h,, 
Gi\ ,.Gi2 


h,, +--+ is obtained by choosing a term x}''x,” --- from each /,, such that 


I] (xf Aa 0 -) = x. 


i 


But this is just the same as choosing (a;;) to be an N-matrix A with row(A) = A 
and col(A) = a, and the proof follows. O 


7.5.2 Corollary. Let Nj, be given by (7.7). Then Ny, = Nyy ie., the transition 
matrix between the bases* {m, : / n} and {h, : 24 / n} is a symmetric matrix. 


Proof. Exactly analogous to the proof of Corollary 7.4.2. Oo 


The coefficient N,,, of (7.7) has an alternative combinatorial interpretation in 
terms of balls into boxes, similar to the interpretation of M),, in this way. We have 


* It follows from Corollary 7.6.2 that the set {4a : 4. } is indeed a basis. 
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n balls in all, with 4; balls labeled 7. We also have boxes labeled 1, 2,.... Then 
Nau is the number of ways of placing the balls in the boxes so that box i contains 
exactly 4; balls. 

On the combinatorial level, the duality between e, and h,, is manifested by 
(Q, 1)-matrices vs. N-matrices, or equivalently, balls into boxes (subject to certain 
conditions) not allowing repetitions or allowing repetitions. This situation is rem- 
iniscent of the reciprocity between (7) and ((7)) = (—1)*(;"), or of the more 
general reciprocity theorems of Sections 4.5 and 4.6. Indeed, given a symmetric 
function f(x) andn &N, let us write 


JO} Hf epee Ss eH ay Se La = eS SO), (7.8) 


Then 


el) = Yo 1H (;) 


1<i, <--<iy <n 


wd t(() 
1<i) <+-<i, <n 


We next give the generating function interpretation of Proposition 7.5.1. The 
proof is analogous to that of Proposition 7.4.3 and is omitted. 


Ayo = m 

Ay = 2m, + m2 

hn = my + m2 

Anu = 6m, + = 3m + m3 

Ay = B8mii, + 2m, + m3 

hy = mit + m2, + m3 

Ann = 24min + 12m, + 6my2+ 431+ mg 

Ayy = 12myy, + 7m) + 4my7 + = 3m3, + m4 

Ao = Omi + 4m + 3m2 + 2m3, + My 

Ay = 44min + 3ma + 2m + 2mz, + My 

hg = mint mart m2+t my+ my 

Anna = 120m, + 60211, + 30m22, + 20311 + 1032 + Sma, + ms 
Aa = 60m + 33min + 18221 + 13m311 + F32 + 4mg, + ms 
Ag, = 30m + 18rm2i1, + 11m) + 87311 + S32 + 3m4, + ms 
Ajyy = 20min + 13min + 821 + Fma11 + 432 + 3mq, + Ms 
hyp = Omi + Fmai + Sma) + 431 + 332 + 2mg, + ms 
hy = Smut 4m + 321 + 3m31, + 2m32 + may + ms 
As = mint mat + ma + m3 + = m32 + mg + ms 


Figure 7-3. The coefficients Nj,. 
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7.5.3 Proposition. We have 


] Ja = x19)7 = Do Myma@)m,0) (7.9) 
i,j Ah 
= Dim (hay), (7.10) 
Xr 


where X and 1 range over Par (and where it suffices to take |X| = ||). 


Itis not as easy to argue as in the proof of Theorem 7.4.4 that the set {h, : AF 1} 
is a basis for A” (so hy, hz, ... are algebraically independent), since the matrix 
(N3,,) has no nice triangularity properties. But the linear independence of the /,’s 
will be a trivial consequence of Theorem 7.6.1, so we save its “official” statement 
until then. 

Figure 7-3 gives a short table of the coefficients Nj ,.. 


7.6 An Involution 


Since A = Q[e), é2, ...], an algebra endomorphism f : A — A is determined 
uniquely by its values f(e,), m > 1; and conversely any choice of f(e,)EA 
determines an endomorphism /. Define anendomorphismw : A — A by w(e,) = 
hy, n > 1. Thus (since w preserves multiplication) w(e,) = h, for all partitions 1. 


7.6.1 Theorem. The endomorphism w is an involution, i.e., w = 1 (the identity 
automorphism), or equivalently w(h,) = en. (Thus w(h,) = e, for all partitions 
A.) 


Proof. Consider the formal power series 


H(t):= > hint” € A{{r]] 


n>0 


E(t) := > e,t” € A[[t]]. 


n>0 


We leave to the reader the easy verification of the identities 


H(t) = [|c — x,t)! (7.11) 


n 


E(t) = | [a + x,t). (7.12) 


n 


Hence H(t)E(—1r) = 1. Equating coefficients of r” on both sides yields 


n 


0= YS (-M ein, n>1. (7.13) 


i=0 


Conversely, if ro (- Luin i = Oforalln > 1,forcertainu; € A withug = 1, 
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then u; = e;. Now apply w to (7.13) to obtain 
0 = DY(-Dhio(n i) = (1 D-Day i = 0, 
i=d i=0 
whence w(h;) = e; as desired. oO 


The involution w may be regarded as an algebraic elaboration of the TOCIprOC ity 
between sets and multisets expressed by the identity ((7)) = (—1)*(;"), as sug- 
gested in Section 7.5. 


7.6.2 Corollary. The set {h, : 1+ n} is a basis for A" (so {hy : 2 € Par} isa 
basis for \). Equivalently, h,, hz, ... are algebraically independent and generate 
A as a Q-algebra, which we write as 


A = Q{hy, hy, ...]. 


Proof. Theorem 7.6.1 shows that the endomorphism w : A —> A defined by 
w(€n) = hy is invertible (since @ = w~!), and hence is an automorphism of A. 
The proof now follows from Theorem 7.4.4. Oo 


7.7 Power Sum Symmetric Functions 


We define a fourth set p, of symmetric functions indexed by A € Par and called 
power sum symmetric functions, as follows: 


Po=™, =) x?, n>1 (with pp = mg =1) 


Pr = Pry Pa,--° if A = (A1, A, ...). 
7.7.1 Proposition. Let i = (A,,...,4¢) En, where £ = £(X), and set 
Pr =>) Riymy. (7.14) 
pubn 


Letk = £(u). Then Rj, is equal to the number of ordered partitions xn = 
(B,,..., By) of the set [£} such that 


= Dod, 1<j<k. (7.15) 


Proof. Ry, is the coefficient of x” = x! x47... im py = (2 x} (0 x2) -- 

obtain the monomial x“ in the a of this product, we choose a term x; 
from each factor yx so that |], x}! = x". Define B, = {j : ae 2 Then 
(B,,..., By) will be an ordered partition of [£] satisfying (7.15), and conversely 
every such ordered partition gives rise to a term x“. Oo 
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7.7.2 Corollary. Let R,,, be as in (7.14). Then Rj, = 0 unless d < py, while 


Ry =[[ mia), (7.161 


i 


where 4 = (127) ...), Hence {p, : 4. n) is a basis for A" (so {p, 2A € 
Par} is a basis for A). Equivalently, p,, p2,... are algebraically independent and 
generate A as a Q-algebra, i.e., 


A= Qipi, Pare. ih 


Proof. If Ry, # 0, then by Proposition 7.7.1 there is an ordered partition 
am = (B,,..., Bg) of the set [2] = [2(A)] satisfying (7.15). Given 1 <r < @, let 
Bi,,..., Bi, be the distinct blocks of z containing atleast one of 1,2, ...,7. From 
(7.15) we have pj, +++ + ui, = A+: +A, Buty te +e, > Mi te Fi, 
since r > s and 4; > [tz > ---. Hence pu > J, as desired. 

If 4 =A, then each block B; is a singleton {7}, which we denote simply as /. 
B,,..., Bm, can be any ordering of 1,..., 7m . Then Bn.41,..., Bm,+m, can be 
any ordering of m;+1,...,m + my, etc., giving a total of Ry, = m,!mz!--- 
possibilities for z. 

The fact that {p, : A - n} is a basis for A (so A = Q[p}, po, ...]) follows by 
reasoning as in the proof of Theorem 7.4.4. 0 


Nore. Because the diagonal elements R,, are not all +1, it follows that {p, : 
X F n} is not a Z-basis for AZ. Rather, the (additive) abelian subgroup P, of A‘. 
generated by the p,’s has index 


[Ae eel = det Ria )iaks 


= []] [ma 


Abn i 
By Exercise 1.26, if follows that this index is also given by 
Bs : Pr | = pm Agim ee, 


i.e., the product of all parts of all partitions of n. 


We now consider the effect of the involution w on p,. A generating function 
approach is most efficacious. For any partition A = (1'2” -- -), define 


ZR 1'm,!2" mz!---. (7.17) 


For instance, 244211) = 1°3!2!1!4°2! = 384. If w € G,, then the cycle type p(w) 
of w is the partition p(w) = (p1, 02,...) / such that the cycle lengths of w (in 
its factorization into disjoint cycles) are p), 02, .... Recall from Proposition 1.3.2 
that the number of permutations w € G,, of a fixed cycle type 9 = (12? -- +) 
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is given by 


n! 


#{w Ee G,: = eA Sa ee ee 
{ p(w) = p} eae 


Sines (7.18) 


The set {v € G,, : p(v) = p} is just the conjugacy class in G,, containing w. For 
any finite group G, the order #K,, of the conjugacy class K,, containing w is equal 
to the index [G : C(w)] of the centralizer of w. Hence: 


7.7.3 Proposition. Let i+ n. Then z, is equal to the number of permutations 
uv € G,, that commute with a fixed wy of cycle type d. 


For a bijective proof of Proposition 7.7.3, see Exercise 7.6. 
For a partition A = (17'2” ...) of n, define 


&= (=1yeer = (—1)7-). (7.19) 


Thus for w € Gy, &p(w) is +1 if w is an even permutation and —1 otherwise, so 
the map G,, — {+1} defined by w b> é,(y) is the usual “sign homomorphism.” 


7.7.4 Proposition. We have 


1 
Ic iy) = exp)! —Palx)pnly) 


n>] 


= og! pap) (7.20) 
Xr 


1 
| [+ 29) = exp 7 1)" p, @) pal) 
i,j 


n>l 
= bees Dalz) Pay). (7.21) 
Proof. We have ‘ 
log | Ja —x yj)! = Y “log(1 —x;yj)7! 
ij a 


J 
I 
= oy 


ij n>l 


“Ei (z+) (59) 


n>] 


=) « a(x) Pa(9). 
n 


n>] 
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Thus the first equality of (7.20) is established. The second equality of (7.20) is 
a consequence of (and in fact is equivalent to) the permutation version of the 
exponential formula (Corollary 5.1.9). More specifically, in Corollary 5.1.9 set 
f (2) = pp(X)pa(y) and x = 1. Then 


h(n) = D> Ppcwy(*)Ppwy() 


weG,, 


= Viapx)pag), 


AEn 
where c, = #{w € G, : p(w) = A}. By equation (7.18) we have c, = 
Hizey and (7.20) follows from Corollary 5.1.9. The proof of (7.21) is entirely 
analogous. Oo 

From the previous proposition it is easy to deduce the effect of w on py. 
7.7.5 Proposition. Let + n. Then 

WP, = Ex, Py. 

In other words, p,, is an eigenvector for w corresponding to the eigenvalue e,. 
Proof. Regard w as acting on symmetric functions in the variables y =(y), 


y2,-.-); those in the variables x are regarded as scalars. Apply w to (7.20). We 
obtain 


wS> cy! prlx)pa(y) = wd - xy, 
r iJ 
= Som (x)oh(y) (by (7.10)) 
Vv 
= SS m,(x)ey(y) (by Theorem 7.6.1) 
v 
=[Ja+xy) (by (7.5) 
i,j 
= Jo zilepae)pa(y) (by (7.21). 
Xr 
Since the p,(x)’s are linearly independent, their coefficients in the first and last 
sums of the above chain of equalities must be the same. In other words, wp, (y) = 
£) Pp, (y), as desired. oO 
Note in particular that wp, = (—1)"—! py, or wpa(x) = —pn(—x). Since w is 


an automorphism, just the values of wp, in fact suffice to determine wp, for any 
partition A. 
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Consider w restricted to the vector space (of dimension p(n)) A”. Since the 
pi’s for A F n are linearly independent, it follows from Proposition 7.7.5 that the 
characteristic polynomial (normalized to be monic) of the linear transformation 
w 2A" > A” is given by (x — 1)” + 1), where e(n) (respectively, o(n)) 
is the number of partitions of n with an even number (respectively, odd number) 
of even parts. In other words, e(n) is the number of even conjugacy classes (i.e., 
conjugacy classes contained in the alternating group) of G,,. By Exercise 1.1.9(b) 
we have 


— Dat DO =? — YMG - YD, 


where k(71) is the number of self-conjugate partitions of n. At the end of Section 7.14 
we will see a simple reason for the factor (x — 1)*”” in terms of symmetric functions. 

We can now ask how to express the symmetric functions m,, h,, and e, in terms 
of the p,,’s. Although combinatorial interpretations can be given to the coefficients 
in these expansions, they tend to be messy and not very useful. One special case, 
however, is of considerable importance. 


7.7.6 Proposition. We have 


hy = Sz ps (7.22) 
Aen 

én = > 25" Pr (7.23) 
Aen 


Proof. Substituting y = (t, 0, 0, ...) in (7.20) immediately yields (7.22). Equa- 
tion (7.23) is similarly obtained from (7.21), or by applying w to (7.22). Oo 


See Example 5.2.11 for a combinatorial proof of equation (7.22). Equation 
(7.23) can be given a similar proof. 


7.8 Specializations 
In many combinatorial problems involving symmetric functions f we only need 
partial information about f, such as a particular coefficient or value. In this section 
we give a brief overview of the most common specializations that arise in practice. 
(See Exercises 7.43 and 7.44 for two others.) Proofs for the most part are straight- 
forward and will be omitted. First let us give a formal definition of the concept of 
specialization. 


7.8.1 Definition. Let R be a commutative Q-algebra with identity. A special- 
ization of the ring A is a homomorphism g : A — R. (We always assume 
homomorphisms are unital, i.e., (1) = 1.) 
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The most obvious examples of specializations arise from substituting elements 
a; of R for the variables x; (provided of course this substitution is well-defined 
formally; it would make no sense, for instance, to set each x; = 1 in h(x) = 
XxX; +X. +---). We may then write 


(f) = fla, a, .--), 


and we call the substitution of a; for x;. 

Our first example may be called “reducing the number of variables” and is 
very common. Let A, denote the set of all polynomials f € Q[x),...,%,] in 
the variables x,,...,X, with rational coefficients which are invariant under any 
permutation of the variables. Thus f is just a symmetric function in the vari- 
ables x1,...,X,. Define 7, : A — An by rn(f) = f(x1,.--, Xn, 0, 0, ...) (written 
f (%1,...,%X,)). The next proposition examines the behavior of the four bases m,, 
Pr, hy, €, as well as the involution w, under r,. 


7.8.2 Proposition. Let Par, denote the set of all partitions X € Par of length at 
most n, Le., 


Par, = {A € Par: £(A) <n}. 


(a) The sets {r,(m) : A € Paty}, {7n(pa) : A’ € Path}, (ra(a) : Av © Par, }, {rn (ea) : 
d’ €Par,} are all Q-bases for Ay. Moreover, if i ¢ Paty, then rn(m,) = 
rn(€x') = 0. 

(b) For convenience identify an element f € A withits image r,(f) in A,. Define a 
linear transformation w, : An > An by @n(e,)= hy for d' € Paty. Then Wp is 
an algebra automorphism and an involution, and @,(p,) = €) Pa for Xr € Pat. 


Proof. Straightforward consequence of analogous properties for A and triangu- 
larity properties of the bases m,, p, e, discussed previously. O 


A little caution is needed when dealing with p, or A, in A, when A’ ¢ Paty. 
For instance, p, need not be zero nor an eigenvector of w,. For instance, when 


n = 2 we have p3 = 4(3p2 — piu) and w(p3) = 3(—3 pai — pis): 
An important substitution ps, : A > Qf{q] is defined by 


ps, (f) = f(,9.97,-..,9" )s 


and is called the principal specialization (of order n) of f. If we letn — oo we 
obtain the limiting value 


ps(f) = f(,4¢,497,---) € Qa]. (7.24) 


called the stable principal specialization of f . (Itis easily seen that lim, 00 PSn(/) 
exists in the sense of Section 1.1.) A specialization ps), : A > Q of the principal 
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specialization is obtained by letting g = 1, ie., 
1 
Ss, = FUs hs .c eS fa"), 
Ps, (f) = f( )= fa") 
nl’s 
in the notation of (7.8). 


7.8.3 Proposition. The following table summarizes the behavior of the bases 
M1, Px, Mx, €, under ps,, ps, and ps}: 


ps, (ba) 


bs) (onesies) 
LA)/ \m (A), mA), ... 


. £ 
wy (* g ‘ 
a | TTe(.) A rasry ero eerer M(:) 
n+X;-1 I . 
m ITT" ) imac (2) 


Proof. All can be done by straightforward combinatorial or algebraic reasoning. 
As an example, we show how to obtain PSn (hy). 
Since h, = h,h,,--- and ps, is an algebra homomorphism, it suffices to 
compute ps, (i,). Since 
h,= De Ri Xe heey 


ayt+azt+---=k 


we have 


= +2a3+--+(n—-La 
PS, (Ay) = y q” os 
ay+--+a, =k 


summed over all weak compositions of k into n parts. If we identify the sequence 
(21, 42,..., @,) with the partition A = (12,25), (n — 1)?"), then we see that 


ps,(ax)= > gl 


L(A) <k 
e(A')<n—-1 


= ee 
= ; , 


by Proposition 1.3.19, and the proof follows. qo 
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We now consider an important specialization that is not obtained simply by 
substituting for the variables x;. We call this specialization the exponential spe- 
cialization ex: A > Qt] orex: A > Q[[r]], defined by 


ex(p,) = din. 


Note that since the p,,’s are algebraically independent and generate A as a Q- 
algebra, any homomorphism ¢ : A — R is determined by its values y(p,). Here 
we are setting g(p,) = t and g(p,) = Oif n > 1. (If the domain of ex is taken to 
be A, then we define ex to preserve infinite linear combinations, or equivalently, 
to be continuous in a suitable topology.) 


7.8.4 Proposition. (a) We have 


ex(f) = lam mdf, (7.25) 


n>0 


for any f€ A, where [x1x2---X,]f denotes the coefficient of x\x2--+Xpn in f. 
Equivalently, if f = >, c,m,, then 


ex(f)= Sven. 


n>0 
(b) We have 
— ifAra=(l" 
ex(m,) = { n! ; ve 
0, otherwise 
t” if A= (1") 
= 7.26) 
ex(pi) 0, otherwise ( 
ia 27 
ex(h,) — ex(e,) = tree (7. ) 


Proof. (a) Since the right-hand side of (7.25) is linear in f, we need only verify 
(7.25) for f = p,. This is a routine computation. 
(b) Easy consequence of (a). 0 


7.8.5 Example. Let 


Fa) =[Ja-x)'-[]d -xx,)!. 


i<j 


(For the significance of this product, see Corollary 7.13.8.) In this example we wil 
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evaluate ex(F'(x)). We can save a little work by observing that 


a Bl —x;)7! ex i 


n>0 


So (since ex is a homomorphism), 
ex(F(x)) = e? -ex] [C1 = xjxjy. 
i<j 
Now 


[ [a — x;x;)7 = exp) log(1 — x;x;)7 


i<j i<j 


= exp > Ss sd 


i<j n>l 


= exp = — Pon). 


Peale 


(Do not confuse ex with the ordinary exponential function exp.) Hence 


ex] Ja — x;x;)! = exp 5 = ex(p = Pon) 


i<j nl 2 
= ef (2 
by (7.26), so 


ex(F(x)) = eft?” 


We recognize from equation (5.32) that e'+2"’ is the exponential generating func- 
tion for the number e2(n) of involutions in G,,. Indeed, it is easy to see directly 
from the definition of F(x) that 


[x1 +++ Xn] FC) = eo(n). 


In view of Proposition 7.8.4, it is natural to ask whether the specialization ex 
has a “natural” g-analogue ex,. The definition that works best is given by 


tr” 


exg(hn) = —— i 


By Proposition 7.8.3 we see that 


ex,(f) = f(1 —@)t, (1 — g)qt, (1 — q)q?t,...) (7.28) 
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a minor variant of the stable principal specialization ps. In fact, if f € A” then 


exg(f) = (1 — g)" 1" ps(f). (7.29) 


Thus the exponential specialization ex is essentially a limiting case of ps, though 
we cannot simply set g = 1 in (7.29) to conclude that ex(f) = 0 for all f! The 
substitution g = 1 is not a valid formal power series operation, since the operation 
of setting g = 1 in ps(f) is undefined (or is oo, if one prefers). 


7.9 A Scalar Product 


Up to now we have been dealing with a graded algebra A with several distinguished 
bases. We now want to put on A the additional structure of a scalar product, i.e., 
a bilinear form A x A — Q, which we will denote by (, ). If {u;} and {v;} 
are bases of a vector space V, then a scalar product on V is uniquely determined 
by specifying the values (u;, v;). In particular, we say that {u;} and {v;} are dual 
bases if (uj, vj) = 4); (Kronecker delta) for all i and 7. We now define a scalar 
product on A by requiring that {m,} and {h,,} be dual bases, i.e., 


(ma, hy) = dry, (7.30) 


for all A, yw € Par. The motivation for this definition will become clear as we develop 
many desirable and useful properties. First notice that ( , ) respects the grading 
of A, in the sense that if f and g are homogeneous then (f, g) = 0 unless 
deg f = deg g. 

We now give a series of results which elucidate the nature of the scalar product 


(5). 


7.9.1 Proposition. The scalar product ( , ) is symmetric, i.e, (f, g) = (g, f) 
forall f,g EA. 


Proof. The result is equivalent to Corollary 7.5.2. More specifically, it suffices 


by linearity to prove (f,g) = (g, f) for some bases {f} and (g} of A. Take 
{f} = {g} = {4}. Then 


(hy, Ay) = (Dam | = Nyy. (7.31) 


Since Nay, = Ny by Corollary 7.5.2, we have (hy, hy) = (hy, Ay), as desired. 0 


The following lemma is a basic tool for verifying orthogonality of certain classes 
of symmetric functions. Its proof is a straightforward exercise in linear algebra and 
can be omitted without significant loss of understanding. 
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7.9.2 Lemma. Let {u,} and {v,} be bases of A such that for all  k n we have 
uy, Vv, © A”. Then {u,} and {v,} are dual bases if and only if 


LGA) = [Ja-aypt. 


i,j 


Proof. Write m, = 3), Sip, andh, =), nyyvy. Thus 


Bau = (my, hy) = D> Srptuv (Up, dv). (7.32) 
pP,v 


For each fixed n > 0, regard ¢ and n as matrices indexed by Par(n), and let A 
be the matrix defined by Ap, = (up, vy). Then (7.32) is equivalent to J = ¢ An’, 
where ‘ denotes transpose and I the identity matrix. Therefore: 


{u,} and {v,} are dual bases <=> A = ] 


<=> 1 =¢7!' 

<=>/=t'n 

= Spv = Ye Siomav. (7.33) 
X 


Now by Proposition 7.5.3 we have 


I]c — x;yj)~ = Dimi) 
= ye (= ranseo) (x mer) 
A p yy 
= Ss (x tom) Up(x)v,(y). 
pv r 


Since the power series u,(x)u,(y) are linearly independent over Q, the proof 
follows from (7.33). Oo 


7.9.3 Proposition. We have 
(Pa, Pu) = Z,Oap- (7.34) 


Hence the p,,’s form an orthogonal basis of A. (They don’t form an orthonormal 
basis, since (p,, p,) # 1.) 


Proof. By Proposition 7.7.4 and Lemma 7.9.2 we see that {p,} and {p,,/z,,} are 
dual bases, which is equivalent to (7.34). Oo 
The length ||p,|| = (p,, p,)!? = ra ? is in general not rational. Thus the 
elements p, /||p,|| form an orthonormal basis of Ag but not of A (since they don’t 
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belong to A). It is natural to ask whether there is a “natural” orthonormal basis 
for A. Even better, is there an integral orthonormal basis for A, i-e., is there an 
orthonormal basis {b,} for A such that each b, is an integer linear combination 
of m,,’s, and conversely each m, is an integer linear combination of b,’s? Such 
a basis will thus be a basis for Az (as an abelian group). In Sections 7.10—7.17 
we will construct such a basis (see Corollary 7.12.2) and derive many remarkable 
combinatorial properties that it possesses. 


7.9.4 Corollary. The scalar product { , ) is positive definite, i.e., (f, f) > 0 for 
all f € A, with equality if and only if f = 0. 


Proof. Write (uniquely) f = >”, c,p,. Then 


(A=) cia. 
The proof follows since each z, > 0. 0 


7.9.5 Proposition. The involution w is an isometry, i.e., (wf, og) = (f, g) for 
all f,gea. 


Proof. By the bilinearity of the scalar product, it suffices to take f = p, and 
& = Py. The result then follows from Propositions 7.7.5 and 7.9.3. 0 


7.10 The Combinatorial Definition of Schur Functions 


The four bases m,, e,, hy, and p, of A discussed in the previous sections all 
have rather transparent definitions. In this section we consider a fifth basis, whose 
elements are denoted s, and are called Schur functions, and whose definition is con- 
siderably more subtle. In fact, there are many different (equivalent) ways in which 
we can define s,, viz., in terms of any of the four previous bases, or a “classical” 
definition involving quotients of determinants, or by abstract properties related to 
orthogonality and triangularity, or finally by sophisticated algebraic means. All 
these possible definitions will appear unmotivated to a neophyte. We choose to 
define s, in terms of the m,.’s because this approach is the most combinatorial, 
though other approaches have their own advantages. In the end, of course, all the 
approaches produce the same theory. 

Much of the importance of Schur functions arises from their connections with 
such branches of mathematics as representation theory and algebraic geometry. We 
will discuss the connection with the representation theory of the symmetric group 
G,, in Section 7.18 and with the general linear group GL(n, C) and related groups 
in Appendix 2. Another important application of Schur functions not developed 
here occurs in the Schubert calculus; the cohomology ring of the Grassmann variety 
G;,(C") can be described in a natural way in terms of Schur functions. 
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The fundamental combinatorial objects associated with Schur functions are 
semistandard tableaux. Let A be a partition. A semistandard ( Young) tableau 
(SSYT) of shape 4 is an array T = (T;;) of positive integers of shape A (i.e., 
1 <i < &A),1 < j < 4;) that is weakly increasing in every row and Strictly 
increasing in every column. The size of an SSYT is its number of entries. An 
example of an SSYT of shape (6, 5, 3, 3) is given by 


111344 
24455 
557 
699. 


If T is an SSYT of shape A then we write 4 = sh(T). Hence the size of T is 
just |sh(7)|. We may also think of an SSYT of shape 4 as the Young diagram (as 
defined in Section 1.3) of 4 whose boxes have been filled with positive integers 
(satisfying certain conditions). For instance, the above SSYT may be written 


We say that T has type a = (a, a2, ...), denoteda = type(T), if T hasa; = «;(T) 
parts equal to i. Thus the above SSYT has type (3, 1,1, 4,4, 1, 1, 0,2). For any 
SSYT T of type @ (or indeed for any multiset on P with possible additional 
structure), write 


T 
ae Pee oe. eon 


For our running example we have 
x = xPXQX3X4XSAGX7XE. 


There is a generalization of SSYTs of shape A that fits naturally into the theory of 
symmetric functions. If A and p are partitions with w C A (ie., 4; < A; for all i), 
then define a semistandard tableau of (skew) shape d/ to be an array T = (7;;) 
of positive integers of shape A/ (i.e., 1 <i < &(A), wi < j < Aj) that is weakly 
increasing in every row and strictly increasing in every column. An example of an 


SSYT of shape (6, 5, 3, 3)/(3, 1) is given by 


344 
77 


On 


1 
22 
3 8 8. 


We can similarly extend the definition of a Young diagram of shape A to one of 
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shape A/j. Thus the Young diagram of shape (6, 5, 3, 3)/(3, 1) is given by 


Thus an SSYT of shape A/y may be regarded as a Young diagram of shape 
i/ whose boxes have been filled with positive integers (satisfying certain con- 
ditions), just as for “ordinary shapes” 2. For instance, the above SSYT of shape 
(6, 5, 3, 3)/(3, 1) may be written 


The definitions of type(7) and x? carry over directly from SSYTs T of ordinary 
shape to those of skew shape. 

We now come to the key definition of this entire chapter. As mentioned previ- 
ously, this definition will appear entirely unmotivated until we proceed further. 


7.10.1 Definition. Let 4/1 be a skew shape. The skew Schur function s)jp = 
Sa;p(x) Of shape X/ in the variables x = (x1, x2, ...) is the formal power series 


Sj] > x 
T 


summed over all SSYTs T of shape A/y. If 4 = @soA/ = A, then we call s,(x) 
the Schur function of shape i. 


For instance, the SSYTs of shape (2, 1) with largest part at most three are given 
by 


Id) 12-  ELY 43", 22° 238 2 TS 
2. 2 Be Bo Bo Bo oe 2 


Hence 
2 2 2 2 2 249 
S91 (X1, X2, X35) = XP XQ + AAD A AXPX3 + XpXZ A XQ X3 + XQXZ + .2X1X2X3 


= m71(X). X2, x3) + 2411 (41, X2, x3). 


Thus, since at most three distinct variables can occur in a term of 521, we have 
$21 = M21 +2m 1, (as elements of A, i.e., as symmetric functions in infinitely many 
variables). It is by no means obvious thats; /,, is in fact always a symmetric function. 
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7.10.2 Theorem. For any skew shape X/, the skew Schur function sy), is a 
symmetric function. 


Proof. It suffices to show [why?] that s, /u 18 invariant under interchanging x; and 


X41. Suppose that |A/w| =n and thata = (a, @2,...) is a weak composition of 
n. Let 


a= (a), a2, . ++, Qj—-1, M11, Qj, Aj42, aout 


If T;./4,q denotes the set of all SSYTs of shape A/ and type a, then we seek a 
bijection @ : Tijye > Tijya- 

Let T € 7... Consider the parts of T equal to i or i + 1. Some columns of 
T will contain no such parts, while some others will contain two such parts, viz., 
one i and one i + 1. These columns we ignore. The remaining parts equal to i or 
i + | occur once in each column, and consist of rows with a certain number r of 
t’s followed by a certain number s of i + 1’s. (Of course r and s depend on the 
row in question.) For example, a portion of T could look as follows: 


i 


i i tt i+1 i+] G41 (41 i441 
i+l] i+1 r=2 s=4 


In each such row convert the r i’s and 5 i + l’stosi’sandri+1’s: 


i 


i I PH ototid ¢+1 ¢4+1 G41 
i+] i+] s=4 r==2 


It’s easy to see that the resulting array g(T) belongs to T,,, 4, and that @ establishes 
the desired bijection. o 


If A F n and @ is a weak composition of n, then let K,, denote the number of 
SSYTs of shape A and type a. Kj, is called a Kostka number and plays a prominent 
role in the theory of symmetric functions. By Definition 7.10.1 we have 


Sy, = ; KygX", 
a 


summed over all weak compositions a of n, so by Theorem 7.10.2 we have 


Sy =)°Ki,m,. (7.35) 


pin 


More generally, we can define the skew Kostka number K a/v,a as the number of 
SSYTs of shape A/v and type a, so that if |A/v| =n then 


Sip = D> Ka pyymy. (7.36) 


pen 


No simple formula is known in general for K, /v,u, Or even K,,,, and it is unlikely 
that such a formula exists. For certain A, v, and yz a formula can be given, the most 
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important being the case v = ®and w = (1"). While we will give this formula later 
(Corollary 7.21.6), let us here consider more closely the combinatorial significance 
of the number K, j, also denoted f me By definition, f* is the number of ways to 
insert the numbers 1, 2, ..., into the shape A F n, each number appearing once, 
so that every row and column is increasing. Such an array is called a standard 
Young tableau (SYT) (or just standard tableau) of shape i. For instance, the SYTs 
of shape (3, 2) are 


123 124 125 134 135 
45 35 34 25 24° 


so f@”) = 5. The number f* has several alternative combinatorial interpretations, 
as given by the following proposition. 


7.10.3 Proposition. Let) ¢€ Par. Then the number f* counts the objects in items 

(a)—(e) below. We illustrate these objects with the case } = (3, 2). 

(a) Chains of partitions. Saturated chains in the interval [@, 4] of Young’s lattice 
Y, or equivalently, sequences ® = 2°, M,...,4" =AOf partitions (which we 
identify with their diagrams) such that ' is obtained from d'—' by adding a 
single square. 


DEVE 2 63" 13132 
G8clc2 ¢C21cC31c 32 
OWOClE2 C21-C 22°C 32 
§6c1c11C21C31 Cc 32 
Oe lee 21:6 22-632 


(b) Linearextensions. Let P, be the poset whose elements are the squares of the 
diagram of X, with t covering s if t lies directly to the right or directly below 
S (with no squares in between). Such posets are just the finite order ideals of 
N x N. Then f* = e(P,), the number of linear extensions of Py. 


ss € abcde 

abdce 

d abdec 
adbce 


adbec 
a 


(c) Ballotsequences. Ways in whichn voters can vote sequentially in an election 
for candidates A,, Az,..., so that for all i, A; receives 4; votes, and so that 
A; never trails A;4, in the voting. (We denote such a voting sequence as 
@\a2 +--+ Gn, where the k-th voter votes for Ag,.) 


11122 11212 11221 12112 12121 
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(d) Lattice permutations. Sequences a,d2+--d, in which i occurs i; times, and 
such that in any left factor a,az +++aj;, the number of i’s is at least as great as 
the number of i +1’s (for alli). Such a sequence is called a lattice permutation 
(or Yamanouchi word or ballot sequence) of type x. 


11122 11212 11221 12112 12121 


(e) Lattice paths. Lattice paths 0 = vp, U1,..-, Un in R® (where £ = £(A)) from 
the origin Vo to Un = (Ay, A2,..., 2), with each step a unit coordinate vector, 
and staying within the region (or cone) X, > X2 >-+++ >Xe > 0. 


piek gu” ik 


Proof. (a) Insert i into the square that was added to 4'~! in order to obtain A’, to 
get an SYT of shape A. 

(b) The interval [@, A] in Y is just J(P,), the lattice of order ideals of P,, so the 
equivalence between our interpretations (a) and (b) of f* is just a special case of 
the discussion following Proposition 3.5.2. 

(c) If the k-th voter votes for A;, then put k in the i-th row of the shape A. 

(d) Clearly the voting sequences in (c) are identical to the lattice permutations 
of (d). 

(e) If aya2 +» - a, is a lattice permutation as in (d), then let v; — v;_ be the a;-th unit 
coordinate vector (i.e., the vector with a one in position a; and zeros elsewhere) to 
obtain a lattice path. Alternatively, the equivalence between (b) and (e) is a special 
case of the discussion preceding Example 3.5.3. oO 


All five of the above interpretations can be straightforwardly generalized to the 
skew case f*/#. We leave the details of this task to the interested reader. 

There is a combinatorial object equivalent to an SSYT that is worth mentioning. 
A Gelfand-Tsetlin pattern (sometimes called just a Gelfand pattern), or complete 
branching, is a triangular array G of nonnegative integers, say 


a\\ a2 a13 see Ain 
a2 a23 a a2n 
433 es A3n (7.37) 


Ann 


such that aj; < di41,j41 < @i,j41 when all three numbers are defined. In other 


words, the rows of G are weakly increasing, and a;+1,;+1 lies weakly between its 
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two neighbors above it. An example of a Gelfand—Tsetlin pattern is 


Given the Gelfand—Tsetlin pattern G of equation (7.37), let A! be the i-th row of 
G in reverse order. Define a tableau T = T(G) by inserting nm — i + 1 into the 
squares of the skew shape 4'/A't!. For the example above, T(G) is given by 


kL. 2 G5 
5 


We obtain an SSYT of shape A! (the first row of G in reverse order) and largest 
part at most ”. This correspondence between Gelfand—Tsetlin patterns with fixed 
first row a of length n and SSYT of shape a” (the elements of a in reverse order) 
and largest part at most n is easily seen to be a bijection. 

It is sometimes more convenient in dealing with Schur functions, Kostka num- 
bers, etc., to work with arrays that are decreasing in rows and columns rather than 
with SSYT. Define a reverse SSYT or column-strict plane partition (sometimes 
abbreviated as costripp) of (skew) shape A/, to be an array of positive integers of 
shape A/, that is weakly decreasing in rows and strictly decreasing in columns. 
Define the type a of a reverse SSYT exactly as for ordinary SSYT. For instance, 
the array 


6 5 5 
8 5 2 2 
a ae 
6 1 1 

is areverse SSYT of shape (6, 5, 3, 3)/(3, 1) and type (2, 2, 1, 0, 3, 2, 2, 1). 
Define K, /u,« to be the number of reverse SSYTs of shape A/ and type a. The 


next proposition shows that for many purposes there is no significant difference 
between ordinary and reverse SSYTs. 


7.10.4 Proposition. Let 4/p be a skew partition of n, and let a be a weak 
composition of n. Then Kyjpae = Kijy,a- 


Proof. Suppose that T is a reverse SSYT of shape A and type a = (a, a, ...). 
Let k denote the largest part of T. The transformation 7;; +> k + 1 — Tj; shows 
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that K,, = Kyg, where & = (a, ay-1,...,@1,0,0,.. .). But by Theorem 7.10.2 
we have K,¢ = Kyq, and the proof is complete. Oo 


We now wish to show that the Schur functions s, form a Q-basis for A. The 
following proposition implies an even stronger result. 


7.10.5 Proposition. Suppose that and i are partitions with |u| = |A| and 
Ky, #0. Then w < d (dominance order). Moreover, K,, = 1. 


Proof. Suppose that K,,, 4 0. By definition, there exists an SSYT T of shape A 
and type jz. Suppose that a part 7;; = k appears below the k-th row (ie.,i > k). 
Then we have 1 < Ty, < Ty < +++ < Ty =k fori > k, which is impossible. 
Hence the parts 1, 2,..., k all appear in the first k rows, so yp + fo on a a a 
Ay +Azg+++++ Ag, as desired. Moreover, if 4 = A then we must have 7;; =i for 
all 7, j), so K,, = 1. QO 


7.10.6 Corollary. The Schur functions s, withh € Par(n) form a basis for A", so 
{s, : 4 € Par} is a basis for A. In fact, the transition matrix (K ap) Which expresses 
the s,’s in terms of the m,,’s, with respect to any linear ordering of Par(n) that 
extends dominance order, is lower triangular with 1’s on the main diagonal. 


S| => my, 

si = mit 

2. = my + m2 

Sul = mit 

sy = Omi + omy 

§3 = miy+t mat m 

Suu = Mii 

Say = 3m + may 

S22 = 2m + oma + my 

$31 = 3m + 2ma1 + m+ m3 

$4. = my + May + M2 +) oma, + Mg 
Si = Myyiy 

Suu =4myiy + may 

$221 = Smuinia + 2may, + m1 

9311 = Smy111 + 3m + my + my 

$32. = Imi + 3m + 2m, + m3 + my 
$4. = 4m + 3m + 2m22, + 2m31, + m32 + may 


55 = min + may + my + may + m3 + may + ms; 


Figure 7-4. The Kostka numbers K,,,. 
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Proof. Proposition 7.10.5 is equivalent to the assertion about (Kj,,). Since a 
lower triangular matrix with 1’s on the main diagonal is invertible, it follows that 
{s, : A € Par(n)} is a Q-basis for A”. O 


Note that in fact {s, : A € Par(n)} is a Z-basis for AZ, since each K,, = 1, 
rather than just K,, 4 0. 

In subsequent sections we will work out the basic theory of Schur functions, 
that is, the transition matrices between the s,’s and the bases m,, Ay, €,, Px, as well 
as connections with the scalar product ( , ) and the automorphism w. (We have 
already considered, essentially by definition, the transition matrix (K,,,) from the 
m,’s to the s,’s, but we don’t know yet what the inverse matrix looks like.) We will 
also give several enumerative applications of the theory of symmetric functions: 
the enumeration of plane partitions, some results on permutation statistics, and 
Pélya’s theory of enumeration under group action. 

Figure 7-4 gives a short table of the Kostka numbers K,,,. 


7.11 The RSK Algorithm 


There is a remarkable combinatorial correspondence associated with the theory of 
symmetric functions, called the RSK algorithm. (For the meaning of the initials 
RSK, as well as for other names of the algorithm, see the Notes at the end of 
this chapter.) We will develop here only the most essential properties of the RSK 
algorithm, thereby allowing us to give combinatorial proofs of some fundamental 
properties of Schur functions. It is also possible to give purely algebraic proofs 
of these results,.but of course in a text on enumerative combinatorics we prefer 
combinatorial proofs. 

The basic operation of the RSK algorithm consists of the row insertion P < k 
of a positive integer k into a nonskew SSYT P = (P;;). The operation P <k is 
defined as follows: Let r be the largest integer such that P,,-; < k. (If Py; > k 
then let r = 1.) If P,, doesn’t exist (i.e., P has r — 1 columns), then simply place 
k at the end of the first row. The insertion process stops, and the resulting SSYT 
is P <— k. If, on the other hand, P has at least r columns, so that P;, exists, then 
replace P;, by k. The element then “bumps” P;, := k’ into the second row, i.e., 
insert k’ into the second row of P by the insertion rule just described. Continue 
until an element is inserted at the end of a row (possibly as the first element of a 
new row). The resulting array is P < k. 


7411 Example. Let 


1124556 

233668 
P= 4468 

67 

8 9. 
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Then P < 4 is shown below, with the elements inserted into each row (either by 
bumping or by the final insertion in the fourth row) in boldface. Thus the 4 bumps 
the 5, the 5 bumps the 6, the 6 bumps the 8, and the 8 is inserted at the end of a 
row. The set of positions of these boldface elements is called the insertion path 
I(P < 4) of 4 (the number being inserted into P). Thus for this example we have 
IP <— 4) ={(1, 5), 2, 4), 3, 4), (4, 3)}: 


1124456 
233568 
4466 
678 

8 9. 


There are two technical properties of insertion paths that are of great use in 
proving properties of the RSK algorithm. 


7.11.2 Lemma. (a) When we insert k into an SSYT P, then the insertion path 
moves to the left. More precisely, if (r,s), (r + 1,t) € I(P <—k) thent <s. 

(b) Let P be an SSYT, and let j < k. Then I(P < j) lies strictly to the left of 
I(P <— j) <— k). More precisely, if (r,s) € I(P <— j) and(r,t) € 1(P < 
J) <—k), then s < t. Moreover, I((P <— j) <— k) does not extend below the 
bottom of I(P <— j). Equivalently, 


#I((P — j) —k) < #1(P < j). 


Proof. (a) Suppose that (r,s) € 1(P < k). Now either P,4;,; > P;s (since P 
is strictly increasing in columns) or else there is no (r + 1, s) entry of P. In the 
first case, P,; Cannot get bumped to the right of column s without violating the 
fact that the rows of P < k are weakly increasing, since P,, would be to the right 
of P,+1,; on the same row. The second case is clearly impossible, since we would 
otherwise have a gap in row r + 1. Hence (a) is proved. 

(b) Since a number can only bump a strictly larger number, it follows that k is 
inserted in the first row of P < j strictly to the right of j. Since the first row of 
P is weakly increasing, 7 bumps an element no larger than the element & bumps. 
Hence by induction /(P < j) lies strictly to the left of 7(P < j) < k). The 
bottom element b of /(P < j) was inserted at the end of its row. By what was 
just proved, if 1(.P < j) < k) has an element c in this row, then it lies to the 
right of b. Hence c was inserted at the end of the row, so the insertion procedure 
terminates. It follows that 7(.P < j) < k) can never go below the bottom of 
I(P < j). O 


7.11.3 Corollary. If P is an SSYT and k > 1, then P <—k is also an SSYT. 
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Proof. It is clear that the rows of P < k are weakly increasing. Now a number 
a can only bump a larger number b. By Lemma 7.11.2(a), b does not move to the 
right when it is bumped. Hence b is inserted below a number that is strictly smaller 
than b, so P <— k remains an SSYT. oO 


Now let A = (a;;);,;>; be an N-matrix with finitely many nonzero entries, 
We will say that A is an N-matrix of finite support. We can think of A as ei- 
ther an infinite matrix or as an m x n matrix when a;; = 0 fori > m and 
j > n. Associate with A a generalized permutation or two-line array w, defined 
by 


iy ig i3 + i 
wa = ( te ‘s ), (7.38) 
Ji J2 J3 *** dm 
where (a) ij) < ig < ++: < im, (b) if i, = i; andr < s, then j, < j,, and 


(c) for each pair (i, 7), there are exactly a,;; values of r for which (i,, j,) = 
(i, j). It is easily seen that A determines a unique two-line array wa satisfying 
(a)—(c), and conversely any such array corresponds to a unique A. For instance, 
if 


10 2 
A=]0 2 0], (7.39) 
1 10 
then the corresponding two-line array is 
1112233 
Wa = ) (7.40) 
33.2212 


We now associate with A (or w,) a pair (P, Q) of SSYTs of the same shape, as 
follows. Let wa be given by (7.38). Begin with (P(0), Q(0)) = (@, B) (where 4 
denotes the empty SSYT). If t < m and (P(t), Q(¢)) are defined, then let 


(a) P@+1)=PO) — jr4is 
(b) Q(t + 1) be obtained from Q(t) by inserting i,4, (leaving all parts of Q(t) 
unchanged) so that P(t + 1) and Q(t + 1) have the same shape. 


The process ends at (P(m), Q(m)), and we define (P,Q) = (P(m), Q(m)). 
We denote this correspondence by A — > (P, Q) and call it the RSK algo- 
rithm. We call P the insertion tableau and Q the recording tableau of A ot of 
Wa. 
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7.11.4 Example. Let A and wa be given by (7.39) and (7.40). The SSYTs 
(P(1), Q@()), ..., (P(7), Q(7)) = (P, Q) are as follows: 


Pi) Q(i) 
I 1 
r3 11 
33 111 
123 111 
3 2 
L220 111 
a3 22 
112 111 
pe 22 
3 3 
1122 1113 
23 22 
3 3 


The main result on the RSK algorithm is the following. 


7.11.5 Theorem. The RSK algorithm is a bijection between N-matrices A = 
(4;;)i,;>1 Of finite support and ordered pairs (P, Q) of SSYT of the same shape. In 
this correspondence, 


J occurs in P exactly > aij times (7.41) 


t 


i occurs in Q exactly ye aj; times. (7.42) 
i 


(These last two conditions are equivalent to type( P) = col(A), type(Q) = row(A).) 


Proof. By Corollary 7.11.3, P is an SSYT. Clearly, by definition of the RSK 
algorithm P and Q have the same shape, and also (7.41) and (7.42) hold. Thus 
we must show the following: (a) Q is an SSYT, and (b) the RSK algorithm is a 
bijection, i.e., given (P, Q), one can uniquely recover A. 

To prove (a), first note that since the elements of Q are inserted in weakly 
increasing order, it follows that the rows and columns of Q are weakly increasing. 
Thus we must show that the columns of Q are strictly increasing, i.e., no two 
equal elements of the top row of wy, can end up in the same column of Q. But if 
ix = ig41 in the top row, then we must have j, < jx41. Hence by Lemma 7.11.2(b), 
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the insertion path of j,+1 will always lie strictly to the right of the path for j;,, and 
will never extend below the bottom of j;,’s insertion path. It follows that the bottom 
elements of the two insertion paths lie in different columns, so the columns of Q 
are strictly increasing as desired. 

The above argument establishes an important property of the RSK algorithm: 
Equal elements of Q are inserted strictly left to right. 

It remains to show that the RSK algorithm is a bijection. Thus given (P, Q) = 
(P(m), Q(m)), let Q,, be the rightmost occurrence of the largest entry of Q (where 
Q,s is the element of Q in row r and column s). Since equal elements of Q are 
inserted left to right, it follows that O,, = i,, O(m — 1) = Q(m)\Qrs (ie., 
O(m) with the element Q,, deleted), and that P,, was the last element of P to be 
bumped into place after inserting j,, into P(m — 1). But it is then easy to reverse the 
insertion procedure P(m— 1) <— jm. P,; must have been bumped by the rightmost 
element P,_1,, of row r — 1 of P that is smaller than P,,. Hence remove P,, from 
P, replace P,_,,, with P,;, and continue by replacing the rightmost element of row 
r —2of P that is smaller than P,_,, with P,_1,;, etc. Eventually some element j,, 
is removed from the first row of P. We have thus uniquely recovered (i, jm) and 
(P(m — 1), Q(m — 1)). By iterating this procedure we recover the entire two-line 
array w4. Hence the RSK algorithm is injective. 

To show surjectivity, we need to show that applying the procedure of the previous 
paragraph to an arbitrary pair (P, Q) of SSYTs of the same shape always yields a 


valid two-line array 
( pees :) 
Wa=|. . |e 
J1 eee Jm 


Clearly i; < iz < --- < im, So we need to show that if i, = ig4, then jx < jxgi. 
Let i, = Ors and tpi; = Quy, SOr > u ands < v. When we begin to apply 
inverse bumping to P,,,, it occupies the end of its row (row uw). Hence when we 
apply inverse bumping to P,,, its “inverse insertion path” intersects row u strictly 
to the left of column v. Thus at row u the inverse insertion path of P,, lies strictly 
to the left of that of P,,. By a simple induction argument (essentially the “inverse” 
of Lemma 7.11.2(b)), the entire inverse insertion path of P,, lies strictly to the left 
of that of P,,. In particular, before removing i,,; the two elements j, and jx+1 
appear in the first row with j;, to the left of jx41. Hence jx < jx41 as desired, 
completing the proof. oO 


In Section 7.13 we will give an alternative “geometric” description of the RSK 
algorithm useful in proving some remarkable properties. This geometric description 
is only defined when the matrix A is a permutation matrix, i.e., ann x n (0, 1)- 
matrix with exactly one 1 in every row and column. In this case the top line of 
the two-line array is just 12 -.- , while the bottom line is a permutation w of 
1,2,..., that we can identify with A. When the RSK algorithm is applied to a 


7.11 The RSK Algorithm 321 


permutation matrix A (or permutation w € G,,), the resulting tableaux P, Q are 
just standard Young tableaux (of the same shape). Conversely, if P and Q areSYTs 
of the same shape, then the matrix A satisfying A —> (P,Q) isa permutation 
matrix. Hence the RSK algorithm sets up a bijection between the symmetric group 
G, and pairs (P, Q) of SYTs of the same shape A + n. In particular, if f* denotes 
the number of SYTs of shape A, then we have the fundamental identity 


SPY =a. (7.43) 


AEn 


Although permutation matrices are very special cases of N-matrices of finite 
support, in fact the RSK algorithm for arbitrary N-matrices A can be reduced 
to the case of permutation matrices. Namely, given the two-line array wa, Say of 
length n, replace the first row by 1, 2, ... , 2. Suppose that the second row of w a has 
c; i’s. Then replace the 1’s in the second row from left-to-right with 1,2,...,¢), 
next the 2’s from left-to-right with c;} + 1,c) + 2,... ,C1 +, etc., until the 
second row becomes a permutation of 1,2,...,n. Denote the resulting two-line 
array by wa. For instance, if 


2 0 1 
A = 0) 1 1 ’ 
1 3 0 


then 


Te DL 222s 33.8 
Ww, = 7 
1? Ay SPD Be a) 


and wa is replaced by 


—= 
N 
> 
No) 
Le) 
Nn 
~) 


7.11.6 Lemma. Let 


be a two-line array, and let 
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Suppose that w 4 = (P, QO). Let (P, Q) be the tableaux obtained from P and O 
by replacing k in Q by ix, and j, in P by jy. Then wa ta (P, Q). In other words, 
the operation wa +> wa “commutes” with the RSK algorithm. 


Proof. Suppose that when the number j is inserted into a row at some stage of 
the RSK algorithm, it occupies the k-th position in the row. If this number j were 
replaced by a larger number j + €, smaller than any element of the row which is 
greater than j, then j + € would also be inserted at the k-th position. From this 
we see that the insertion procedure for elements j; j2 - -- jn exactly mimics that for 
JiJo°**Jn» and the proof follows. Oo 


The process of replacing w,4 with w,4, P with P, etc., is called standardization. 
Compare the second proof of Proposition 1.3.17. 


7.12 Some Consequences of the RSK Algorithm 


The most important result concerning symmetric functions that follows directly 
from the RSK algorithm is the following, known as the Cauchy identity. 


7.12.1 Theorem. We have 
[]d -2x)7! = Yo .@).0. (7.44) 
ij d 


Proof. Write 


| Ja -2x»)7 =[] Daw (7.45) 
ij 


ij Lay>=0 


A term x%y? in this expansion is obtained by choosing an N-matrix A’ = (a;j)' 
(the transpose of A) of finite support with row(A) = @ and col(A) = f. Hence the 
coefficient of x” y* in (7.45) is the number Nap of N-matrices A with row(A) = & 
and col(A) = f. (This statement is also equivalent to (7.9).) On the other hand, the 
coefficient of x*y? in >>, 5(*)s,(y) is the number of pairs (P, Q) of SSYT of the 
same shape A such that type(P) = a and type(Q) = f. The RSK algorithm sets 
up a bijection between the matrices A and the tableau pairs (P, Q), so the proof 
follows. O 


The Cauchy identity (7.44) has a number of immediate corollaries. 


7.12.2 Corollary. The Schur functions form an orthonormal basis for A, te» 
(Sn, Su) S One 


Proof, Combine Corollary 7.10.6 and Lemma 7.9.2. O 


LINEAR-ALGEBRAIC NOTE. We say that the Schur functions form an integral oT 
thonormal basis of A, since by Proposition 7.10.5 they actually generate Az 4° 
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an abelian group. In general it is a subtle question whether a vector space with a 
distinguished basis (in our case the monomial symmetric functions) and a posi- 
tive definite symmetric scalar product has an integral orthonormal basis. For our 
situation such a basis is equivalent to the existence of an integral matrix A such 
that A’A = N, where N is the transition matrix from m, to h,. We then say N is 
integrally equivalent to the identity. The next result (which is nothing more than 
standard linear algebra) identifies A as the Kostka matrix K. Note that in general 
if an integral orthonormal basis exists, then it is unique up to sign and order. This 
is because the transition matrix between two such bases must be both integral and 
orthogonal. It is easy to see that the only integral orthogonal matrices are signed 
permutation matrices. 


7.12.3 Corollary. Fix partitions u,v tn. Then 


> Kap Kav = Nuv = (hus hy), 
ARn 


where Kj, and K,, denote Kostka numbers, and N,,, is the number of N-matrices 
A with row(A) = yt and col(A) = v. 


Proof. Take the coefficient of x“ y” on both sides of (7.44). Oo 
7.12.4 Corollary. We have 

hu =). Kaya. (7.46) 

a 
In other words, if M(u, v) denotes the transition matrix from the basis {v,} to the 
basis {u,} of A (so that u, = By Mu, v)rxp0y), then 
M(h,s) = M(s, my’. 
We give three proofs of this corollary, all essentially equivalent. 


First Proof. Let hy = >>, aay5,. By Corollary 7.12.2, we have ay, = (hy, 5). 
Since (h,, my) = dyv by the definition (7.30) of the scalar product (, ), we have 
from (7.35) that (h,,,5.) = Kay. Oo 


Second Proof. Fix yw. Then 
hu = xcol(A) 
~. 


= ) > x? _ by the RSK algorithm 


(P,Q) 
=k De? 
a Q 
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where (i) A ranges over all N-matrices with row(A) = uy, (ii) (P, Q) ranges over 
all pairs of SSYT of the same shape with type(P) = w, and (iii) Q ranges over all 
SSYT of shape i. Oo 


Third Proof. Take the coefficient of m,,(x) on both sides of the identity 


Yo may) = Yo n()s.(y). 
a 


a 


(The two sides are equal by (7.10) and (7.44).) oO 


The next corollary may be regarded as giving a generating function (with respect 
to the Schur functions s,) for the number f* of SYT of shape A. 


7.12.5 Corollary. We have 


f= oe (7.47) 


ARn 


Proof. Take the coefficient of x,x2 --- x, on both sides of (7.44). To obtain a bi- 


jective proof, consider the RSK algorithm A gs (P, Q)whencol(A) = (1”). O 


Finally we come to an identity already given in (7.43) but worth repeating here. 


7.12.6 Corollary. We have 


Py =a. 


AEn 


Proof. Regard (7.47) as being in the variables x = (x1, x2,...), and take the 
coefficient of x; x2 ---xX, on both sides. To obtain a bijective proof (as mentioned 
before equation (7.43)) consider the RSK algorithm applied to n x n permutation 
matrices. oO 


7.13 Symmetry of the RSK Algorithm 


The RSK algorithm has a number of remarkable symmetry properties. We will 
discuss only the most important such property in this section. 


RSK 
7.13.1 Theorem. Let A be an N-matrix of finite support, and suppose that A —* 
(P, Q). Then A’ ESS (O, P), where ' denotes transpose. 


To prepare for the proof of this theorem, let w4 = (“ ) be the two-line array assO- 
ciated to A. Hence wy: = (° Yeo eq? be» Sort the columns of (*) so that the columns 
are weakly increasing in lexicographic order. It follows from Lemma 7.11.6 that 
we may assume u and v have no repeated elements [why?]. 
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Uy +++ Up Uu 
wa= -_ , 
e ae ) (") 
where the u;’s and the v;’s are distinct, define the inversion poset I = I(A) = I (“) 


as follows. The vertices of J are the columns of (*). For notational convenience, 
we Often denote a column ; as ab. Define ab < cd in I ifa <candb < d. 


Given 


7.13.2 Example. Let (“) = € : : : : a Then J is given by 


75 


62 54 27 36 


Al 13 


Note that the number of incomparable pairs in J is just the number of inversions 
of the permutation v, whence the terminology “inversion poset.” 
The following lemma is an immediate consequence of the definition of /(A). 


7.13.3 Lemma. The map gy : I(A) — I(A') defined by y(ab) = ba is an 
isomorphism of posets. 


Now given the inversion poset J = (A), define J, to be the set of minimal 
elements of 7, then /2 to be the set of minimal elements of 7 — J, then J; to be 
the set of minimal elements of J — J; — hy, etc. For the poset of Example 7.13.2 
we have 1; = {13,41}, Jo = {27, 36, 54, 62}, 1; = {75}. Note that since J; is an 
antichain of J, its elements can be labeled 


(Ui1, Vii), (Ui2, Vi2), «.-, (Uin;s Vin;) (7.48) 
where n; = #J;, such that 


Uj) < Ujg < +++ < Ujn, 
(7.49) 
Vid > Vig > ++ > Vin; 
7.13.4 Lemma. Let [,,..., [a be the (nonempty) antichains defined above, la- 
beled as in (7.49). Let A — (P, Q). Then the first row of P is Vin, V2n,°*+ Vang 
while the first row of Q is u\\U2-+-Ug\. Moreover, if (uz, ve) € 1, then vz is 
inserted into the i-th column of the first row of the tableau P(k — 1) in the RSK 
algorithm. 


Proof. Induction on n, the case n = 1 being trivial. Assume the assertion for 


n — 1, and let 
w\ — (uy U2 +++ Un-1 
BJ) \uy vg e+ Up) 


u lu, Ua +++ Up 
— ? 
v Vy V2 -°+ Un 
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Let (P(m — 1), Q(n — 1)) be the tableaux obtained after inserting v1, ..., Ui-1, 
and let the antichains J/ := I,(7), 1 <i < e (where e = d —1 ore = d), be 
given by (i1, 01), ..., (im; s Dim;), Where dj, <--- < im, and 0; > +++ > Vim,. 
By the induction hypothesis, the first row of P(n — 1) is Om, Vim, +++ Vem,» While 
the first row of Q is ij, i2) - --i,1. Now we insert v, into P(n — 1). If Vim; > Uns 
then J/ U (Up; vj) is an antichain of I(%). Hence (un, vn) € 1:(“) if i is the least 
index for which djm, > vn. If there is no such i, then (up, v,) is the unique element 
of the antichain ;(“) of (“). These conditions mean that v, is inserted into the 
i-th column of P(n — 1), as claimed. We start a new i-th column exactly when 
Un = Ug1, in which case u, = Ug, SOU, is inserted into the i-th column of the first 
row of O(n — 1), as desired. Oo 


Proof of Theorem 7.13.1. If the antichain J; (“) is given by (7.48) such that (7.49) 
is satisfied, then by Lemma 7.13.3 the antichain J;(°) is just 


(Vim; > Uim;)s +++» (Vi2, Ui2), (Vii, Ui), 
where 
Vim, < ts < Ui2 < Vi] 
Uim, > °' > Uji2 > Uj}. 


Hence by Lemma 7.13.4, if A’ a (P’, Q’), then the first row of P’ is uj,;u21°-- 
ug), and the first row of Q! is Vim, UV2m, ++* Vam,- Thus by Lemma 7.13.4, the first 
rows of P’ and Q’ agree with the first rows of Q and P, respectively. 

When the RSK algorithm is applied to (“), the element v;;, 1 < j < mj, gets 
bumped into the second row of P before the element v,,, 1 < s < m,, if and only 
if ui joi < Uy,s41. Let P and O denote P and Q with their first rows removed. It 
follows that 


@ | 412 +++ Mim, U22 *** Um, *+°° Uda ++? Udm, 
b Vin tts Ulmy~-1 9 V21 *°* V2,m.-1 '°* Udi *°* Udimg—1 aoa 
RSK 


—> (P, 0). 


Similarly let (P’, 0’) denote P’ and Q’ with their first rows removed. Applying 


the same argument to (*) rather than (“) yields 
BN Um. Va Vamped 82 VOL ttt Vaal ** :) 
(;) a = ty Uam, 1 Mag + dmg 0 Mar ng 
RK (B! 67’) 
But (7) = (ae ‘tea? 80 by induction on n (or on the number of rows) we have 
(P’, 0’) = (QO, P), and the proof follows. O 
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Second Proof (sketch). The above proof was somewhat mysterious and did not 
really “display” the symmetric nature of the RSK algorithm. We will describe an 
alternative “geometric” description of the RSK algorithm from which the symmetry 
property is obvious. 


Given w = w,--- Ww, € Gy, construct an n xn square array with an X inthe w;-th 
square from the bottom of column 7. For instance, if w= 43512 then we obtain 


This is essentially the usual way of representing a permutation by a permutation 
matrix, except that we place the (1, 1) entry at the bottom left instead of at the top 
left. We want to label each of the (n + 1)? points that are corners of squares of our 
n X n array with a partition. We will write this partition just below and to the left 
of its corresponding point. Begin by labeling all points on the bottom row and left 
column with the empty partition 0: 


o 


6 4) i) i) i) i) 


Suppose now that we have labeled all the corners of a square s except the upper 
right, say as follows: 


Ul 
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Then label the upper right corner by the partition p defined by the following 
“local” rules (L1)-(L4): 


(L1) Suppose that the square s does not contain an X, and that A = yw = v. Then 
define p = i. 

(L2) Suppose that s does not contain an X, and that a C uw = v. This automatically 
implies that |4/A| = 1, so uw is obtained from A by adding 1 to some part A;. 
Let p be obtained from yw by adding 1 to pj41. 

(L3) Suppose that s does not contain an X and that uw + v. Define p = w Uv, 
i.e., 0; = Max({Z;, V;). 

(L4) Suppose that s contains an X. This automatically implies that A = uw = v. 
Let p be obtained from A by adding 1 to A). 


Using these rules, we can uniquely label every square comer, one step at a time. The 
resulting array is called the growth diagram G,, of w. For our example w = 43512, 
we get the growth diagram 


@ 1 11 21 211 221 


(7.50) 


It’s easy to see that if a point p is labeled by A, then the sum |A| of the parts 
of 4 is equal to the number of X’s in the quarter plane to the left and below p. 
In particular, if A‘ denotes the partition in row i (with the bottom row being row 
Q) and column a (the rightmost column), then |A‘| = i. Moreover, it is immediate 
from the labeling procedure that@ = A° c A! C --- C A". Similarly, if uw! denotes 
the partition in column i (with the leftmost column being 0) and row n (the top 
row), then |u| =iand@=p? cu'lc.--cC yp". 

The chains 8 = A° c Al c--. CMandG@= pw cw c-:.--c pw" 
correspond to standard tableaux P,, and Q,, respectively (as explained in Propo- 
sition 7.10.3(a)). The main result concerning the geometric construction we have 
just described is the following. 


7.13.5 Theorem. The standard tableaux P,, and Q,, just described satisfy 


w 33 (Py, Qu). 
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proof (sketch). Let the partition appearing in row i and column j be v(i. j). Thus 
for fixed 7, we have 


G=v(0, j) Sv, fj) S--- Cv, J), 


where |v, j)/v@ — 1, j)| = Oor 1. Let TQ, j) be the tableau of shape v(i, /) 
obtained by inserting k into the square v(k, j)/v(k — 1,7) when 0 < k < i 
and |v(k, j)/v(k — 1, j)| = 1. For the array (7.50) the tableaux T(i, 7) are given 


by 


g 4 3 35 15 12 
4 4 35 
X 4 4 
9 4 3 3 12 
4 3 3 
»¢ 4 4 
9 G 3 3 1 12 
3 3 
xX 
6 ri n @ 1 12 
X 
g g a g 1 1 
| xX 
er a ene 
) g a g D 9 


We claim that the tableau 7 (i, 7) has the following alternative description: Let 
(i, ji), +--+» Cx, Je) be the position of the x’s to the left and below T(i, /) (ie., 
i, < iand j, < j), labeled so that j, < --- < jy. Then T(i, j) is obtained 
by row inserting successively i), i2,..., iz, beginning with an empty tableau. In 
symbols, 


TG, Y= (@ ii) 2) — +++ Hig. 


The proof of the claim is by induction on i + j. The assertion is clearly 
true if i = Oor j = 0, so that TG, j) = @.Ifi > Oand j > O, then by 
the induction hypothesis we know that Td — 1,7), TG, j — 1), and TG — 1, 
j — 1) satisfy the desired conditions. One checks that T(i, 7) also satisfies these 
conditions by using the definition of T(i, 7) in terms of the local rules (L1)- 
(L4). There are thus four cases to check; we omit the rather straightforward de- 
tails. 

If we now take i = n, we see that 


T(n, j) = (@ <— w |) — w2) — + — w,;, (7.51) 


where w = w W2---wW,. Thus T(n,n) (which is the same as P,,) is indeed the 
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insertion tableau of w, while Q,, (which is defined by the sequence v(n, 0) C 
vin, 1) C +++ C v(m, n)) is by (7.51) just the recording tableau. This completes 
the proof of Theorem 7.13.5. 0 


It is now almost trivial to give our second proof of Theorem 7.13.1. If we trans- 
pose the growth diagram G,, (1.e., reflect about the diagonal from the lower left 
to the upper right corner) then the symmetry of the local rules (L1)-(L4) with 
respect to transposition shows that we get simply the growth diagram G.,,-1. Hence 
Py = Qy-1 and Q, = P,-1, and the proof follows from Theorem 7.13.5. 

Growth diagrams and their variants are powerful tools for understanding the 
RSK algorithm and related algorithms. For further infomation, see the Notes to 
this chapter, as well as Exercise 7.28(a). 

Let us now consider some corollaries of the symmetry property given by 
Theorem 7.13.1. 


7.13.6 Corollary. Let A be an N-matrix of finite support, and let A *°5 (P, Q). 
Then A is symmetric (i.e., A = A‘) if and only if P = Q. 

Proof. Immediate from the fact that A’ S (O, P). 0 
7.13.7 Corollary. Let A = At and A ©S (P, P), and let a = (a1, 0,...), 


where a; € N and >a; < oo. Then the map A +> P establishes a bijection 
between symmetric N-matrices with row(A) = @ and SSYTs of type a. 


Proof. Follows from Corollary 7.13.6 and Theorem 7.11.5. 0 
7.13.8 Corollary. We have 


! . 
Td —x) Tj — ax) 20), (7.52) 


summed over all x € Par. 


Proof. The coefficient of x® on the left-hand side is the number of symmetric N- 
matrices A with row(A) = a [why?], while the coefficient of x® on the right-hand 
side is the number of SSYTs of type a. Now apply Corollary 7.13.7. 0 


7.13.9 Corollary. We have 


Sof =#Hw eG, : w= 1, 


AFn 


the number of involutions in G,, (discussed in Example 5.2.10). 
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Proof. Letw ¢€ G, and w uals (P, Q), where P and O are SYT of the same 
shape A F n. The permutation matrix corresponding to w is symmetric if and only 
if w’ = 1. By Theorem 7.13.1 this is the case if and only if P = Q, and the proof 
follows. 

Alternatively, take the coefficient of x, --- x, on both sides of (7.52). DB 


Corollary 7.13.9 asserts that the total number of SYT of size n is equal to the 
number of involutions in G,. The RSK algorithm provides a bijective proof. 

Note that if r(m) denotes the coefficient of x; --+x, on the left-hand side of 
(7.52), then Example 7.8.5 shows directly that 


So t(n) = ex ee 
es om ba 


n>0 


in agreement with (5.32). 


7.14 The Dual RSK Algorithm 


There is a variation of the RSK algorithm that is related to the product [](1 +x; y;) 
in the same way that the RSK algorithm itself is related to [](1 — x;y;)~*. We call 


this variation the dual RSK algorithm and denote it by A == (P, Q). The matrix 
A will now be a (0, 1) matrix of finite support. Form the two-line array w, just 
as before. The RSK* algorithm proceeds exactly like the RSK algorithm, except 
that an element i bumps the leftmost element > 7, rather than the leftmost element 
> i. In particular, RSK and RSK* agree for permutation matrices.) It follows that 
each row of P is strictly increasing. 


7.14.1 Example. Let 


es 

II 
oor oOo + 
re OOF SO 
or | CO 


Then 


112 3 3 4 a 
wa = 5 
L 3 2) 1-03 S22 


The arrays (P(1), Q(1)), ..., (P(7), Q(7)), with (P, Q) = (P(7), Q(7/)), obtained 
from RSK* are as follows: 
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PG) Q@) 
1 1 
i ae 


12 11 
3 2 


—= — 
NO 
— 


Ow 
— 
W 


fe 
Ww 


WwW 


— 
NO 
ies) 
MON Re WN WN K WH = 
fe 


7.14.2 Theorem. The RSK* algorithm is a bijection between (0, 1)-matrices A 
of finite support and pairs (P, Q) such that P' (the transpose of P) and Q are 
SSYTs, with sh(P) = sh(Q). Moreover, col(A) = type(P) and row(A) = type(Q). 


The proof of Theorem 7.14.2 is analogous to that of Theorem 7.11.5 and will 
be omitted. 

Exactly as we obtained the Cauchy identity (7.44) from the ordinary RSK algo- 
rithm, we have the following result, known as the dual Cauchy identity. 


7.14.3 Theorem. We have 


[ [a +29) = So n@)svQ). 


ij x 


An important consequence of Theorem 7.14.3 is the evaluation of ws,. First we 
need to see the effect of w, acting on the y variables, on the product [](1 + x;y,)- 


7.14.4 Lemma. Let w, denote w acting on the y variables only (so we regard 
the x;’s as constants commuting with w). Then 


wy | [a --xiy)t = [Ja +xy,). 
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Proof. We have 


wy [| [d - xy"! = oy, > mi(x)ha(y) (by Proposition 7.5.3) 
X 
=)" mi(x)ex(y) (by Theorem 7.6.1) 
X 


=[]U+xiy;) (by Proposition 7.4.3). = 


An alternative proof can be given by expanding the products [](1 — x;y ;) and 
[ [C1 +; y;) in terms of the power sum symmetric functions (equations (7.20) and 
(7.21)) and applying Proposition 7.7.5. 


7.14.5 Theorem. For every i € Par we have 
WS) = Sp. 
Proof. We have 


Yi e)svy) = []G+.y;) by Theorem 7.14.3) 
Xr 
=oy[[G—xiy;)? (by Lemma 7.14.4) 
= wy Ysi(x)s,(y) (by Theorem 7.12.1) 
Xr 


= D3 sxe)oy (sr(y)). 
Xr 


Take the coefficient of s,(x) on both sides. Since the s,(x)’s are linearly indepen- 
dent, we obtain sy(y) = wy (s,(y)), or just sy, = wsy. Oo 


Later (Theorem 7.15.6) we will extend Theorem 7.14.5 to skew Schur functions. 

After Proposition 7.7.5 we mentioned that the characteristic polynomial of w : 
A" — A” is equal to (x? — 1) (x — 1)”, where o(n) is the number of odd 
conjugacy classes in G, and k(n) is the number of self-conjugate partitions of 
n. In particular, the multiplicity of 1 as an eigenvalue exceeds the multiplicity of 
—1 by k(n). This fact is also an immediate consequence of Theorem 7.14.5. For 
if A A’ then w transposes s, and s,, accounting for one eigenvalue equal to 1 
and one equal to —1. Left over are the k(n) eigenvectors s, for which A = A’, with 
eigenvalue 1. 
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7.15 The Classical Definition of Schur Functions 


Let a = (a1,...,@,) € N" and w € G,. As usual write x = xy) -+- x2", and 
define 
w(x") = oe S83 Dale 
Now define 
dy = Og(X1y---5%n)= J) Ewwlx®), (7.53) 
weG, 
where 


poe 1 if w is an even permutation 
"| 1 if odd. 


(Thus €, = p(w), aS defined in (7.19).) Note that the right-hand side of equation 
(7.53) is just the expansion of a determinant, namely, 


n 


a 
Ay = det(x; es 
Note also that dg is skew-symmetric, ie., w(dg) = €ydy, SO dy = 0 unless all the 
a;’s are distinct. Hence assume thata, > a2 >--- >a, > 0,so~ =A+6, where 
A e€ Par, (A) <n, andd=6, =(n—-1,n—2,...,0). Sincea; =Aj +n — j, 
we get 


Ajtn—j\" 
Bes ea Ee det( x} : > ; (7.54) 
i,j=l 
For instance, 
xp XT xy 
1 
a4) = 42114219 = i; x X54 
x3 X34 
Note in particular that 
as = det(x;’) = I] (x; — xj), (7.55) 
lsi<j<n 


the Vandermonde determinant. 
If for some i # j we put x; = x; in dg, then because ay is skew-symmetric (or 


because the i-th row and j-th row of the determinant (7.54) become equal), we 
obtain 0. Hence ay is divisible by x; — x; and thus by ag (in the ring Z[x,..., Xn])- 


7.15 The Classical Definition of Schur Functions 335 


Thus dq/a4s € Z[x1,..., Xn]. Moreover, since ay and a; are skew-symmetric, the 
quotient is symmetric, and is clearly homogeneous of degree |a| — |5| = |AI. 
In other words, dy/ds € A, Be . (The quotient ay/as is called a bialternant.) It is 
therefore natural to ask for the relation between a, /as and the symmetric functions 
we have already considered. The answer is a fundamental result in the theory of 
symmetric functions. 


7.15.1 Theorem. We have 


an+3/as = Sy (x1, eee Xn): 


Proof. There are many proofs of this result. We give one that can be extended to 
give an important result on skew Schur functions (Theorem 7.15.4). 
Applying w to (7.46) and replacing A by A’ yields 


eu = > K auSr- 
i 
Since the matrix (K}/,,) 1s invertible, it suffices to show that 


Q+6 
CEA oves ta ) Ky'y—, 
x a5 


or equivalently (always working with n variables), 


ase, = » Ky @a+s- (7.56) 
a 


Since both sides of (7.56) are skew-symmetric, it is enough to show that the coef- 
ficient of x**? in ase, is Ky,. We multiply as by e, by successively multiplying 
by Cui» Cua» +--+» Each partial product ase,,,: ++ e,, iS skew-symmetric, so any term 
x,'--+x/" appearing in ase,,,-- +e, has all exponents i; distinct. When we multiply 
such a term xs xl by a term Xm,°- ‘Xm; from éy,,, (SO 7 = Me41), either two 
exponents become equal or the exponents maintain their relative order. If two ex- 
ponents become equal, then that term disappears from dse,,,:- - €y,,,- Hence to get 
the term x***, we must start with the term x° in as and successively multiply by 
atermx” of e uw,» then x” of €y,, etc., keeping the exponents strictly decreasing. 
The number of ways : do this is the coefficient of x**° in ase,. 
Given the terms x’ : x”... . as above, define an SSYT T = T(a', a? ,-++) as 
follows: Column j of T eoritaing an i if the variable x; occurs in x® (ie., the 
j-th coordinate of a is equal to 1). For example, Suppose n= 4, A= = 5332, 
ve = 44311,A+6 = 8542, uw = 3222211, x% = x1x2x3,xX% = XN, XX = X3X4, 


en 
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4 5 6 7 . a 
xT = xyXQ, xT = xyX4, x = 2X4, x* = X3. Then T is given by 


1113 
2235 
447 
> 

6 


It is easy to see that the map (a',@?,...) T(a!,a”,...) gives a bijection be- 
tween ways of building up the term x**? from x? (according to the rules above) 
and SSYT of shape 1’ and type z, so the proof follows. qo 


From the combinatorial definition of Schur functions itis clear that s,(x1, ... , X,) 
= O if £(A) > n. Since by Proposition 7.8.2(b) we have dim A, = #{A € Par: 
£(A) < n}, it follows that the set {s, (71, ..., x,) : 2A) < n} is abasis for A, (This 
also follows from a simple extension of the proof of Corollary 7.10.6.) We define on 
A, a scalar product (, ), by requiring that {s,(x,, ..., x,)} is an orthonormal ba- 
sis. If f, g € A, then we write (f, g), as short for (f(x1,..-,%n), 2(%1,---5Xn))n- 
Thus 


(f,8) =(f8)ns 
provided that every monomial appearing in f involves at most n distinct variables, 
e.g., if deg f <n. 
7.15.2 Corollary. Jf f € An, (A) <n, andi =(n—1,n—2,...,1,0), then 
(f.5i)n = LP Jas f, 
the coefficient of x**° in as f. 


Proof. All functions will be in the variables x,,...,x,. Let f = aS CS). 
Then by Theorem 7.15.1 we have 


af= ) CrQa+5> 


LA)<n 


so 
8 
(f, x)n = Cy, = [x**? Jas f. 0 
For instance, we have 
(ayy) = 1x lao, (7.57) 


for £(A) <n. It is an interesting problem (not completely solved) to compute the 
numbers (7.57); for further information on the case k = 1, see Exercise 7.37. 
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Let us now consider a “skew generalization” of Theorem 7.15.1. We continue 
to work in the n variables x;,...,x,. For any 4,v € Par, L(A) <n, &(v) < 4, 
consider the expansion 


Spey = > LY Sx5 
a 
or equivalently (multiplying by as), 


Ay45€y = > LX Ants. (7.58) 
a 
Arguing as in the proof of Theorem 7.15.1 shows that L?, , 18 equal to the number 
of ways to write 
A+SSv4S+alt+a’4+..-+a%, 
where £() = k, each a’ is a (0, 1)-vector with jy; 1’s, and each partial sum 
v+d+a'!+---+a! has strictly decreasing coordinates. Define a skew SSYT 


T = Tyjv(a', ...,a*) of shape 4'/v’ and type ju by the condition that i appears 
in column j of T if the j-th coordinate of a! is a 1. This establishes a bijection 


a 


which shows that ee i is equal to the skew Kostka number Ky, /v',u» the number of 
skew SSYTs of shape A’/v’ and type jz (see equation (7.36)). (If v’ Z A’ then this 
number is 0.) 


7.15.3 Corollary. We have 


Sven = >> KyywypSr- (7.59) 
a 


Proof. Divide (7.58) by a;, and let n + oo. fe 
It is now easy to establish a fundamental property of skew Schur functions. 
7.15.4 Theorem. For any f € A, we have 
(f Sv, 5.) = (fs Say). 
In other words, the two linear transformations M,: A > A and D,: A > A 
defined by M, f = sy f and Dys, = Syjy are adjoint with respect to the scalar 


product (, ). In particular, 


(SuSv. Sy) = (Su. Sify) (7.60) 
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Proof. Apply @ to (7.59) and replace v by v’ and A by 2’. We obtain 
Syhy — F Ky jypSa- 
i 


Hence 
(SvAn, y)= Kip = (Au, Syjv)s (7.61) 


by (7.36) and the fact that (A,,, Mp) = Sy, by definition of ( , ). But equation 
(7.61) is linear in h,,, so since {h,,} is a basis for A, the proof follows. Oo 


7.15.5 Example. We have $1531 = S4, +532 +531) and 51822 = $32 +52). No 
other product 515, involves 533. It follows that $32/1 = 522+531. For a generalization, 
see Corollary 7.15.9. 
We can now give the generalization of Theorem 7.14.5 to skew Schur functions. 
7.15.6 Theorem. For any iA, v € Par we have WSrjy = Sar jy! 
Proof. By Proposition 7.9.5 and equation (7.60) we have 
(@(SySv),@S,) = (WSy, WS) jy). 

Hence by Theorem 7.14.5 we get 

(Sp'Svs Sa) = (Sp’, @Sz jv). (7.62) 
On the other hand, substituting 4’, ws’, v’ for A, uw, v respectively in (7.60) yields 

SwSy, Sy) = (Sys Sarjy'). (7.63) 


From (7.62) and (7.63) there follows ws, Jv = Syijyt Oo 


The integer (5), 5,5») = (Sijvs Su) = (Sa/us Sv) is denoted ci, and is called a 
Littlewood—Richardson coefficient. Thus 


ss a 
Sis ) Cyd 
a 


Sajv = > Csi (7.64) 
Lu 


— A 
Sp = ) CuvSv- 
v 


rn eit 
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Figure 7-5. A skew shape. 


Note that the seemingly more general (s1/,, S/p) is itself a Littlewood—Richardson 
coefficient, since (Sy/v, Sup) = (Sa, SvSu/p) and SySy/p 18 just a skew Schur 
function, as Figure 7-5 (together with the combinatorial definition of Schur func- 
tions) makes evident. More generally, any product of skew Schur functions is a 
skew Schur function. 

A central result in the theory of symmetric functions, called the Littlewood- 
Richardson rule, gives acombinatorial interpretation of the Littlkewood—Richardson 
coefficient Cre We will defer the statement and proof of the Littlkewood—Richardson 
rule to Appendix 1 (Section A1.3). Here we consider the much easier special case 
when yz = (n), the partition with a single part equal ton. To state this result, known 
as Pieri’s rule, define a horizontal strip to be a skew shape 2./v with no two squares 
in the same column. Thus an SSYT of shape 2/0 with largest part at most m may 
be regarded as a sequence 9 = w° C uw! C--- C w™ = p of partitions such that 
each skew shape yz’ /'~! is a horizontal strip. (Simply insert 7 into each square of 
wie") 


7.15.7 Theorem. We have 


Ss) Shy (7.65) 
A 


summed over all partitions . such that 4./v is a horizontal strip of size n. 
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Proof. We have (8,5n, 8.) = (Say Sajv) = (Ans Siyv) = Kiysvn- Clearly by defini- 
tion of Ky/),, we have 


K 1 if A/v is ahorizontal strip of size n 
Af/vun = F 
Vee 0 otherwise, 


and the proof follows. oO 


7.15.8 Example. Let v = 331 and n = 2. The ways of adding a horizontal strip 
of size 2 to the shape 331 are given by 


fa At A AB AE 


Hence 
533182 = 5531 + 8432 + 54311 + 5333 + 53321- 


Note that by applying w to (7.65) we get a dual version of Pieri’s rule. Namely, 
defining a vertical strip in the obvious way, we have 


SpSyr = Syen = > Sr 
Xx 


summed over all partitions A for which A/v is a vertical strip of size n. 
We also have as an immediate consequence of (7.60) and Pieri’s rule (Theo- 
rem 7.15.7) the following skew version of Pieri’s rule. 


7.15.9 Corollary. We have 
S/n = as 


where v ranges over all partitions v C i for which i./v is a horizontal strip of 
size n. 


The proof we have given of Pieri’s rule is rather indirect, but Pieri’s rule is 
actually a simple combinatorial statement that deserves a direct bijective proof. 
Let 77, be the set of all pairs (T, T’) of SSYTs such that sh(T) = v, sh(T’) = (1), 
and type(T) + type(T’) = a. Similarly, let 7° be the set of all SSYTs T such that 
sh(T) = 4 and type(T) = a. Pieri’s rule asserts that 


en, =4(Unr). 
X 


where A ranges over all partitions such that 4 /v is a horizontal strip of size n. Thus 


7.15 The Classical Definition of Schur Functions 341 


we Seek a bijection 
Got, > Je. 
a 


Let T’ = aja)-:-a,. It is not difficult to show (using Lemma 7.11.2) that ¢ is 
given just by iterated row insertion: 


Q(T, T') =(T <a) —a) —--- Ha, 


A further avatar of Theorem 7.15.4 is the following. Let A(x) and A(y) de- 
note the rings of symmetric functions in the variables x = (x1, x2,...) and y = 
(yi, y2, ---), respectively. Denote by A(x) ® A(y) the ring of formal power series 
(over Q) inx and y of bounded degree that are symmetric in the x variables and sym- 
metric in the y variables. In other words, if f(x), x2,...3 y1, yo, -..) € A(X)@A(y) 
and if uw and v are both permutations of P, then 


POU SR Ais ¥1:92,--J= Tends Xu(2), ++ +3 Vu(t)> Yv(2)s «+ .). 


It is clear that if {b,,(x)} is a basis for A(x) and {c,(y)} for A(y), then {b,(x)c.(y)} 
is a basis for A(x) @ A(y). The ring A(x, y) of formal power series of bounded 
degree that are symmetric in the x and y variables together is a subalgebra of 
A(x) ® A(y). Of course the containment is proper; for instance, if f(x) € A(x) 
and deg f > 0, then f(x) € A(x) @ A(y) but f(x) ¢ A(x, y). If {b,(x)} is a 
basis for A(x) then {b,(x, y)} is a basis for A(x, y), where b,(x, y) denotes the 
symmetric function b, in the variables x,, x2,...and y,, y2,.... It is now natural 
to ask how to expand s,(x, y) in terms of the basis {s,,(x)s,(y)} of A(x) ® A(y). 
Consider an ordered alphabet A = {1 < 2 <--- < 1’ < 2’ < ---}. If T is an 
SSYT of shape 4 with respect to this alphabet, then define 


T #(1) #2 #1). 47’ 
(ry)T = DAD AUDIO 


’ 


where #(a) denotes the number of occurrences of a in T. Thus from the combina- 
torial definition of s, (Definition 7.10.1), we have 


(x,y) = Gy)’, 
T 


where T ranges overall SSYT of shape A in the alphabet A. Now the part of T occu- 
pied by 1, 2, ... is justan SSYT of some shape yz € i, while the part of T occupied 
by 1’, 2’, ... is askew SSYT of shape 4/j. From this observation there follows 


s(x, 9) = Do sule)saju() 


wer 


=) s,(x) ye. su(y) 
pb 


wor v 


=) 6 5 @)s0), (7.66) 
Lv 


which gives us the desired expansion. 
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Note (for algebraists). Define A: A > A(x)®A(y) by Af = f(x, y). This 
operation makes the space A into a coalgebra, and together with the usual algebra 
structure on A it forms a bialgebra. If we take 1 € A to be a unit and the map 
ftw f(0,0,...) to be a counit, then we get a Hopf algebra. Moreover, the scalar 
product on A is compatible with the bialgebra structure, in the sense that 


(Af, g@)A(y)) = (Ff, 8h). (7.67) 


Here the first scalar product takes place in A(x) @ A(y), where the elements 
Sy,(x)s,(y) form an orthonormal basis. The second scalar product is just the usual 
one on A. 


7.16 The Jacobi-Trudi Identity 


In this section we will expand the Schur functions in terms of the complete sym- 
metric functions. In effect we are computing the inverse to the Kostka matrix 
(K},,). Note that expanding Schur functions in terms of h,’s is equivalent to ex- 
panding them in terms of e,’s, for if s, = Dei thy, then applying w yields 
sy = Sy fhueu- 

The main result of this section, known as the Jacobi—Trudi identity, expresses 5), 
(in fact, s;/,,) as a determinant whose entries are h;’s. Each term of the expansion 
of this determinant is thus of the form +h,, so we get our desired expansion. The 
actual coefficient of i, must be obtained by collecting terms. 


7.16.1 Theorem. Let dA = (Aj,...,A,) and uw = (fy, .--, Un) GA. Then 
(7.68) 


n 
S/n = det(hs,—p,-iti); jo , 


where we sethy = 1 andh, = Ofork < 0. 


First Proof. Our first proof will be a direct application of Theorem 2.7.1, in 
which we evaluated a determinant combinatorially by constructing an involution 
that canceled out all unwanted terms. Indeed, the Jacobi—Trudi identity is perhaps 
the archetypal application of Theorem 2.7.1. 

In Theorem 2.7.1, takea; =A; +n— j, Bj = wi tn —i, Y, = Oo (more 
precisely, take y, = N andlet N > oo), and 6; = 1. The function h(a; —8;; y;,4;) 
appearing in Theorem 2.7.1 is just the complete symmetric function A,,,_,,,—j+i- 
Thus the determinant appearing in Theorem 2.7.1 becomes (after interchanging 
the roles of i and j) the right-hand side of equation (7.68). 

Therefore by Theorem 2.7.1 it remains to show that B(@, 8, y,5) = Sajp- 1" 
other words, given a nonintersecting n-path L in B(a, B, y, 5), we need to associate 
(in a bijective fashion) a skew SSYT T of shape A/w such that the weight of L 
is equal to xtype(T) Actually, we associate a reverse SSYT T, which by Propost 
tion 7.10.4 does not make any difference. If the horizontal steps of the path from 
(uw; +n —i, 00) to (A; +n —i, 1) occur at heights a} > ay > --- > ay,_,,, then let 
@\,a2,...,@),-,, be the ith row of T. A little thought shows that this establishes 
the desired bijection. : 


nn er LY eset AS SS 
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(0, 1) 
Figure 7-6. Nonintersecting lattice paths corresponding to an SSYT of shape 541/2. 


As an example of the above bijection, take L as in Figure 7-6. Then 

4 2 2 

T=3 2 1 1 
1 


Second Proof. Though our first proof was a very elegant combinatorial argument, 
it is also worthwhile to give a purely algebraic proof. Let Cy = (5), SySy), SO 


oe a = A 
SyuSy = ) Cinydhs Nie = ) CiySv- 
d 


v 


Then 
25/2050) = 2 civ so(0}50) 
= V5 sy(x)su(y)s(y) 
= sly) > hy(x)my(y). 
Let y = (1, ..-, Yn). Multiplying by as(y) gives 


YS sxjuanse(y) = (x a) ay45(y) 
X v 


(smn) (Fone) 


a eN" weGn, 


x Sy Ew Ng(x) yet wet), 


weG, a 
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Now take the coefficient of y’+° on both sides (so we are looking at terms w 
A+é=a+w(u-+4)). We get 


here 


Sa/p(x) = Da Ewhyss—w(y+8y(x) (7.69) 


weG, 


I det(hs,—pj-itj(x))? ‘ r 
If we substitute 1’/y’ for A/u in (7.68) and apply the automorphism w, then 
we obtain the expansion of s,/,, in terms of the elementary symmetric functions, 


namely: 


7.16.2 Corollary. Let © d with Ay <n. Then 


n 


S/n = det(ey—wi-is i); py: (7.70) 
Equation (7.70) is known as the dual Jacobi-Trudi identity. 
Recall (Proposition 7.8.4) that the exponential specialization ex satisfies 


ex(f) = bam fs. 


n>0 


Letex;(f) = ex( f),=1, provided this number is defined. In particular, if |A/y4| = N 
then 


A/ ie 


EX1(Sr/n) = Wr 


3 


where f*/“ is the number of SYT of shape A/j1. 


7.16.3 Corollary. Let |A/~| = N and £(A) <n. Then 


1 n 
plt = NI cer(< (7.71) 
Q;-—uw;—-it+j)! i,j=l 


Proof. Apply ex; to the Jacobi-Trudi identity (equation (7.68)). Since ex;(Am) = 
1/m! by (7.27), the proof follows. Oo 


While it is certainly possible to prove Corollary 7.16.3 directly, our proof shows 
that it is just a specialization of the Jacobi-Trudi identity. When pz = @ the deter- 
minant appearing in (7.71) can be explicitly evaluated (e.g., by induction and a 
clever use of row and column operations), thereby giving an explicit formula for 
f*. We will defer this formula to Corollary 7.21.6 and equation (7.113), where we 
give two less computational proofs. 
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7.17 The Murnaghan—-Nakayama Rule 


We have succeeded in expressing the Schur functions in terms of the bases m,, h as 
and é,. In this section we consider the power sum symmetric functions p,. A skew 
shape A/{ is connected if the interior of the diagram of 1/1, regarded as a union 
of solid squares, is a connected (open) set. For instance, the shape 21/1 is not 
connected. A border strip (or rim hook or ribbon) is a connected skew shape with 
no 2 x 2 square. An example of a border strip is 86554/5443, whose diagram is 


Given positive integers a), ..., az, there is a unique border strip A/p (up to trans- 
lation) with a; squares in row i (i.e., a; = A; — pu;). It follows that the number 
of border strips of size n (up to translation) is 2”—', the number of compositions 
of n. Define the height ht(B) of a border strip B to be one less than its number of 
rows. The next result shows the connection between border strips and symmetric 
functions. 


7.17.1 Theorem. Forany uw € Parandr € N we have 


iPe= > Is, (7.72) 
X 


summed over all partitions . > yw for which i/u is a border strip of size r. 


Proof. Let é = (n —1,n —2,.:.,0), and let all functions be in the variables 
X1,-..+, Xp. In equation (7.53) leta = 4 +6 and multiply by p,. We get 
On43Pr = > Aprstres, (7.73) 
j=l 


where €; is the sequence with a 1 in the j-th place and 0 elsewhere. Arrange the 
sequence 44 + 6 + re; in descending order. If it has two terms equal, then it will 
contribute nothing to (7.73). Otherwise there is some p < g for which 

Mp1 tn-~pt+l>ptgtn-qtr>pptn—p, 


in which case Ayts+re; = (—1)? ?ay45, where A is the partition 


A= (11,.--) Mp-1, Mg +P —Gtr up tl,...,Mg-1 +1, Metts -++s Mn) 
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Figure 7-7. Border strips 4/63321 of size three. 


Such partitions are precisely those for which 4/ is a border strip B of size r, and 
q — p is just ht(B). Hence 


Aus Pr = > (-D Mass. 
a 


Divide by a; and let n — oo to obtain (7.72). Oo 


7.17.2 Example. (a) Let 4 = 63321. The border strips of size 3 that can be 
added to yz are shown in Figure 7-7. Hence 


$63321 P3 = 593321 + 566321 — 565421 — 563333 — 5633222 + 563321111- 
(b) Let 5 = (n — 1,n — 2,...,0) as above. There are only two border strips of 
size 2 that can be added to 6, and we get 
S§ P2 = Sn41,n—2,n—3,...,1 — Sn—1,n—2,...,2,1,1,1- 


Let a = (a1, @2, ...) be a weak composition of n. Define a border-strip tableau 
(or rim-hook tableau) of shape 4/4 (where |A/u| = n) and type @ to be an 
assignment of positive integers to the squares of A/j such that 


(a) every row and column is weakly increasing, 
(b) the integer i appears a; times, and 


(c) the set of squares occupied by i forms a border strip. 


Equivalently, one may think of a border-strip tableau as a sequence 4. = ey oe 


--» © A" CA of partitions such that each skew shape A'/A'*! is a border-strip of 
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size @; (including the empty border-strip @ when a; = 0). For instance, the array 


is a border-strip tableau of shape 7555 and type (5, 2, 3, 0, 5, 7). (The border-strip 
outlines have been drawn in for the sake of clarity.) Define the height ht(T) of a 
border-strip tableau T to be 


ht(7) = ht(B)) + ht(B2) + --- + ht(B,), 


where B, ..., By are the (nonempty) border strips appearing in T . For the example 
above we have ht(T) = 1+0+1+2+3=7. 
If we iterate Theorem 7.17.1, successively multiplying s,, by Po,, Pa,,-.-», then 


we obtain immediately the following result. 


7.17.3 Theorem. We have 
SuPx = OSs (7.74) 
ry 


where 


H@= >on, (7.75) 
T 
summed over all border-strip tableaux of shape ./ and type a. 
Taking « = @ in Theorem 7.17.3 yields: 


7.17.4 Corollary. We have 
Pa = > xX*@)o, (7.76) 
a 
where x*(a) is given by (7.75). 


If we restrict ourselves to n variables where n > £(A) and apply Theorem 7.15.1, 
then equation (7.76) may be rewritten 


pads = >, x*(or)anss. 
x 


Hence we obtain the following “formula” for x*(@): 


x7 (a) = [x44 peas. (7.77) 


It is easy to use equation (7.74) to express 5, /,, in terms of the power sums. This 


result (at least in the case 4 = ¥) is known as the Murnaghan—Nakayama rule. 
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7.17.5 Corollary. We have 


Shi ey KOO; as 
v 
where x*/#(v) is given by (7.75). 


Proof. We have from (7.74) that 


x°/E(v) = (Su Pv Sa) 
= (Pv, Srju)s 


and the proof follows from Proposition 7.9.3. ie 


The orthogonality properties of the bases {s,} and {p,} translate into orthogv- 
nality relations satisfied by the coefficients x, (2). 


7.17.6 Proposition. (a) Fix yt, v. Then 
Se) SZ 
X 


(b) Fix A, uw. Then 
Size xh x") = Sy. 
v 


Proof. (a) Expand p, and py, by (7.76) and take (p,, py). 
(b) Expand s, and s, by (7.78) and take (s,, 5,). oO 


Proposition 7.17.6 is equivalent to the statement that the matrix (x*( avai >) Ayuen 
is an orthogonal matrix. This may be seen directly from the fact that this matrix is 
the transition matrix between the two orthonormal bases {s,} and {p mae ay 

A remarkable consequence of Corollary 7.17.4 is that the coefficients x*(a) do 
not depend on the order of the entries of aw (since the same is true of the product 
Pa = Po, Po,***). This fact can be of great value in obtaining information about 
the numbers x*(a). As a sample application, we mention the following result. 


7.17.7 Proposition. Let 6 be the “staircase shape” = (m—1,m—2,..., 1). 
Then 53 is a polynomial in the odd power sums py, p3,.... 


Proof. We need to show that x°(v) = 0 if v has an even part. Let a be an 
ordering of the parts of v such that the /ast nonzero entry a, of a is even. Thus the 
border-strip tableaux T in (7.75) have the property that the squares labeled k form 
a border strip 6/v of size a,. But every border strip 5/v has odd size, so no such 
T exists. Oo 


For the converse to Proposition 7.17.7, see Exercise 7.54. 
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Note (for algebraists). The coefficients x*(v) for A, v F n have a fundamental 
algebraic interpretation: They are the values of the irreducible (ordinary) charac- 
ters of the symmetric group G,. More precisely, the irreducible characters x* of 
G,, are indexed in a natural way by partitions 4 + n, and x*(v) is the value of x* at 
anelement w € G, of cycle type v. Thus Proposition 7.17.6 is just the standard or- 
thogonality relations satisfied by irreducible characters. Now it may be seen e.g. im- 
mediately from (7.75) that the degree (or dimension) of the character x* is given by 


deg x* := x°(1") = f?. (7.79) 
Thus Corollary 7.12.6 agrees with the well-known result that for any finite group G, 


> “(dim x)? = #6, (7.80) 
xeG 


where G is the set of irreducible characters of G. Moreover, Corollary 7.13.9 
agrees with the less well-known result that 


\ dimy =#{weG:w?=1} 
xeG 


if and only if every (ordinary) representation of G is equivalent to a real representa- 
tion. For further information on the connections between symmetric functions and 
the characters of G,,, see the next section and many of the exercises for this chapter. 


7.18 The Characters of the Symmetric Group 


This section is not needed for the rest of the text (with a few minor exceptions) 
and assumes a basic knowledge of the representation theory of finite groups. Our 
goal will be to show that the functions x’ of the previous section (where x*(W) 
is interpreted as x*(w) when w is an element of G, of (cycle) type jz) are the 
irreducible characters of G,,. 

Let CF’ denote the set of all class functions (i.e., functions constant on conjugacy 
classes) f : G, — Q. Recall that CF” has a natural scalar product defined by 


1 
(fa) = i 2, Fwracw. 


Sometimes by abuse of notation we write (@, y) instead of (f, g) when @ and y 
are representations of G, with characters f and g. 


Note. For general finite groups G, we can define CF(G) to be the set of all class 
functions f : G > C, and we can define the scalar product on CF(G) by 


1 
(f.8)= ga Dy fw)Rw), 


weG 
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where g(w) denotes the complex conjugate of g(w). Since all (complex) characters 
of G,, turn out to be rational, it suffices to use the ground field Q instead of C 
when dealing with the characters of G,,. 

Now let us recall some basic facts from the theory of permutation represen- 
tations. If X is a finite set and G a finite group, then an action of G on X is 
a homomorphism ¢ : G > Gy. If se X and weG, then we write w -s for 
¢(w)(s). The action of G on X extends to an action on CX (the complex vector 
space with basis X) by linearity. Hence y can be regarded as a linear representation 
g : G > GL(CX). The character of this representation is given by 


x°(w) = tr p(w) = #Fix(w), 


where Fix(w) = {s € X : w-s =s}, the set of points fixed by w. 

The action g : G > Gy is transitive if for any s,t € X there isa weG 
satisfying w -s = t. If H is a subgroup of G, then G acts on the set G/H of 
left cosets of G by w - vH = wuH. (We do not assume H is a normal subgroup. 
so G/H need not have the structure of a group.) Every transitive action of G is 
equivalent to an action on the left cosets of some subgroup H . Moreover, this action 
is equivalent to indG 11, the induction from H to G of the trivial representation 
ly of H. We sometimes abbreviate this representation as 1%. The well-known 
“Burnside’s lemma” (see Lemma 7.24.5) is equivalent to the statement that 


(19, 1g) = # of orbits of G acting on G/H. (7.81) 


Here (1%, 1g) denotes the multiplicity of the trivial representation 1g of G in 1“. 
given more explicitly by 


1 
(1% le) = ge > | #Fix(w). 


weG 


In the above sum Fix(w) refers to the action of G on the set G/H, so that Fix(w’) 
is just the value of the character of this action on w. 

Our present goal is to find “enough” subgroups H of G,, so that we can obtain 
all the irreducible characters of G,, as linear combinations of characters of the 
representations 1 To this end, if a = (a,...,a¢) € P* and Ja] :-= a; +--° + 
ae =n, then define the Young subgroup G, © G,, tobe 


Cy > 6,4, Oy x *< * Sy,, 


where Gg, permutes 1, 2,...,a@1; Gy, permutes a; +1, a1 +2,..., a1 +a, el: 
If w and £ differ from each other only by a permutation of coordinates, then ©« 
and Gz, are conjugate subgroups of G,,, and the representations 1? and le, are 
equivalent and hence have the same character. In particular, there is a unique 2 ” 
for which G, and G, are conjugate. 


i i i 
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Itis important to understand the combinatorial significance of the representations 
(2 , So we will explain this topic in some detail. If we write a permutation w in 
the usual way as w)w2- + Ww, (So w; 1s the value w(i) of w at i), then it is easy to 
see that every left coset vG, contains a unique permutation that is an a-shuffle, 
ie., 1,2,...,@ appear in increasing order, @; + 1,a@, + 2,...,a@, + @2 appear 
in increasing order, etc. For instance, one of the left cosets of G2) is given 
by {1324, 1423, 2314, 2413}, which contains the unique a-shuffle 1324. We can 
identify an w-shuffie with a permutation of the multiset M, = {a™', b%,...}, by 
replacing 1, 2,..., @, witha;a1+1, a)+2,...,a@,+a, withd; etc. G, then acts on 
a permutation 7 of M, by permuting positions. For instance, 2431 -baab = abab, 
since the second element of baab is moved to the first position, the fourth element 
to the second position, etc. 

Alternatively, we can write a permutation w € G,, as the word w7!(1)w7!(2) -- - 
w!(n), so w7!(i) is the position of i in the word w,w2--- w,- With this repre- 
sentation of permutations, every left coset of Gy contains a unique word w’ = 


/ / / / / a td / / 
WW * W, such that w) < w, <--- < Way Wans1 < Wat. < 77° < Vartan? 
etc. Equivalently, the descent set D(w’) is contained in the set Sy = {a1,@, + 
Q@o,...,@, +--+ + ag_,}. We can also view these distinguished coset represen- 


tatives as a-flags, ie., chains @ = No C Nj C --- C Ny = [n] of subsets of 
[n] such that #(N; — Nj-1) = aj, viz., N; = {w}, w5,-.-, ae er G,, then 
acts on a flag F by permuting elements. For instance, if F is given by @ C 24 C 
245 Cc 123456 (so that aw = (2, 1,3)) and if w = 523614, then w - F is given by 
Qc 26 C 126 C 123456, since 2 and 6 are in the second and fourth position of w, 
1 is in the fifth position of w, and 3, 4, 5 are in third, sixth, and fourth position of w. 

Some special cases of the action of G, on a-flags should be noted. Ifa = 
(k,n —k), then an w-flag @ C N C [n] is equivalent to the k-subset N of [n], and 
the action of w € G, on F is equivalent to the “standard” action of G, on N that 
replaces i € N with w—'(i). We may write this equivalence as 


GS, /(Sy x Gn_~) = oe) (7.82) 


Similarly, if « = (1, 1, 2 — 2) then we can identify the a-flag @ C {a} C {a,b} C 
[n] with the ordered pair (a, b) of distinct elements of [n], so we can write 


GS, /(G1 x G1 x Gp-2) = [n] x [n] -{(a,a) : ae [n]}. (7.83) 


Similar interpretations can be given for various other values of @. 
Our main tool will be a linear transformation ch: CF” — A” called the (Frobe- 
nius) Characteristic map. If f ¢ CF”, then define 


1 
ch f= — 97 fw)Pow 


" wes, 


=e FUP 
Mm 


a i 
re rc 
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where f(y) denotes f(w) for any w of type p(w) = yw. Equivalently, extending 
the ground field Q to the ring A and defining Y(w) = Pp»), we have 


chf =(f,¥). (7.84) 
Note that if f,, is the class function defined by 


1 if p(w) =p 
0 otherwise, 


fu(w) = 


then ch f, = 27" Dy. 


Nore. Letg : G, — GL(V) bea representation of G, with character x. Some- 
times by abuse of notation we will write chg or ch V instead of ch x. We also 
sometimes call the symmetric function ch x (= ch g = ch V) the Frobenius image 
of x, y, or V. 


7.18.1 Proposition. The linear transformation ch is an isometry, i.e., 


(f 8)cr = (ch f, ch g) a0. 


Proof. We have (using Proposition 7.9.3) 


(ch f, ch g) = (x FO) Das seu.) 
Lb 


iu 


= Sig fs) 
Xr 
= (f, 8). 0 


We now want to define a product on class functions that will correspond to 
the ordinary product of symmetric functions under the characteristic map ch. Let 
f € CF” and g € CF". Define the (pointwise) product f x g € CF(Gm x Gn) 
by 


(f x g)(u, v) = flu)g(v). 


If f and g are characters of representations g and yy, then f x g is just the character 
of the tensor product representation 9 ® ~ of G,, x G,. Now define the induction 
product f og of f and g tobe the induction of f x g to Gm+,, where as before Gm 
permutes 1, 2,...,m while G,, permutes m + 1,m + 2,...,m +n. In symbols. 


fog = inde". (f x g). 


Let CF = CF’ @ CF' @ ---, and extend the scalar product on CF” to all of CF 
by setting (f,g) = Oif f € CF”, g € CF", and m £2. The induction product 
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on characters extends to all of CF by (bi)linearity. It is not hard to check that this 
makes CF into an associative commutative graded Q-algebra with identity 1 € 
CF. Similarly we can extend the characteristic map ch to a linear transformation 
ch: CF — A. 


7.18.2 Proposition. The characteristic map ch:CF > A is a bijective ring 
homomorphism, i.e., ch is one-to-one and onto, and satisfies 


ch(f o g) = (ch f)(chg). 


Proof. Let res$, f denote the restriction of the class function f on G to the 
subgroup A. We then have 
ch(f og) = ch(inds"Y'e,(f x g)) 
= (indsve,(f xg), ¥) (by (7.84) 
(f xg, reserve, Ve, - (by Frobenius reciprocity) 
1 
= Dd fwseyvur) 


uEGm VEG, 


= OY fg VW) 


Ip! 
HES ucG,, vEeG,, 


= (f, WV), (8, We, 
= (ch f)(ch g). 


Moreover, from the definition of ch and the fact that the power sums p, form a 
Q-basis for A it follows that ch is bijective. Oo 


We wish to apply Proposition 7.18.2 to evaluate the characteristic map at the 
character 7° of the representation Le discussed above. First note that by equation 
(7.22) and the definition of ch we have 


chle, = Doz! pa = hn. (7.85) 


AEn 
7.18.3 Corollary. We have ch ie = hy. 


Proof. Since 1g" = lst, o 18, Grn 6 1s", > the proof follows from Proposi- 
tion 7.18.2 and equation (7.85). Oo 


Now let R” denote the set of all virtual characters of G,, i.e., functions on G, 
that are the difference of two characters. Thus R” is a lattice (discrete subgroup of 
maximum rank) in the vector space CF”. The rank of R” is p(n), the number of 
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partitions of m, and a basis consists of the irreducible characters of G,,. (Recall that 
in any finite group G, the number of linearly independent irreducible characters 
of G is equal to the number of conjugacy classes in G. For G,, the number of 
conjugacy classes is p(1).) This basis is the unique orthonormal basis for R” up to 
sign and order, since the transition matrix between two such bases must be a integral 
orthogonal matrix and hence a signed permutation matrix. (See the note after the 
proof of Corollary 7.12.2 for similar reasoning.) Define R = R°@R'@--.. 


7.18.4 Proposition. The image of R under the characteristic map chis Az. Hence 
ch: R > Az isa ring isomorphism. 


Proof. It will suffice to find integer linear combinations of the characters y* of 
the representations 1" that are the irreducible characters of G,,. The Jacobi-Trudi 
identity (Theorem 7.16.1) suggests that we define the (possibly virtual) characters 
y* = det(n'*/), where the product used in evaluating the determinant is the 
induction product. Then by the Jacobi~—Trudi identity and Proposition 7.18.2 we 
have 


ch(y*) = sy. (7.86) 


Since ch is an isometry (Proposition 7.18.1) we get (w*, yw“) = di,. As pointed 
out above, this means that the class functions ~~ are, up to sign, the irreducible 
characters of G,,. Hence the y* for A - n form a Z-basis for R", and the image 
of R” is the Z-span of the s,’s, which is just A” as claimed. oO 


Finally we come to the main result of this section. 


7.18.5 Theorem. Regard the functions x* (where X + n) of Section 7.17 as 
functions on &,, given by x*(w) = x*(), where w has cycle type wu. Then the 
x*’s are the irreducible characters of the symmetric group Gp. 


Proof. By the Murnaghan—Nakayama rule (Corollary 7.17.5), we have 


ch (x”) = Dame Cn ae = Sj. 
B 


Hence by equation (7.86), we get x* = y*. Since the y*’s, up to sign, are the 
irreducible characters of G,,, it remains only to determine whether x* or —x°* is 
a character. But x*(1") = f* > 0, so x* is an irreducible character. 0 


Nore. We have described a natural way to index the irreducible characters of Gy 
by partitions of n, while the cycle type of a permutation defines a natural indexing 
of the conjugacy classes of G,, by partitions of n. Hence we have a canonical 
bijection between the conjugacy classes and the irreducible characters of Gn. 
However, this bijection is essentially “accidental” and does not have any useful 
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properties. For arbitrary finite groups there is in general no canonical bijection 
between irreducible characters and conjugacy classes. 


7.18.6 Corollary. Let m,v kn, AE m+n. Then the Littlewood—Richardson 
coefficient c’. , of equation (7.64) is nonnegative 


Proof. By Propositions 7.18.1 and 7.18.2 we have 
Cov = (Ss Susv) = OC x" 0x"), 


Since by Theorem 7.18.5 x“ and x” are characters of G,, and G,,, respectively, 
it follows from the basic theory of induced characters that x* ox” is a character 
of Gin4n. Hence (x*, x40 x”) > 0. oO 


Combinatorial descriptions of the numbers c? » are given in Appendix 1, Sec- 
tion Al.3. A primary use of Theorem 7.18.5 is the following. Let x be any character 
(or even a virtual character) of G,,. Theorem 7.18.5 shows that the problem of de- 
composing x into irreducibles is equivalent to expanding ch x into Schur functions. 
Thus all the symmetric function machinery we have developed can be brought to 
bear on the problem of decomposing x. An important example is given by the 
characters n* of the representations ibaa The result that expresses n® in terms of 
irreducibles is known as Young’s rule. 


7.18.7 Proposition. Leta be a composition of n and + n. Then the multiplicity 
of the irreducible character x* in the character n® is just the Kostka number K ve 
In symbols, 


(n®, x*) = Kya. 


Proof. By Corollary 7.18.3 we have chn® = hy. The proof then follows from 
Corollary 7.12.4 and Theorem 7.18.5. oO 


7.18.8 Example. (a) Let x denote the character of the action of G, on the 
k-subsets of [n] (by permuting elements of []). By equation (7.82), we have 
ch xy = Ayh,_,. Assume without loss of generality that k <n /2 (since the action 
on k-element subsets is equivalent to the action on (n — k)-element subsets). The 
multiplicity of x* in x is the number of SSYTs of shape A and type 1"~*2*. There 
is one such SSYT if A = (n — m, m) withO < m < k, and no SSYTs otherwise. 
Hence 


x= x 4 "bb ae ath sie ye). 


Note the special case k = 1; this corresponds to the “defining representation” of 
G,, (the action of G,, on [n]), with character x + y@-1D, 


Fe 
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(b) Let x denote the character of the action of G,, on ordered pairs (i, 7) of distinc, 
elements of [n]. By equation (7.83), we have ch xy = hi hn—2. There are five kinds 
of SSYT of type (n — 2, 1, 1), viz., 


1---123) 1---12) 1---13) 11---1  1---1 
2 23 2 
3 


Hence 
—_ x” 420-1) se x 1-2.) ee xr, 


(c) The regular representation of G, is defined to be the action of G,, on itsel{ 
by left multiplication. Hence it is given by bier whose Frobenius image is 
hi (by Corollary 7.18.3). By Corollary 7.12.5 we have hf = 3° y., f*s,. Hence 
the multiplicity in the regular representation of the irreducible representation of 
G,, whose character is x* is just f* = x*(1"). Thus Corollary 7.12.5 is a sym- 
metric function statement for G,, of the fact that the multiplicity of an irreducible 
representation of a finite group in the regular representation is equal to its degree. 


7.19 Quasisymmetric Functions 


We have succeeded in expanding the Schur functions in terms of the four bases m;.. 
hj, e€,, and p,. We have also given a formula for s, (in n variables) as a quotient 
of determinants. There is one further expression for s;, which has many combina- 
torial ramifications. We will write s; in terms of a basis not of the space A, but of 
a larger space Q. The theory of P-partitions, as discussed in Section 4.5, will be 
generalized in order to obtain this expansion of s, (and more generally of s,/,.). 


A quasisymmetric function in the variables x), x2,..., say with rational coef- 
ficients, is a formal power series f = f(x) € Q[[), x, ...]] of bounded degree 
such that for any a),..., a, € P we have 


bt oot] = Bats 


whenever i) < --- < i, and jy < --- < jy. Clearly every symmetric func- 
tion is quasisymmetric, but not conversely. For instance, the series }> xix j is 
quasisymmetric but not symmetric. 

Let Q” denote the set of all homogeneous quasisymmetric functions of degree 1. 
Itis clear that Q” is a vector space (over Q). We will be indexing certain elements of 
©” by compositions a = (q@,..., a,) of n. We will often be using the natural one- 
to-one correspondence between compositions a of n and subsets S of [n — 1]. Thus 
we associate the set Sy = {a, @) +@2,...,@)+++++a,_1} with the composition 
a, and the composition co($) = (51, 52 — 51, 53 — 52,..., — 5-1) with the set 
S = {51, 52,..., 5p-1}<. It is clear that co(S,) = a and S,os) = S. We extend the 
definition of co to permutations w € G,, by defining co(w) = co(D(w)), where 
D(w) denotes the descent set of w. 


i<j 
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Let Comp() denote the set of compositions of n, so #Comp(n) = 2”~!. Given 
a € Comp(7), define the monomial quasisymmetric function M,q by 


Mag ye A seag (7.87) 


If f € Q" then it is clear that 
f= De eens My (7.88) 


aeComp(n) 


From (7.88) it follows that the set {My :a@ € Comp(7)} is a basis for Q". In 
particular, 


dim Q" = gn-l 


It is an easy exercise to see that if f €¢ Q” and g € Q", then fg € Q”*". (See 
Exercise 7.93 for a more precise result.) Hence if Q = Q°@ Q' ® --., then Q is 
a Q-algebra, called the algebra (or ring) of quasisymmetric functions (over Q). 

We will now consider another important basis for QO”. Given aw € Comp(v), 
define 


ee >. Kip Mig et A (7.89) 
ip <SSin 


iy <ijy1 iF jeSy 


It is clear that Ly € Q". We call Ly a fundamental quasisymmetric function. 


7.19.1 Proposition. For a € Comp(n) we have 


La=  ) — Megr) (7.90) 
SaSTC[n—1] 

M, = (17 - Lory. (7.91) 
SaSTC[n~1] 


Hence the set {Ly : a € Comp(n)} is a basis for Q". 


Proof. Equation (7.90) is an immediate consequence of (7.89), on grouping the 
sequences ij <--- <i, according to whether i; < ij;4, or i; = ij+) for each j. 
Equation (7.91) then follows from (7.90) by the Principle of Inclusion—Exclusion 
(Theorem 2.1.1). 0 


It is natural to ask under what conditions is a quasisymmetric function actually 
symmetric. 


7.19.2 Proposition. Let f € Q", say f = er ee CyM,. Then f € A” if 
and only if for any two compositions a and B of n that have the same multiset of 
parts, we have Cy = Cp. 
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Proof. Let R” be the subspace of ©” consisting of all f = }° cyMy satisfying 
the conditions of the proposition. Given A + n, define Ry = >°, Ma, summed 
over all distinct permutations of the parts of 4. It is clear that {Ry > A Fn} is g 
basis fork", so dim" = p(n), the number of partitions of n. On the other hand. 
it is also evident that R, = m,€ A”, so R" € A”. Since dim A” = p(iz), the 
proof follows. Cc 


Let us now consider the connection between quasisymmetric functions and the 
theory of P-partitions. If X is any finite set and f : X — P, then define 


oS | [xr = ae 


teX i>] 


In Definition 4.5.1 we defined the notion of a z-compatible function f : [n] > C. 
where 2 = 7 ---%, € G, and C is achain. It is more convenient here to work 
with the “reverse” notion. We say that f is reverse m-compatible if 


Fm) <= f(t) S++ S fn) 


f(%i) < f(ti+1) if 7; > Wigs. 


Clearly Lemma 4.5.1 carries over with “compatible” replaced with “reverse com- 
patible.” Thus every f : [n] — C is reverse 2-compatible for a unique nm € G,,. 


7.19.3 Lemma. Leta € G,,andletS? denote the set of all reverse x -compatible 
functions f :(n] > N. Then 


» xf = Leon) (x). 


fest, 


Proof. Immediate from a comparison of the definition (7.89) of L, and the defi- 
nition of reverse 2-compatible. a) 


Now let P be a finite poset of cardinality n. To be consistent with our treatment 
of SSYTs, we will deal with functions o : P — Prather thano : P — Nasin 
Section 4.5. It is a trivial matter to modify the theory to allow also o(t) = 0. A 
reverse P-partition is an order-preserving map o : P — P (and so is equivalent 
to an ordinary P*-partition, where P* denotes the dual of P). Let A’(P) denote 
the set of reverse P-partitions. Define 


Ke(ix)= > x. (7.92) 


a€Al(P) 


Note that K p(x) is a quasisymmetric function that tells us for each weak com- 
position a = (a1, @2,...) of m the number of reverse P-partitions with a; parts 
equal to i. As in Section 4.5, regard P as a natural partial order on [n], and let 
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L£(P) © G,, be the Jordan—Hélder set of P. The fundamental decomposition 
A(P) = reg p)Sx Clearly works just as well in the reverse situation: 


APS el Se. (7.93) 


mEL(P) 


Hence, letting J/(P) denote the lattice of order ideals of P as in Chapter 3, we have 


K(x) =D) Leoin(x) (7.94) 
rEL(P) 


= ye B(J(P), S)Las(x), 


SC[n—1] 


the latter equality by Theorem 3.12.1. This result shows that the expansion of a 
quasisymmetric function in terms of the L,,’s can be of combinatorial significance, 
and that the coefficients may be regarded as an analogue of the numbers B(J(P), S). 

To apply the kind of reasoning of the previous paragraph to Schur functions, we 
need an extension of the theory of P-partitions to the case where P need not be 
a natural partial order. Define a labeling of P to be a bijection w : P > [n]. (Do 
not confuse the labeling w with the involution w : A — A.) Alternatively, one 
could think of P as a partial ordering on [n] by identifying t € P with w(¢). It is 
convenient, however, to work with labelings and so avoid having to deal with two 
different orderings on [n]. 

A reverse (P, w)-partition isa map o : P — N satisfying the two axioms: 


(R1) Ifs <¢ in P then o(s) < o(¢). In other words, o is order-preserving. 
(R2) Ifs < tin P and as) > w(t), then o(s) < o(ft). 


Thus a reverse (P, w)-partition is just a reverse P-partition with additional 
conditions specified by wm as to when strict inequality o(s) < o(¢) must occur. 
If, for instance, w is order-preserving, then a reverse (P, w)-partition is just a 
reverse P-partition. On the other hand, if w is order-reversing, then a reverse 
(P, w)-partition is just a strict reverse P-partition. 

Let L(P, w) denote the set of all permutations 7 = z,-::z, € G, such that 
the map w : P — [n] defined by w(w7!(z;)) = i is a linear extension of P. 
Thus £(P, w) may be regarded as the set of linear extensions of P, regarded as 
permutations of the labels of P. For instance, if (P, w) is given by 


3 
1 4 
5 2 


then £(P, w) = {52143, 52413, 25143, 25413, 24513, 52134, 25134}. 


a SS 
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The following result is the “fundamental theorem of (reverse) (P,, w)-partitions.” 
The proof is exactly like that of the special case Lemma 4.5.3 (in its “reverse form’’) 
and will be omitted. 


7.19.4 Theorem. Let A’(P,w) denote the set of all reverse (P, w)-partitions. 
Then 


A'(P,w) = (J S (disjoint union). 
néEL(P,w) 


In exact analogy to the definition (7.92) of K p(x), let 


Kp,(X) = be x?. 
oEAT(P,@) 


Note that K p,.(x) is quasisymmetric. Just as (7.94) follows from (7.93), we obtain: 


7.19.5 Corollary. We have 


Koes: heey, (7.95) 
meL(P,w) 


the expansion of K p« in terms of the fundamental quasisymmetric functions. 


We now want to apply Corollary 7.19.5 to the skew Schur functions s,,,, where 
|A/w| = n. Define P,/, to be the poset whose elements are the squares (i, j) 
of A/, partially ordered componentwise. Thus P,/, is a finite convex subset of 
P x P, and every finite convex subset of P x P is equal to P;,, for some A/ 2. (The 
case 4 = @ was discussed already in Proposition 7.10.3(b).) Define a labeling 
@rju : Pay —> [n], called the Schur labeling of P,;,, as follows: The bottom 
square of the first column of P,/, is labeled 1. The labeling then proceeds up the 
first column, then up the second column, etc. For instance, Figure 7-8 shows the 
Schur labeling of the skew shape 5331/2, drawn both as a Young diagram and as 
a labeled poset. 


Figure 7-8. A Young diagram and the corresponding Schur labeled poset. 
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It is immediate from the definition of K Pw that a reverse ( P, /u» Or /.)-partition 
is just an SSYT, so 


KP 0x), = Si/p- 
Hence as a special case of Corollary 7.19.5 we obtain the expansion of s, /u in terms 
of fundamental quasisymmetric functions. Rather than describe this expansion 


directly in terms of £( Pi), @a/,) as in Corollary 7.19.5, we want a description in 
terms of SYTs of shape A/w. 


A linear extension w : Pi/,, —> [n] corresponds to an SYT T, of shape A/. 
Similarly w corresponds to a permutation 7, € L(P, /u> ®x/.). Define a descent 
of an SYT T to be an integer i such that i + 1 appears in a lower row of T than 
i, and define the descent set D(T) to be the set of all descents of T. For instance, 
the SYT 

2 8 
1 4 5 10 
3 6 9 
g | 


has descent set {2, 5, 6, 8}. We write co(T) for the composition co(D(T)) of n 
associated with the descent set D(T). 


7.19.6 Lemma. Letw: Py), — [n] be alinear extension. Then D(T,) = D(a). 


Proof. Letl1 <i <n—1.Lets =(a,b) be the square of T,, containing i. The 
square s’ = (a’, b’) containing i + 1 satisfies either (a) a’ < a and b’ > b, or 
(b) a’ > a and D’ < b. In the former case, i ¢ D(T,) and w(s’) > w(s), where 
® = @,/,. Hence alsoi ¢ D(z,,). In the latter case, i € D(T,,) and w(s’) < w(s). 
Hence alsoi € D(z,,), and the proof follows. ie 


Combining Corollary 7.19.5 and Lemma 7.19.6 gives the main result of this 
section. 


7.19.7 Theorem. We have 
ijn = si Ler), 
T 


where T ranges over all SYTs of shape X/\. 


7.19.8 Example. Let 1/4 = 32/1. The five SYTs of shape A/j, with their 
descents shown in boldface, are: 


14 12 24 22 13 
23 34 13 14 24 
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Hence 
5321 = £13 + 2L22 + L3) + Ly21. 


As an illustration of the use of Theorem 7.19.7, we have the following somewhat 
surprising combinatorial result. See Exercise 7.90(b) for a more direct proof. 


7.19.9 Proposition. Let |A/u| =n. For any 1 <i <n —1, the number d,(A/{1) 
of SYTs T of shape X/p for which i € D(T) is independent of i. 


Proof. Define a linear transformation g; : QO” > Q by 


1 ie 
i Le) = 
an 0 otherwise. 
By Theorem 7.19.7 we have d;(A/) = ;(s,/,). Hence it suffices to prove that 
gi(by) is independent of i for some basis {b,} of A”, for then g;(f) will be inde- 
pendent of i for all f € A”, including f = s,/,. We choose b, = my. 
By definition of M, we have 


my = So Ma, 


where o ranges over all distinct permutations of the parts of v. If S C [n — 1] and 
#S <n — 3, then every i € [n — 1] appears in the same number of sets T of even 
cardinality satisfying S C T C [n— 1] as of odd cardinality. It follows from (7.91) 
that 9;(Ma) = Oif f(a) <n — 2 (ie., #8, <n — 3), so y;(m,) = 0 (independent 
of i) unless possibly v = (1") or v = (21"-2), 

If v = (1"), then myx = Lj11, SO g(x) = 1 (independent of i). If v = 
(21"-*), then by (7.91) we have 


n—] 
Mp2 = ) (Lyi-1,2, 1-7-1 — Ly 4,4). 
j=l 


It follows that gj (m2).-2) = —1 (independent of i), and the proof follows. oO 


If we write sy; = )0 Ki/y,vmy and apply ¢g;, then the above proof shows that 


Pi(Sr/u) = Kaye — Kyjp ove? 
= pore —_ Ky jy21"-2- 

It is easy to see that when = G this quantity is equal to f7/!!. Alternatively, it is 

clear that y)(s,) = f*/"!, since if T is an SYT of shape A and 1 € D(T), then T 

has a | in the (1, 1) square and a 2 in the (2, 1) square. Hence, given that 9;(s,) is 

independent of i, there follows g;(s,) = f*/"! as before. 
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As another and more significant application of Theorem 7.19.7, we give a for- 
mula for the stable principal specialization s, Ga 25): 


7.19.10 Lemma. Let a € Comp(n). Then 


e(a) 
q 
La, q; q’, oa ) = ro," 
(1 —g)(1— q?)---(1 —g") 
where e(a) = Die (n —i). 
Proof. By (7.89) we have 
L.(1, qs q’, wee) = > Genet 
ip S<i, 
ip<ijti if jeSe 
Define 
rj =i; -1—#{me Syim< j}. 
Then 
La, q; q’, wan) = gi® > qr te 
OSr,)S-Stn 
where 
i(a) = Him € Sym < j}, 
j=l 
It is easy to see that i(@) = e(«), and the proof follows. g 


For any SYT T define the major index * maj(T) by 


ma(T)= S- i. 


i€D(T) 


7.19.11 Proposition. Let |A/j| =n. Then 


maj(T) 
bee ca. ere 2) <i a 


where T ranges over all SYTs of shape A/. 


Proof. Combining Theorem 7.19.7 and Lemma 7.19.10 yields 


a gona) 
lq. oe 2) SS 
Saul »G,4d ) (1 — g)\(1 —q?)-+-(1 —q") 


"In Section 4.5 we used the notation 1(z7) rather than maj(z) for the analogous concept of the major 
index (or greater index) of a permutation z. 
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where comaj(T) = e(D(T)) = Die ry" —i), the comajor index of T. Let sy), = 


dog Ca La. By Proposition 7.19.2 we see that cy = Cg, where if a = (a},..., a) 
then a* = (a,x, ..., a). Hence 
> groman'T) = eae. 
T F. 
summed over all SYT of shape 4/2, and the proof follows. oO 


Suppose that A/j is a disjoint union of squares, e.g., 4321/321 is a disjoint 
union of four squares. Then the SYTs T of shape 4/2 correspond in a natural way 
to permutations x € G, such that D(T) = D(z). Clearly 5,/,(1,9,97,...) = 
(1 — g)~", so Proposition 7.19.11 reduces to Corollary 4.5.9, viz., 


> g™u) = (1 +q)14+¢q +97)--U+tqt--+q"). 


TES 


In Corollary 7.21.3 we will evaluate s;,(1, 9, q, .. .) explicitly, thereby yielding 
an explicit formula (Corollary 7.21.5) for )°, qg™), summed over all SYTs of 
shape A. Another formula for s,/,(1, ¢, q°, ...), Similar to Proposition 7.19.11 but 
with a different denominator, is given by Exercise 7.102(b). 

As a variant of Proposition 7.19.11, we can find the number of descents of 
T, rather than the sum of the descents. Let d(T) = #D(T). For a power series 
f (x1, X2,...) write fC") = fy =--- = Xm = 1, Xm41 = Xm42 = ++ = 0), as 
in equation (7.8). For @ € Comp (7) it is easy to see that 


id").= (% a) _ (” ~ 8s n— : 


It now follows immediately from Theorem 7.19.7 (analogously to Theorem 4.5.14) 
that if |A/u| =n then 


d(T)+1 
Yap = Dee (7.96) 


= (1 —t)rt! 


For instance, if 4 is the “hook” k1"~*, then all Gs SYTs of shape 4 have n — k 
descents, from which there follows 


~1\(m+k-1 
Spqr-4 (1) = (; _ i) (” i ) 


Similarly we can take into account both d(T) and maj(T). We merely state the 
resulting formula, whose proof is analogous to that of Exercise 4.24(b). 


7.19.12 Proposition. We have 


H/C, 4, the vq) S oS 


T n 


(" —d(T)+n—- Nes, 


where T ranges over all SYTs of shape / w. 


"ih ec ogg Sts teers sicaapdliialaiaaiaes 
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An explicit formula for s,(1,q,...,q7~!) is given by Theorem 7.21.2. 


7.20 Plane Partitions and the RSK Algorithm 


We have now developed enough of the theory of symmetric functions that we can 
give a number of enumerative applications. This section and the next two will be 
devoted to a fascinating generalization of partitions of integers known as “plane 
partitions.” A plane partition is an array m = (z;j)i,;>1 of nonnegative integers 
such that z has finite support (i.e., finitely many nonzero entries) and is weakly 
decreasing in rows and columns. If }) 2;; = n, then we write |z| = n and say 
that 7 is a plane partition ofn. When writing examples of plane partitions, the 0’s 
(or all but finitely many 0’s) are suppressed. Thus the plane partitions of integers 
0 <n <3 are given by 


612 11 1 3 21 111 11 2 «1 
1 1 11 
1. 

An ordinary partition A - n may be regarded as a weakly decreasing one- 
dimensional array (A,, A2, .. .) of nonnegative integers with finite support. Thus 
plane partitions are a natural generalization to two dimensions of ordinary par- 
titions. It now seems obvious to define r-dimensional partitions for any r > 1. 
However, almost nothing significant is known for r > 3. Plane partitions have 
obvious similarities with semistandard tableaux. Indeed, a reverse SSYT is just a 
special kind of plane partition (with the irrelevant 0’s removed), and in fact in our 
definition of reverse SSYT we mentioned the alternative term “column-strict plane 
partition.” Because of the similarity between SSYTs and plane partitions, it is not 
surprising that symmetric functions play an important role in the enumeration of 
plane partitions. 

A part of a plane partition 7 = (;;) is a positive entry 2;; > 0. The shape of 
zt is the ordinary partition 4 for which z has 4; nonzero parts in the /-th row (so 
Tin, > 0, Ti,r,+1 = 0). We say that zw has r rows if r = €(A). Similarly, 7 has 
s columns ifs = €(A’) = A,. Write 2,(7) for the number of rows and £2(z:) for 
the number of columns of z. Finally, define the trace of a by the usual formula 
tr(7) = >_ 7;;. For example, the plane partition 


es ie eee ae | 
655211 
6322 


has shape (8, 6, 4), 18 parts, 3 rows, 8 columns, and trace 14. 

Let P(r, c) be the set of all plane partitions with at most r rows and at most c 
columns. For instance, if 7 € P(1,c), then z is just an ordinary partition and tr(z ) 
is the largest part of z. It is then clear by “inspection” (looking at the conjugate 
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partition z’ instead of z:) that 


2 lls aoe (7.97) 
neP(l,c) (1 a= qx) _ qx?): Ae (1 = gx°) 


The main result of this section is the following generalization of equation (7.97). 


7.20.1 Theorem. Fixr,c ¢ P. Then 


De grr = Ie = gels, 


xeP(rc) i=l j=1 


Proof. We will give an elegant bijective proof based on the RSK algorithm and 
a simple method of merging a pair of reverse SSYT of the same shape into a 
single plane partition. First we describe how to merge two partitions A and ji 
with distinct parts and with the same number of parts into a single partition p = 
p(A, «). Draw the Ferrers diagram of 4 but with each row indented one space 
to the right of the beginning of the previous row. Such a diagram is called the 
shifted Ferrers diagram of i. For instance, if A = (5, 3, 2) then we get the shifted 
diagram 


Do the same for ,1, and then transpose the diagram. For instance, if p = (6, 3, 1) 
then we get the transposed shifted diagram 


Now merge the two diagrams into a single diagram by identifying their main 
diagonals. For 4 and yu as above, we get the diagram (with the main diagonal 


7.20 Plane Partitions and the RSK Algorithm 367 


drawn for clarity) 


A ee ee ee 
de 


Define p(A, /4) to be the partition for which this merged diagram is the Ferrers 
diagram. The above example shows that 


P(532, 631) = 544211. 


The map (A, 4) +> p(A, 4) is clearly a bijection between pairs of partitions (A, 2) 
with k distinct parts, and partitions p of rank k (as defined in Section 7.2). Note 
that 


le] = |A| + |u| — £). 


We now extend the above bijection to pairs (P, Q) of reverse SSYTs of the same 
shape. If 4' denotes the i-th column of P and ' the i-th column of Q, then let 
m(P, Q) be the array whose i-th column is p(A', yz’). For instance, if 


4421 $322 
P= 311 and Q= 421 , 
2 1 
then 
4421 
4221 
r(P,Qy=42 
2 
2 


It is easy to see that z(P, Q) is a plane partition. Replace each row of r(P, Q) by 
its conjugate to obtain another plane partition z’/(P, Q). With z(P, Q) as above 
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we obtain 


4322 
4311 

x(P,Q)= 2211. 
11 
1] 


One can easily check that the map (P, 0) > 2’(P, Q)isa bijection between pairs 
(P, Q) of reverse SSYTs of the same shape and plane partitions 2’. Write diag(z’) 
for the main diagonal (7},, 13, ...) of 2’, max(P) for the largest part P,; of the 
reverse SSYT P, etc. Recall that sh(P) denotes the shape of P, so sh(P) = sh(Q), 
with P, Q as above. It is easy to see that 


|z'| = |P| + |Q| — |sh(P)| (7.98) 
diag(zr’) = sh(P) = sh(Q), so tr(zr’) = |sh(P)| 
£;(0’) = max(Q) 
£>(7r") = max(P). 
Now let A = (qa;;) be an N-matrix of finite support. We want to associate with 
A a pair of reverse SSYTs of the same shape. This can be done by an obvious 


variant of the RSK algorithm, where we reverse the roles of < and > in defining 
row insertion. Equivalently, if 


is the two-line array associated with A, then apply the ordinary RSK algorithm to 
the two-line array, 

Uy eee — ) 

—Un eee al 


(whose entries are now negative integers) and then change the sign back to positive 
of all entries of the pair of SSYTs. We will obtain a pair (P, Q) of reverse SSYTs 


satisfyin 
os [P| = >0 ja;; (7.99) 


if 
|Q| = > 0 ia; 
i,j 
max(P) = max{j : a;; 4 0} 
max(Q) = max{i : a;; 4 0} 
|sh(P)| = |sh(Q)| = } 0 ai;. 
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{i follows from the equations beginning with (7.98) and (7.99) that if M,. is the 
set of all r x c N-matrices, then 


- gh xll = > gun x Lit jai -L aij 
nEP(r,c) A=(aij JEM. 

roc 

i=l j=l ajj20 


Cc 


r 
i=l j 


Now let P(r) denote the set of all plane partitions with at most r rows. If we 
jet g = 1 and c — oo in Theorem 7.20.1, then we obtain the following elegant 
enumeration of the elements of P(r). 


( gx)! oO 
=1 


7.20.2 Corollary. Fixr < P. Then 


> xl = | [a — x!)7minGr), (7.100) 


meP(r) i=l 


Proof. Theorem 7.20.1 yields 


>; syle) oe Ie — git i-ly-1, 


neP(r) i=1 j>l 
which is easily seen to agree with the right-hand side of (7.100). oO 


Finally, let P denote the set of all plane partitions, and let r — oo in Corol- 
lary 7.20.2 to obtain the archetypal result in the theory of plane partitions: 


7.20.3 Corollary. We have 


3 xlFl | [a ae ca ae 


nEeP i21 


A nice variation of Theorem 7.20.1 arises when we take into account the symme- 
try result Theorem 7.13.1 of the RSK algorithm. Define a plane partition 0 = (0;;) 
to be symmetric if 01; = oj; for alli, j. Let S(r) denote the set of all symmetric 
plane partitions with at most r rows (and therefore with at most r columns). 
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7.20.4 Theorem. Fixr ¢ P. Then 


ye gh xle: = Ta gg yt i I] (1 = g°x 2i+j- ie 


aéS(r) i=l I<i<jx<r 


First Proof. Let x'(P, Q) be the plane partition described in the proof of Theo- 
rem 7.20.1. It is oy to see that z’ is symmetric if and only if P = Q. Moreover, 
suppose that acs aa GA Q), where RSK’ is the “reverse” RSK algorithm also 
described in the proof of Theorem 7.20.1 (so a and Q are reverse SSYTs). Theo- 


rem 7.13.1 holds equally well for RSK’, so A ued (P, P)if and only if A = A’. 
Let M/. be the set of all r x r symmetric N-matrices. We then obtain, exactly as 
in the proof of Theorem 7.20.1, that 


Sy ghx!e! = ys gui x Lt i— Day 


cES(r) A=(a;j)EM} 
= ys quiz! +2 D0 ci cjer Aj x Dez (2 —Vait2 Vic jar tj Vai 
A 
Se I (span 7) . I] ( y —) 
=I \aj;>0 I<i<j<r \ajj20 


= | [a = gx ete . Il (1 — i po O 


i=! l<i<j<r 


Second Proof. There is a clever alternative proof that avoids the use of Theo- 
rem 7.13.1. Suppose that 2 is a reverse SSYT with only odd parts. Thus each 
column of zr is a partition into distinct odd parts. The solution to Exercise 1.22(d) 
gives a bijection between partitions of n with distinct odd parts and self-conjugate 
partitions of n. Apply this bijection to each column of 7, and then take the conjugate 
of each row, producing a symmetric plane partition o. An example is given by 


4333311 7551 


1 
TSSS511 p3332 5531 
t= — 
33211 53:2 
11 
2 11 


One can easily check that |r] = |o|, sh(r) = diag(o), |sh(r)| = tr(o), and 
£i(0) = ${1 + max(zr)]. Hence from Corollary 7.13.8 there follows 


2r—1 
s- gh @ylel = I] a7 9-43 II (L = xx)" Iyagx 


aéS(r) i=l l<i<j<2r—1 
i odd i,j odd 


[a 2g 5 I] (i - gue a Oo 
i=! 


1<i<j<r 
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Putting g = | and letting r — oo yields the following elegant enumeration of 
all symmetric plane partitions of n. 


7.20.5 Corollary. Let S be the set of all symmetric plane partitions. Then 


I 
lof __ ; Sere 5 antes 
» = I] (x2 — 2/2” 


aeS i=l 


7.21 Plane Partitions with Bounded Part Size 


Our main object in this section is to refine Theorem 7.20.1, in the case g = 
1, by restricting the size of the largest part of the plane partition m € P(r,c). 
Consider, for instance, the special case r = 1, so that 7 is just an ordinary partition 
A = (Aj,...,A¢) with at most c parts. If we add the restriction 4; < ¢, then 
Proposition 1.3.19 tells us that 


‘i c+t 
yo gtl= ( . 
oe c 


a q-binomial coefficient. It is this result that we wish to generalize to plane parti- 
tions. We cannot expect a nice bijective proof like that of Theorem 7.20.1, because 
even in the case r = | the expansion of the numerator (1 — g°*")--- (1 — q‘t!) of 
the g-binomial coefficient (°*" ) has negative coefficients. A bijective proof would 
have to involve either an involution principle argument (or something similar), or 
else moving the numerator of (") over to the other side. While such proofs do 
exist, they lack the elegance of the proof of Theorem 7.20.1. The proof we give 
here will not be bijective, but will be a simple consequence of symmetric function 
theory. 

To understand better the significance of the restrictions on the number of rows, 
the number of columns, and the largest part, we first discuss the notion of the 
diagram of a plane partition, generalizing the notion of the Young or Ferrers 
diagram of a partition. Formally, the diagram D(z) (often identified with zr) of a 
plane partition 7 = (77;;) is the subset of P? defined by 


Dir) = (i, 7, € Pl <k < mij}. 


Think of replacing the entry z;; by a pillar of 7;; cubes (or dots). For instance, the 
(Ferrers) diagram of the plane partition 


421 
21 

i 
1 


Ie 


is given by Figure 7-9. 
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Figure 7-9. The diagram of a plane partition. 


Any permutation w of the three coordinate axes transforms (the diagram of) a 
plane partition 2 of n into another plane partition w(zr) of n. Thus a plane partition 
has six “associates,” called aspects, indexed by elements of G3. Compare with the 
two “associates” A and 1’ of an ordinary partition A. In terms of the plane partition 
nm = (z;;) itself, the six aspects are obtained as follows: 


leave x unchanged, 

conjugate every row of z, 

conjugate every column of 7, 

transpose 7, 

conjugate every row of 7 and then transpose, 
conjugate every column of z and then transpose. 


The three statistics £; (2), £2(77), and max(zr) are permuted among themselves when 
we take an aspect w(z) of x. Thus for instance the number of plane partitions of 
n with at most r rows and at most c columns equals the number of plane partitions 
of n with at most c rows and with largest part at most r. Since we have enumerated 
plane partitions of n with at most r rows and at most c columns (Theorem 7.20.1 
when g = 1), it now seems very natural to consider an additional restriction on 
the largest part. 
Let r,c,¢ € P, and define the box 
Br,ogt={ij,H€P:1<i<ri<j<c, 1l<k<z). 


Thus a plane partition 7 satisfies £:(7) < r, £.(7) < c, and max(z) < rif 
and only if its diagram is contained in the box B(r,c,t), which we write as 
x & B(r,c,t). Our current goal, then, is to evaluate the generating function 
cee - 

As a preliminary step we will evaluate the principal specialization s,(1, q, ---- 
g"~'). The most elegant formulation of this result involves two important statistics 


associated with the boxes of the Young diagram of a partition. Given a Young 
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diagram A (where we are identifying the diagram {(i, 7) : 1 < j < A;} with its 
shape) and a square u = (i, 7) € A, define the hook length h(u) of 0 at u by 


hu) =A; +N, FHL. 


Equivalently, h(u) is the number of squares directly to the right or directly below u, 
counting u itself once. For instance, the partition 4421 has hook lengths given by 


Similarly define the content c(u) of A at u = (i, j) by 
c(u) = j —i. 


For A = 4421 the contents are given by 


7.21.1 Lemma. LetiA = (A),...,An) € Parand uw; =A; +n —i. Then 


[Ls le! 
A(u)) = = 7.101 
ie on Micicjenlei — 1;] \ ) 
[le + cw = Nin ail) ear (7.102) 
ueAXr 


where [k] = 1 — q* and {k]! = {1][2]--- [k]. 


Proof. Trusting that “one picture is worth a thousand words,” we will illustrate 
the proofs with an example. Let 1 = 4421. Add n —i squares to the i-th row of 
the diagram of A, obtaining the diagram of jw. In square (i, 7) insert the number 
uu; — j + 1. Thus the multiset of inserted numbers is just (J; ,{1,2,.... Mi} 
the exponents in the numerator of the right-hand side of equation (7.101) (when 
written as a product of factors 1 — g*). Foreach 1 <i < j <n, write the number 
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Li — 4; in Square (i, 4; + 1) in boldface. We obtain the array 


A little thought shows that if we remove the columns yz; + 1 of bold numbers, we 
obtain just the diagram of A with the hook length h(w) in square u. This proves 
(7.101). 

An analogous (but even simpler) argument works for equation (7.102). Here the 
relevant array is 


This completes the proof. 0 


Given A n, define 


bay=S°G- Dai = >> ). (7.103) 


Note that b(A) is the smallest possible sum of the entries of an SSYT (allowing 
0 as a part) of shape A, obtained uniquely by placing i — 1 in all the squares 
of the i-th row of A. In particular, for n > €(A) we have s,(1,q,..., a) 
q’ v,(q), where v,(q) is a polynomial in g satisfying v,(0) = 1. (ifn < £A) 
then s,(1,g,...,977'!) =0.) 


7.21.2 Theorem. For any’ € Par andn € P we have 


In + c(u)] 
$(1,qg,---; g’)=¢q BO) . 
. ao [aw)] 
Proof. If n < &(A) then both sides vanish, so assume n > &(A). By Theo- 
rem 7.15.1 (the bialternant formula for s, (x1, ..., X,)), we have 
det (g G-DA; en) , 
brah yg eee, 104 
9(,g,---.9"-) det (ghey Ae (7.104) 


The denominator is just a specialization of the Vandermonde determinant a5 = 
det(x/!) = TT <j <jan(%i —x;), and so is equal to |] <; <j <,(q'~' — q/~"). But the 
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numerator is also a specialization of as, albeit somewhat disguised. Namely, let 


a= det(xi-")" ; 


ij=l- 


We have a* = (—1))a; since the matrix (x5 ;_;=1 18 obtained from that defining 


ds by transposing a; and then reversing the order of the rows. Thus the numerator of 
the right-hand side of (7.104) is justas(g"',g,..., g#"), where uj; = Aj;+n—J, 
SO We get 


ng, og) =(-N®9 T] ee (7.105) 


i<i<jen@ 


By Lemma 7.21.1 there follows (using [i<icjen (i -iJ = [TF [n - 8) 


quis Mi Th <;le: — 15): T]j> Leal! 
~—l 
Li<il- Too —i]- TTiaileil! 


In + c(u)] 
(2) 
on [h(u)] 


5 (1, q; hey g’')= = 


Note that 


si(1, Qs. gq”) = Deng 


where zr ranges over all column-strict plane partitions (= reverse SSYTs) of shape 
A and largest part at most n — 1, allowing 0as a part. Hence Theorem 7.21.2 may be 
regarded as determining the generating function for this class of plane partitions, 
enumerated by the sum of their parts. If one prefers not to have 0 as a part, then 
the homogeneity of 5s, gives 


Gg ieteg? SRG ging 


= ue 


where now zr ranges over all column-strict plane partitions of shape 4 and largest 
part at most m (with the usual condition that the parts are positive integers). 

If we now let n > oo in Theorem 7.21.2 then the numerator [],,.,(1 — ¢”t™) 
goes to 1, so we get a formula for the stable principal specialization 5, (1, ¢,q”, ---)- 


7.21.3 Corollary. For any X € Par we have 
gh) 


IGG) ee 
5,(1.9,¢ ) 1, .tnwl 
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Similarly, if we set q = 1 in Theorem 7.21.2, then we get (using the fact ths: 
1—g* =(1-g)d+q+---+q*") and canceling the factors of 1 — g from the 
numerator and denominator) the following result. (For its representation-theorety, 
significance, see Appendix 2, equation (A2.155) and the discussion followin g) 


7.21.4 Corollary. For any X € Par andn € P we have 


n+c(u) 
s,(1") = | | ———. (7.106 
II h(u) 


In particular, all the zeros of s;(1") (regarded as a polynomial in n) are integers 


Corollary 7.21.3 has some interesting consequences. For instance, setting jz = / 
in Proposition 7.19.11 and comparing with Corollary 7.21.3 yields the followiny 
result. 


7.21.5 Corollary. For any’ € Par we have 


y- maj(T) __ gq? In}! 
q =a aay ee eae 
T Tuel2@)I 
where T ranges over all SYTs of shape x. 
From Corollary 7.21.5 we obtain the explicit formula for f* mentioned after 


Corollary 7.16.3 and thus also an enumeration of the combinatorial objects given 
in Proposition 7.10.3. This remarkable result is known as the hook-length formula. 


7.21.6 Corollary. Let i'n. Then 
n! 
Tuea h (u) 


Proof. Setq = 1 in Corollary 7.21.5. Alternatively, by equation (7.29) we can 
restate Corollary 7.21.3 for A kn as 


Ss 


rrgh® 


hetite peer gt), 


Now let g = 1 and use the interpretation of ex given by Proposition 7.8.4(a) Cc 


CXg (s)) = 


We may regard both Corollaries 7.21.3 and 7.21.5 as g-analogues of the hook- 
length formula. Corollary 7.21.3 is the symmetric function g-analogue, while 
Corollary 7.21.5 is the combinatorial g-analogue. 

Theorem 7.21.2 is a completely satisfactory generating function for column- 
strict plane partitions, but how is it related to ordinary plane partitions? The answe! 
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is that for rectangular shapes i = (c’) there is a simple bijection between column- 
strict plane partitions of shape (c’) and ordinary plane partitions of shape (c’), and 
this bijection has an easily computable effect on the largest part and the sum of 
the parts. These assertions will be explained in the proof of the following theorem, 
which is the main result of this section. 


7.21.7 Theorem. Fixr,c,t withr <c. Then 
[xr| 
q 


weEB(r,c,t) 


afl EN Al oe eee ee ales 
7 (1)f2]2 --- (rir + 1 --- [ele + 17! fe +r -— 1] , 
(7.107) 


where [i] = 1 — qi. 

Proof. Let A = (c”), a rectangular shape with r rows and c columns. Note that 
the assumption r < c entails no loss of generality since we can always replace A 
with A’. Let w = (77;;) be a column-strict plane partition of shape A, allowing 0 as 
a part. Define z* = (z;;) by 7, = mj; —r +1. We have simply applied to each 
column of z the usual method of converting a strictly decreasing sequence into a 
weakly decreasing one. For instance, if 


6644 4 3 
m=4 3 3 22 
22.4.4 0°60 


then 
Ay 2. Dee ST 
we =3 2 2 1 1 OO 
2 1100 


It is clear that 2* is a plane partition satisfying 
y(n") <1, fo(") <¢, 
os 
max(z*) = max(7) —r+1, \*| = |r| — (Se 


Moreover, given such a plane partition 7*, we can recover m by mij = 7, +r —1. 
Hence we obtain from Theorem 7.21.2 that 


So gag Ose(tg,...g 


xCB(r,c,t) 


ghee eer t+ cw) (7.108) 
11 Tal 
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Note that b((c’)) = (5)c. Moreover, the multiset of hook lengths of (c’) is 
{1,27,39,...,77,@+)),...,¢, (c+ 11, (c+2),...,¢+7r—1), and the 
multiset of contents is obtained by subtracting r from the hook lengths. Substituting 
these values of c(u) and h(u) into (7.108) completes the proof. oO 


The reader can check that an alternative way of writing the generating function 
(7.107) that shows more clearly the symmetry between r, c, and ¢ (but that has rcz 
factors in the numerator and denominator rather than rc factors) is given by 


fi+jt+k-V 
Di a = TNS a (7.109) 


rEB(r.c,t) i=l j=l k=l 


Theorem 7.21.7 can be interpreted in terms of the theory of P-partitions de- 
veloped in Section 4.5. A plane partition 2 satisfying £;(7) <r, £2(7) < c, and 
max(z) < ¢ may be regarded as an order-reversing map w : r x ec — [0,r]. In 
other words, if P is the poset r x ¢, then z is just a P-partition with largest part 
at most r. Thus in particular the number of such z is just Q(P,t + 1), where Q 
denotes the order polynomial. Setting g = 1 andr = m — 1 in (7.107) yields 


Qi x e,m) 
_ mm +1? (mtr —1 im try (mte- 1m tol! + (mtet+r—2) 


1-22.--77 (7 +1) ---e(e+ 17! (e+r—-1 


In particular, all the zeros of Q(r x c, m) are nonpositive integers. Moreover, a 
simple extension of Proposition 3.5.1 (see Exercise 4.24(a)) shows that 


> qi"! = 1s q¥, (7.110) 


neB(r,c,t) TéeJ(arxext) 


the rank-generating function of the distributive lattice J(r x ¢ x t). Thus equation 
(7.109) is equivalent to Exercises 3.27(b) and 4.25(f)(i). Setting g = I in (7.110) 
and (7.109) yields the elegant formula 


ene xex d= TTT 


i=l j=lk= 


7.22 Reverse Plane Partitions and the Hillman—Grassl 
Correspondence 


The proof of Theorem 7.21.7 involved a bijection between column-strict plane 


partitions of shape (c”) and ordinary plane partitions whose shape is contained in 
(c’). It is natural to ask whether we can do a similar bijection for any shape A, 
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thereby obtaining a formula for the generating function 


q'™|, (7.111) 
sh(7r)CA 
max(7)<r 


where 7 ranges over all plane partitions whose shape is contained in A and with 
largest part < +. Unfortunately the bijection used in the proof of Theorem 7.21.7 
does not carry over to nonrectangular shapes. For instance, if A = (2, 1) then we 
could associate with the ordinary plane partition (where 0 is allowed as a part) 


the column-strict plane partition (also allowing 0 as a part) 


,_ atl b+1 
oe : 


Tv 


But then there is no z corresponding to x’ = a . Similarly, if we instead tried 


raat! b 
ok 


2 


then there is no 7 corresponding to 2’ = a (since a is not a plane partition). 
Indeed, the generating function (7.111), evenin the case t = oo, does notin general 
factor into a simple product (though there does exist a determinantal formula for 
(7.111)). 

Although there is no such simple correspondence between column-strict plane 
partitions and plane partitions of a given shape as was used to prove Theo- 
rem 7.21.7, such a correspondence does exist in the reverse situation. This corre- 
spondence does not have a uniform effect on the largest part, but it is well behaved 
with respect to the sum of the parts. Thus we will get the generating function for 
reverse plane partitions of n of shape A. It is easier to work with weak reverse plane 
partitions of shape 1, for which 0 can be a part. To get from a weak reverse plane 
partition of shape A to a (nonweak) reverse plane partition 4* of shape A, simply 
add 1 to every entry of 2. Note that |z*| = |zr|+|A|. Similary define a weak SSYT 
to be an SSYT in which 0 is allowed to be a part. 


7.22.1 Theorem. Let € Par. Then 


1 
ied fete et (7.112) 
a, Tluea ta(w)] 


380 7 Symmetric Functions 


where m ranges over all weak reverse plane partitions of shape x. (If one does not 
want to allow 0 as a part, simply multiply by q*'.) 


Proof. Let T = (aj;) be a weak SSYT of shape 4. Define w = n(T) by 7; = 
a;; —t + 1. Then zr is a weak reverse plane partition of shape i satisfying 


Ir] = |T| — )o@ - Daj = |T| — BQ). 


This correspondence is easily seen to be a bijection. Hence if 7, (respectively, 7e; ) 
denotes the set of all weak reverse plane partitions (respectively, weak SSYTs) of 
shape A, then 


3 git! = ge) y- git 


HER, TER, 
= gs, (, q; @ oe a) 
and the proof follows from Corollary 7.21.3. 0 


Theorem 7.22.1 is so elegant that we could ask for a simple bijective proof. 
Identifying 2 with its diagram, we want a bijection between weak reverse plane 
partitions m of shape 4. and functions f : A — N, such that 


In] = D> fhe). 


uer 


We now describe such a bijection, known as the Hillman—Grassl correspondence. 

We will successively define pairs (70, fo), (™1, fi), .--. (x, fe), where each 
mt; 18 a Weak reverse plane partition of shape 4 and f; : A + N. We begin with 
ty = x and fo(u) = O for all u € A. We obtain 7;4, from 7; by decreasing h(u;) 
of the entries of 2; by 1 for a certain square u; € i (to be explained), and we 
define 


fi(v), vx U; 


Fisi(v) = 
fiu) +1, v=u;. 


At the end ;, will have every entry equal to 0. Consequently, 


jz} = > felu)h(u), 


uexr 


and we define f = ff. 

It remains to describe the rule for obtaining 2;41 from 7;, and the corresponding 
choice of u; € 4. We will define a lattice path L in A with steps N or E (1.€., one 
square up or one square to the right), beginning at the bottom of a column and 
ending at the end of a row of A. The lattice path L begins at the location of the 
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southwesternmost nonzero entry of z;. If the path has reached the square (a, b), 
then move N if (7j)ap == (7; )a-1,0 > 0; otherwise if (77;),5 > 0 move E. The 
lattice path terminates when no further move is possible. Define ;41 to be the 
array obtained from x; by subtracting 1 from every entry that lies in a square of 
the path L. If Z begins in column b and ends in row a, then let u; = (a,b). It is 
easy to see that #L = h(u;). 

We illustrate this correspondence with a reverse plane partition a of shape 
(3, 3, 1). We indicate the lattice path L in boldface, and the function f; by putting 
the value f;(u) in the square u € A: 


I; fi 


013 000 
244 000 
3 0 

013 000 
244 000 
2 1 

013 000 
133 100 
1 1 

012 100 
022 100 
0 1 

O11 110 
011 100 
0 1 

000 120 
001 100 
0 1 

000 120 
000 101 
0 1 

We omit the proof that this correspondence is indeed a bijection, except for the 
hint that the square u; is in the rightmost column among all the squares u),..., Uj, 
and is in the highest row among the squares u,,..., 4; in its column. 


Now let P be an n-element poset, and let A(P) denote the set of P-partitions 
as in Section 4.5. Recall from Theorem 4.5.6 that 


Wr(q) 
G = lol See ees , 
ae a8 (i—q)---d—4") 


where Wp(1) = e(P), the number of linear extensions of P. If we set P = P,, 
the dual of the poset P, defined after Corollary 7.19.5, then the left-hand side of 
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equation (7.112) is just G p(q). Thus we get 
[72]! n! 
f* = e(P,) =e(P*) = —————_| = ———— (7.113) 
(7) eco Tha ho 


giving a proof of the hook-length formula (Corollary 7.21.6) avoiding the use of 
determinants. 


7.23 Applications to Permutation Enumeration 


We have already seen a number of connections between symmetric functions and 
permutations (such as the RSK algorithm applied to a permutation matrix, or the 
Jordan—H6lder set of the labeled poset (Pi/,,, @,/,)), $0 it is not too surprising 
that the theory of symmetric functions can be used to obtain some results related 
to permutation enumeration. Our first result is based on the RSK algorithm, and 
requires one additional fact about it. 


7.23.1 Lemma. Let w € G, and w 5 (P,Q). Then D(P) = D(w7!) and 
D(Q) = D(w), where D denotes the descent set. 


Proof. Let (Po, Qo),.--, (Pn, Qn) = (P, Q) be the successive pairs of tableaux 
obtained in applying the RSK algorithm to w. Let w = wy --- w,, and suppose that 
for some i we have w; < w;+4,. AS observed in the proof of Theorem 7.11.5, the 
insertion path of w;+1 lies to the right of that of w;. Suppose that the shape of P; is 
obtained from that of P;-.; by adjoining a square in the (a, b) position, so the (a, b) 
entry of Q is equal toi. When we insert w;+, into P;, if an element m is bumped 
into row a then it would occupy the (a, b + 1) position without bumping a further 
element. Thus / + 1 does not appear in Q in a lower row than i, soi ¢ D(Q). 

Similarly if w; > w;+, then the insertion path of w;4, lies weakly to the left of 
that of w;. Thus an element must be bumped into row a but not at the end, and hence 
must bump an element into row a + 1. This means i € D(Q), so D(w) = D(Q) 
as Claimed. 

The symmetry property Theorem 7.13.1 of the RSK algorithm implies that 


w! =e (Q, P), so by what was just proved we have D(w7!) = P, completing 
the proof. O 


Recall from Section 7.19 the definition co(S) of a set S C [m — 1], and the 
associated definitions of co(w) for w € G,, and co(T) when T is an SYT. Similarly 
define co’(w) = co({n — 1] — D(w)). Note that [n — 1] — D(w) is just the ascent 
set A(w) of w. 

As acorollary to Lemma 7.23.1, we obtain the expansion of the Cauchy product 
[Jd — xy Aa in terms of quasisymmetric functions. (We regard n as fixed, so 
all our quasisymmetric functions are of degree n.) This result may be regarded 
as giving a generating function for the number of permutations w€ G,, such 
that D(w7!) = S and D(w) = T, since this number is just the coefficient of 
L.(x)L,()) in the expansion below, where a = as and 8B = Br. 
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723.2 Theorem. Letn <€ N. Then 


> aly) =) Leotw-)Leouy(y) (7.114) 
AEn weG, 
So sxedov(y) = Yo Leoww-@)Leorwy(y)- (7.115) 
AKn weG, 


Proof. By the quasisymmetric expansion of s, (Theorem 7.19.7), we have 


> a)s(y) = »( »; Lent) ( a Ler) 


cen den \siT)=d sh(T =a 
\ 

—— > » Leo ty) Ler), 
Abn sh(T)=A 
sh(T')=a 


where sh(T) = A signifies that the sum ranges over all SYT of shape 4 (and simi- 
larly for sh(T’) = A). If w € G,, satisfies w ak (T, T’), then by Lemma 7.23.1 
we have D(w) = T’ and D(w7!) = T. Hence 


. Loot) (*) Lory’) = a Low!) (*) Leow) ()) 
Abn sh(T)=A wes, 
sh(T/)=a 
and (7.114) follows. The proof of (7.115) is analogous, using the dual RSK algo- 
rithm. Alternatively, apply the extension @ of w (acting on the y variables only) 
given by Exercise 7.94(a) to (7.114). Oo 


Although Theorem 7.23.2 may be regarded as “determining” the number of 
permutations w € G,, with D(w7!) = S and D(w) = T, amore useful or explicit 
expression would be desirable. Such an expression can be given in terms of skew 
Schur functions whose shape is a border strip. If a = (a),..., a) € Comp(v), 
then let B, denote the border strip with a; squares in row £ —i + 1. Regard By as 
a skew shape, sO sg, is a Skew Schur function. 


7.23.3 Lemma. The Jordan—Hoélder set L( Px, , wp, ) (as defined in Section 7.19) 
consists of all permutations w € G,, satisfying co(w7!) = @. 


Before proceeding to the proof, let us consider an example. Leta = (3, 1, 2,3) € 
Comp(9). The corresponding Schur labeled border strip is 
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A typical element of C(P, w) is w = 578124963. Then w~! = 459618237, so 
D(w-!) = (3, 4, 6} and co(w7!) = 3, 1,2,3) =a. 


Proof of Lemma 7.23.3. A permutation w € G, belongs to C(Pz,, w,,) if and 
only if i + 1 follows i in w (regarded as a word w, --- w,) whenever i andi + |] 
are in the same row, and i + 1 precedes i in w whenever i andi + | are in the 
same column. Hence i € D(w7!) if and only if i andi + 1 are in the same column, 
which is clearly equivalent toi € Sy. 0 


7.23.4 Corollary. Leta € Comp(n). Then 


SR, = yG Leow): 


weG, 
a=co(w-!) 


Proof. Immediate from Theorem 7.19.7 and Lemma 7.23.3. O 


7.23.5 Corollary. Letn € N. Then 


Yawn = Po La(x)sa,(y. (7.116) 


AEn aeComp(n) 


Proof. By Corollary 7.23.4 we have 


2 La(x)Sp, (y= > La(x) > Low) (y) 


aeComp(n) aeComp(n) WEG, 
co(w7! )=a@ 


= a Lecotw-!)(X) Lcocwy(y)s 


wes, 


and the proof follows from Theorem 7.23.2. 0 


The next corollary gives a formula for the expansion of any symmetric function 
in terms of fundamental quasisymmetric functions. 


7.23.6 Corollary. For all f € A” we have 


f= S (f, SB.) Le: 


aeComp(n) 


Proof. Take the scalar product of both sides of equation (7.116) with s,(y) [© 
obtain the desired result for f = s,. The general case follows by linearity. C 


Next we come to an alternative expansion of a 5),(x)5,,(y) in terms of qua- 
sisymmetric functions. 
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7.23.7 Corollary. Letn € N. Then 
Yon@a= Sd) (sa,185,)Le(x)La(y)- 


AEn a,BeComp(n) 


Proof. By Corollary 7.23.6 we have 
Sp, (y) = y (sa, , SB, )La- 


aeComp(n) 


Substitute into the right-hand side of equation (7.116) to complete the proof. O 


Write Bs and Br for the border strips By, and By,, where as and ary are the 
compositions corresponding to S and 7 as defined in Section 7.19. Comparing 
Theorem 7.23.2 with Corollary 7.23.7 yields the following enumerative result. 


7.23.8 Corollary. Let S, T © [n—1]. Then the number of permutations w € G, 
satisfying D(w7!) = S and D(w) = T is equal to the scalar product (sB,, SB;)- 


Theorem 7.23.2 can be specialized in several ways. For instance, we can obtain a 
generating function for the joint distribution of the statistics maj(w) and maj(w~’) 
for w € G,. Write [k), = 1-—q*, lk), = 1-4, [k]!o = [1],---[k]q, and 
[k]!, = [1], --- [A]. Recall the notation b(4) = 90, (é—1)A; from equation (7.103). 


7.23.9 Corollary. Let 


CHES ae Ne aed ed? 


wes, 


Then 
g? 1° In}, In], 


ST 7.117 
2 TT thw)ly hh ae: 


AAg.o= 


and we have the “double Eulerian” generating function 


1 
2 Oa ta bata 


n>0 i,j>0 
= ex _—_—_____—_- 
>. a mu aay 
Proof. Letx; = q‘~! and y; =¢'~! in equation (7.114). By Corollary 7.21.3, the 
left-hand side of (7.114) becomes 
ba) :b) 


2 2 —_ per es ea eee 
Yo sad, 9.97. IA, tt... J = z Tue lg AW) 


Abn 
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On the other hand, by Lemma 7.19.10 the right-hand side of (7.114) becomes 


gcomaiw") poomaj(w) 


a Low), ¢; q’, ed Lealtst..) = > Abe Se anes See ee ef 


weG,, weG, In]! In]!, 


where comaj(w) = Dried —i). If w = w,---w, then define w* =n +1 — 
Wp,...,2+1— wy). The map w + w* from G, to itself is a bijection (in fact, 
involution), satisfying comaj(w) = maj(w*) and (w-!)* = (w*)7!. Hence 


- romani =.) cornayey) = s gqmaiw™)gmaj(w)_ 


wes, weG,, 


so equation (7.117) follows. The remainder of the proof is an immediate conse- 
quence of Proposition 7.7.4 and Theorem 7.12.1, which assert that 


1 
De salxdoaQy) = [CL — ary = exp D7 = pal) Pal): O 


Aé Par n>1 


It is not necessary to use the theory of symmetric functions to prove Corol- 
lary 7.23.9; see for instance Exercise 4.20 (in the case m = 2). 

Our second connection between symmetric functions (more accurately, the RSK 
algorithm) and permutation enumeration concerns increasing and decreasing sub- 
sequences of a permutation. If w = w)---w, € Gn, then let v = w;, Wj, -- > Wi, 
be a subsequence of w,i.e., 1 <i) < ig <--- <i <n. We Say vis increasing if 
Wi, < Wi, < +++ < wi, and decreasing if w;, > w;, > --- > wi,. Write is(w) for 
the length (number of terms) of the longest increasing subsequence of w. Let 7;(w) 
be the rightmost integer j in w such that the longest increasing subsequence of w’ 
whose last term is j has length i. If, for instance, w = 725481963, then is(w) = 4. 
ri(w) = 1, r(w) = 3, r3(w) = 6, and r4(w) = 9, while r;(w) is undefined for 
i > 4. Note that in general 1 = r)(w) < p(w) < +--+ < risyy(w). 


7.23.10 Proposition. Let w € G, and m = is(w). Suppose that w = (P, Q). 
Then the first row of P is equal tor,(w), ro(w), ..., "m(w). 


Proof. The proposition is essentially a restatement of Lemma 7.13.4. An in- 
creasing subsequence w;,,..., wi, Of w is equivalent to a chain (i;, w;,) < °° * 
(ix, w;,) in the inversion poset [(w). If follows that the antichain 7; consists pre 
cisely of those pairs (i, w;) for which the longest increasing subsequence of uv 
ending at w; has length 7. The maximum value of i for such a pair is by definition 


U jn,» and the corresponding value of w; is equal to vjn,. Hence vjn, = r;(w), - 
the proof follows from Lemma 7.13.4. ES 


As an immediate corollary, we obtain a combinatorial interpretation of the length 
RSK 
of the first row of P (or Q) when w —> (P, Q). 
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7.23.11 Corollary. Suppose that w € G, and w “> (P,Q). Let sh(P) = 
sh(Q) = 4. Then d1 = is(w). 


Corollary 7.23.11 can be used to obtain interesting enumerative results con- 
cerning the distribution of longest increasing subsequences. A quite general result 
is the following, though it is often difficult to extract further information from it. 
(See, for instance, Exercise 6.56 and Exercise 7.16.) 


7.23.12 Corollary. Let g,(n) denote the number of permutations w € G, for 
which is(w) = p. Then 


gpin)= ) (fry. 


Arn 

Ai=P 
Proof. There are (f Aye pairs (P, Q) of SYTs of shape 2. The proof now follows 
from Corollary 7.23.11. oO 


If w € G,, let us define the shape sh(w) to be the shape of the SYT P or 


Q when w = (P, Q). If A = sh(w) then we have found a simple combina- 
torial interpretation of the largest part A; of A. It is natural to ask for a similar 
interpretation of the other parts A; of 4. For instance, it is tempting to conjec- 
ture that Az is equal to the Jength of the longest possible increasing subsequence 
that can remain when an increasing subsequence of Iength A; is removed from 
w. Unfortunately this conjecture is false. For instance, if w = 247951368 then 
sh(w) = (5,3, 1). There is a unique increasing subsequence of w of length 5, 
viz., 24568. When this is removed from w, we obtain the sequence 7913, which 
has no increasing subsequence of length 3. The correct result is given by the 
following fundamental theorem, whose proof is included in Appendix 1 (Theo- 
rem Al.1.1). 


7.23.13 Theorem. Let w € G, and sh(w) = (Aj, A2,...). Then for alli = 1, 
Ay +:++++A; is equal to the length of the longest subsequence of w that can be 
written as a union of i increasing subsequences. 


For instance, let w = 247951368 as above. The subsequence 24791368 is the 
union of the two increasing subsequences 2479 and 1368. Hence A, + A2 = 8. 
In fact w itself cannot be written as a union of two increasing subsequences, so 
actually A; +42 = 8. 

Instead of increasing subsequences we can ask about both increasing and de- 
creasing subsequences simultaneously. The key to this question is a further sym- 
metry property of the RSK algorithm (in addition to Theorem 7.13.1). We outline 
one approach to this symmetry property here, while a different method of proof is 
given in Appendix 1 (Corollary Al.2.11). We have denoted the row insertion of 
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the integer k into the SSYT T by T < k. Assume that all entries of T are distinct 
and different from k, and let k — T denote the column insertion of k into T. 
This is defined exactly like row insertion, but with the roles of rows and columns 
interchanged. Equivalently, if ’ denotes transpose then 


kT) =(T' <ky. 


We omit the proof, which consists of an elementary but tedious analysis of cases, 
of the following fundamental Iemma. We are always assuming that our tableaux 
have distinct entries, and that this condition is maintained after inserting further 
elements. 


7.23.14 Lemma. [fi 4 j then 
J>7T<e)=G PT) <i. 
In other words, row insertion and column insertion commute with each other. 


7.23.15 Lemma. Let 


Pi, la, +65 tn) = (Ch — 22) — 13) — 2 
P(ij, i2,---5 in) =) > +++ > Gr-2 > Cin > tn). 
Then 
P(ij, i2,..-, in) = Pi, i2,.-+, in). 


Proof. Induction onn. The assertion is clear forn = 1, since P(i,) = P(i,) = i). 
It is also easy to check directly the case n = 2. Now let n > 2 and assume the 
assertion for all m <n. We have 


P(t, +5 inti) = Ply -- 5 tn) ing (definition of <—) 
= Plit,....in) — ing (induction hypothesis) 
= [i) > Plir,...,in)) —ingi (definition of P) 
=i) > [Pli,...,in) —ingi] (previous lemma) 
=i, > [P@,...,in) <int1] (induction hypothesis) 
=i) > P(to,..., in, ingt) (definition of —) 
=i) > P(o,..., ins inst) (induction hypothesis) 
= P(i),..., inti) (definition of —). oO 


We now come to the new symmetry property of the RSK algorithm mentioned 
above. 


7.23.16 Theorem. Let w = w,u2---w, € G, and w kids (P, Q). Let w" = 


. : RSK * 
Wy --: W2W), the word w written in reverse order. Suppose that w’ —> (P*, Q”). 
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Then P* = P', the transpose of P. Inparticular, sh(w) = sh(w’)’. (The description 
of Q* is more complicated and is discussed in Appendix I, Section Al.2. The map 
O > Q* is called the Schiitzenberger involution. ) 


Proof. Using the notation of the previous lemma, we have P(w),..., Wn) = P 
and P(w,,..., Wn)’ = P*. The proof follows from the previous lemma. i) 


If we regard a permutation w € G, as ann x n permutation matrix, then 
Theorem 7.13.1 tells us the effect on the RSK algorithm of reflecting w about the 
main diagonal, while Theorem 7.23.16 tells us the effect on the RSK algorithm 
of reflecting w about a horizontal line. These two reflections generate the entire 
eight-element dihedral group D4 of symmetries of the square. Thus every “dihedral 
symmetry” of w has a predictable effect on the behavior of the RSK algorithm 
(when applied to a permutation). 

Since a decreasing subsequence of w becomes an increasing subsequence (in re- 
verse order) of w” and vice versa, the following result is an immediate consequence 
of Theorem 7.23.13 and Theorem 7.23.16. 


7.23.17 Theorem. Let w € G, and sh(w) =A. Then for alli > 1, A, +---+A; 
is equal to the length of the longest subsequence of w that can be written as a 
union of i decreasing subsequences. In particular, X) is the length of the longest 
decreasing subsequence of w. 


Write ds(w) for the length of the longest decreasing subsequence of w. In the 
same way that Corollary 7.23.12 was obtained from Proposition 7.23.10, we deduce 
from both Proposition 7.23.10 and Theorem 7.23.17 the following result. 


7.23.18 Corollary. Let g,4(n) denote the number of permutations w € ©, 
satisfying is(w) = p and ds(w) = q. Then 


ea >. ee). 
An 
AL=P, M=G 


7.23.19 Example. (a) If w € Gpo+1 then either is(w) > p or ds(w) > q, since 
no partition A pq + | satisfies A; < p andi} <q. 


(b) Exactly one partition A+ pq satisfies 11 = p and i} =q, viz.,A = (p?). Hence, 
assuming p < q (which entails no real loss of generality, since gp,4(n) = 84,p(”)), 
we get from Corollary 7.23.18 and the hook-length formula (Corollary 7.21.6) that 


Sp.q(Pq) = (fF?) 


=( (pq)! 
~ A122... pP(p t+ DP + ge(q + le!---(ptq—-l/ | 


390 7 Symmetric Functions 


(c) Let p.g > n. There are exactly p(n) partitions (where p(7) is the number 
of partitions of 7) A F p+ 4+n—1 satisfying 4; = p and Ay =q, Viz. A = 
(p.ltyy. P+ M2. 1 + flg-1) where uw | n. Write for short A = (p, 1+ yp). 
Then 


Spg(Ptq+n—l) 2 3 (pee. 


pubn 


We can combine information concerning descent sets together with increasing 
and decreasing subsequences. For instance, the following result should be apparent 
to any reader who has followed this section up to here. 


7.23.20 Proposition. Let gp 4,5,7(1) denote the number of permutations w € G,, 
satisfying is(w) = p, ds(w) = g, D(w7!) = S, D(w) = T. Then for fixed p, q, 
and n, 


y: 8p,9,5,.T M)Las(*)Lar(y) = ye. 51(x)5,(y). 
S,T Aen 
Ai=p, M=q 


7.24 Enumeration under Group Action 


The theory of enumeration under group action, or Pdlya theory, is a standard topic 
within enumerative combinatorics which is usually presented without the use of 
symmetric functions. However, symmetric function theory does lead to a more 
natural development and is more convenient for certain extensions of the theory. 
Polya theory is centered around a certain generating function Z¢(x) for the cycle 
types of elements of a subgroup G of G5, the symmetric group of all permutations 
of the finite set S. Actually, there is no need at first for G to be a subgroup, so we 
make the definition for any subset of Gg. (There are in fact interesting results for 
certain subsets that aren’t subgroups; see for instance Exercise 7.111.) 


7.24.1 Definition. Let K be a subset of the symmetric group Gs. Define the 
augmented cycle indicator Z x of K to be the symmetric function 


Zk = ye Pp(w)> 


wek 


where o(w) denotes the cycle type of w as in Section 7.7. The cycle indicator Zx 
of K is defined by 
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Thus Zx or Zx is just a generating function for elements of K according to their 
cycle type. Note that ifn = #S, then Zx and Zx are homogeneous of degree n, 
ie., Ze, Ze € A". In the traditional exposition of Polya theory mentioned above, 
the power sum symmetric function p; is replaced by an indeterminate ¢;, and later 
one substitutes p; or a specialization of p; for t;. (We have done this ourselves in 
Example 5.2.10.) This approach represents only a change in viewpoint, since the 
p;’s are algebraically independent. The cycle indicator, regarded as a polynomial 
in the indeterminates ft), t,..., 1s then also called the cycle index polynomial of K. 
The main result of Pélya theory expresses Zg in terms of the monomial symmetric 
functions (1.e., gives a combinatorial interpretation of the scalar product (ZG, hy)) 
when G is a subgroup of Gs. 


7.24.2 Example. (a) Let S be the set of vertices of a square, and let G be the 
dihedral group of all (Euclidean) symmetries of the square, acting on the vertex 
set S. The identity element has cycle indicator p}. The rotations by 90° or 270° 
have indicator p4. The rotation by 180° has indicator pj. The horizontal and 
vertical reflections also have indicator p>. Finally the two diagonal reflections 
have indicator pj p2. Hence 


Zg = 4(pi + 2pip2 + 3p; + 2p). 


If instead we let G be the group of rotational symmetries of the square, then we 
would get 


Ze = 4 (pi + p35 +2p4). 


(b) Let V be a p-element vertex set, and let S = ‘ean The symmetric group Gy 
acts naturally on S, viz., if w € Gy and {s,t} € S, then w-{s,t} ={w-s,w-t}. 
Thus we have a subgroup Gp, = G C Gs = Gv). For instance, when p = 4 we 
have 


Zo= 4 (pt Bi 9PiP> + 8p3 + 6p2 ps) ‘ 


(c) Let G be the group Gs of all permutations of the n-element set S,soG = Gy. 
Let A + n. Recall (equation (7.18)) that nizy! is the number of permutations 
w € G, of cycle type A. Hence from equation (7.22) we get Zg = Mn. 


Now let X = {c1,c2,...} be a set of “colors,” and let X*° denote the set of all 
functions f:S—> X. Think of f as a “coloring” es the set S, where the element 
s € S receives the color f(s). Define the weight xf of f € X 5 by 


=e 
xf — [le (ei) 


i>l 
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Thus x’ is a monomial of degree n = #S in the variables x,, x2, ..., which tells 
us for each i how many elements of S are colored c;. There 1s a natural action of 
G on X%, viz., if w €e G, f € X*, ands € S, then 


(w+ f(s) = f(w-s). 


Let X*°/G denote the set of orbits of this action. In other words, define an equiv- 
alence relation ~ on X° by f ~ g if there exists w € G such that g = w- f. 
Then the elements of X°/G are the equivalence classes with respect to ~. Note 
that if f ~ g thenx’ = x®. Hence ifO € X*°/G, then we can define x© to be x/ 
for any f € O. Equivalence classes © are called patterns. The pattern inventory 
(also known by various other names, such as store enumerator and configuration 
counting series) of G is the generating function 


Fox) = > x®. 


OeEXS/G 


Thus the coefficient of a monomial x* in Fg(x) is the number of orbits O € X°/G 
of weight x*. Since the elements of X are all “treated equally,” it follows that Fg (x) 
is asymmetric function. In fact, Fg € A”, since by definition Fg is homogeneous 
of degree n. 


7.24.3 Example. (a) Traditionally the elements of S have some combinatorial 
or geometric structure. For instance, let S be the set of vertices of a square and G 
the group of dihedral symmetries as in Example 7.24.2(a). Two colorings of the 
vertices are equivalent if there is a symmetry of the square taking one coloring to the 
other. Let A + 4. The coefficient of m, in Fg is the number of inequivalent vertex 
colorings (or colorings “up to symmetry”) using A; i’s. Here are representatives 
(orbit members) of each of these inequivalent colorings (using the colors 1, 2, . ..): 


11 11 J) 21 #11) 12 «12 «12 «413 
11] 12 22 12 23 31 34 43 42 


Hence 
Fg =m4+m3, + 2m + 2m) + 3141. 


If the group G were instead the group of rotational symmetries of the square, then 
we would get the additional inequivalent colorings 


11 13 14 14 
32. 24 23: S32 


Hence in this case 


Fg =m4+m3, + 2m. + 3m; + 6m 111. 
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(b) Let V, S, and G be as in Example 7.24.2(b), so S = (5). Let X = P. A function 
f ¢ X* may be regarded as a graph on the vertex set V, allowing multiple edges 
but not loops. Namely, if f({s, ¢}) = j, then place j — | (indistinguishable) edges 
between vertices s andr. Two graphs f, g € X°* are equivalent if and only if there 
is a permutation w of their vertex set such that w preserves edges, i.e., there are 
j edges between s and ¢ if and only if there are j edges between w - s and w -t. 
In other words, f ~ g if and only if f and g are isomorphic (as graphs). Thus for 
ce € Comp((4)) the coefficient of the monomial x” in Fg is equal to the number 
of nonisomorphic loopless graphs with p vertices and a; edges of multiplicity 
j — 1. For the case p = 4 we have 


Fo = me t+ ms, + 2magy + 3m33 + 2may + 4321 + 6229 
+ 5m3i11 + 9m2211 + 15m 41) + 30m) 11111- 


Moreover, Fg(1”) is equal to the total number of nonisomorphic loopless graphs 
with p vertices and all edges of multiplicity at most m — 1. In particular, Fg(1, 1) 
is the number of nonisomorphic simple graphs (no loops or multiple edges) on p 
vertices. Note that the specialization Fg(1”) is obtained by expanding Fg in terms 
of the power sums p; and setting each p; = m. More generally, the coefficient of 
q/ inthe polynomial F¢(1, q,..-,q’"~') is the number of nonisomorphic loopless 
graphs with p vertices, all edges of multiplicity at most m — 1, and exactly j edges. 
Thus for instance when p = 4 we get 


Fo(1,q) = l+q +29? +393 +2¢¢ +95 +4°, 


the generating function for nonisomorphic 4-vertex simple graphs by number of 
edges. 


Nore. Since traditionally the variables t,, tf), ... of Zg and Fg correspond to the 
power sums Pp}, p2,... instead of the arguments x), x2,... of the p;’s, what we 
write as Fg(1,q,...,q~') is traditionally written 


Fe(ltqt--+q7™ lt gt ter tg +--+ g2™,...). 


(c) Let G be the group Gs of all permutations of the n-element set S, as in 
Example 7.24.2(c). For simplicity take § = [n], so Gs = G,. Two colorings 
f,g € X° are equivalent if and only if their coimages have the same type, i.e., 
the multisets {#f7!(c) : c € X} and {#g—'(c) : c € X} are the same. Hence the 
coefficient of every monomial x® of degree n in Fg, is equal to 1, so 


Fe, = yom, => hy. 


An 


We have defined two symmetric functions Zg and Fg associated with the per- 
mutation group G. The cycle indicator Zg is defined in terms of the power sum 
symmetric functions p,, while the pattern inventory is defined in terms of the 
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monomial symmetric functions m,. The main result of Pélya theory 1s that these 
two symmetric functions are equal. 


7.244 Theorem. Let S be a finite set. For any subgroup G of Gs we have 
Z¢ = Fe. 


The proof is based on a simple but fundamental result on permutation groups 
known as Burnside’s lemma (though see the Notes for the correct attribution). 


7.24.5 Lemma. Let Y be a finite set and G a subgroup of Gy. For eachw €G 
let 


Fix(w) = {y € ¥ : w(y) = y}, 


so #Fix(w) is the number of cycles of length one in the permutation w. Let Y/G 
be the set of orbits of G. Then 


#(Y/G) = a » #Fix(w). 


In other words, the average number of elements of Y fixed by an element of G is 
equal to the number of orbits. 


Proof. Fory € ¥ letG, ={w eG: w(y) = y}, the stabilizer of y. Then 


Let Gy = {w(y) : w € G}, the orbit of G containing y. The multiset of elements 
w(y), w € G, contains every element in the orbit Gy the same number of times 
[why?], viz., #G/#Gy times. Thus y occurs #G/#Gy times among the elements 


w(y), SO 
#G 
#Gy = 
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Hence 


# 
wh #Fix(w) = a 
G eG = #Gy 


- ‘ : 
yer #Gy 
For a fixed orbit O € Y/G, we have Gy = O if and only if y € ©. Hence the term 


1/#O appears #O times in the last sum above, so the sum is equal to the number 
of orbits. O 


Proof of Theorem 7.24.4. Let a = (a, a2, ...) be a weak composition of n, and 
let Cy denote the set of all “colorings” f € X° with color c; used a; times. The 
set Cy is invariant under the action of G on X°. Let wy denote the action of w on 
C,. We want to apply Burnside’s lemma (Lemma 7.24.5) to compute the number 
of orbits, so we need to find #Fix(w,). 

In order for f € Fix(w.), we must color § so that (a) in any cycle of w, all the 
elements get the same color, and (b) the color c; appears a; times. It follows that 


#FIX(Wa) = [x*] ae = [x" | Pom), 


where m ;(w) is the number of cycles of w of length j. Hence 
Po(w)(x) = S| #FIx(Wa)x®. 
a 


Now sum overall w € G and divide by #G. The left-hand side becomes Zg, while 
by Burnside’s lemma the right-hand side becomes Fg. O 


When we put x = 1” in Theorem 7.24.4 we get the following result (which can 
also be obtained directly from Burnside’s theorem). 


7.24.6 Corollary. Let Ng(m) be the total number of inequivalent colorings of S 
from a set of m colors. Then 


No(m) = a> mo), 


G xt 


where c(w) is the number of cycles of w. 


Note (for algebraists). Let G be a subgroup of Gs as above. Letr = [Gz : G], 
the index of G in Gs. The group Gs acts on the (right) cosets of G, defining 
a (transitive) permutation representation of Gs. Representing a permutation by 
the corresponding permutation matrix gives a linear representation ao: Gs > 
GL(r, C). This linear representation is equivalent to the induced representation 
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ibe (the induction of the trivial representation of G to Gs). Let x° : Gs — C 
denote the character of this representation, i.e., x°(w) = tro%(w). If w € Gs 
and o(w) = A (the cycle type of w), then 


‘(wo) = — - FF 7.118 
xX Cu ee? 4G 4G ( ) 


where &* denotes the subset (conjugacy class) of Gs of all permutations of cycle 
type A. It follows from (7.118) that 


ch(x°) = Ze, (7.119) 


the cycle indicator of G, where ch is the characteristic map of Section 7.18. Hence 
Pélya theory is closely related to the interaction between the representation theory 
of the symmetric group and the theory of symmetric functions. 

Write 


xo = ox 


An 


as the decomposition of the character x© in terms of irreducible characters x*. 
Hence a, is the multiplicity of x* in x%, and so a, € N. Since the map ch is linear 
and ch(x*) = s,, there follows from equation (7.119) that 


ZG = Yo arsy. (7.120) 


AEn 


Thus we have an algebraic interpretation of the expansion of Zg in terms of Schur 
functions, showing in particular that the coefficientsa, = (ZG, 5,) are nonnegative 
integers, or equivalently that Zg is s-integral (which is trivial) and s-positive. No 
purely combinatorial or “formal” proof of the s-positivity of Zg is known; all 
known proofs (which are essentially equivalent) use representation theory. (The 
fact that a, is an integer is immediate from Theorem 7.24.4.) There are a myriad 
of other “positivity theorems” in the theory of symmetric functions whose only 
known proofs use representation theory. 


Notes 


A good source of information for the early history of symmetric functions, such 
as the fundamental theorem of symmetric functions (Theorem 7.4.4) and the sym- 
metry of the matrix (M),,) (Corollary 7.4.2), is the article [154] by Karl Theodor 
Vahlen. In particular, the first published work on symmetric functions is due to 
Albert Girard [49] in 1629, who gives an explicit formula expressing p, in terms 
of the e,’s (which we can obtain by equating coefficients of t” in the formula 
asp eC OL pat”® = log d-p0 ext*). Other early researchers on symmetric 


n2ln 


rn 
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functions include Gabriel Cramer, Francesco Faa di Bruno, Isaac Newton, and 
Edward Waring. 

The earliest reference to Schur functions is the 1815 paper [18] of Augustin 
Louis Cauchy. (Cauchy’s paper was submitted for publication in 1812.) He defines 
Schur functions (though of course not by that name) in the variables x),..., x, 
as the bialternants of Theorem 7.15.1 and proves that they are indeed symmetric 
polynomials, and that (using our notation) 5)(x,,...,X,) = x; +---+x, and 
(more trivially) syn(x1,...,X,) =X) --+X,. The next paper of interest to us is that 
of Karl Gustav Jacob Jacobi [64] in 1841, in which he states without proof the 
Jacobi—Trudi identity (Theorem 7.16.1) in the case uw = 9G, i.e., for ordinary Schur 
functions s, (defined as bialternants). In 1864 Jacobi’s student Nicold Trudi [153] 
gave a complete proof of the Jacobi-Trudi identity. The dual Jacobi—Trudi identity 
(Corollary 7.16.2) is due to Hans Eduard von Nagelsbach [108] in 1871, and was 
given a simpler proof in 1875 by Carl Franz Albert Kostka [73]. Our first proof 
of the Jacobi-Trudi formula (based on the theory of nonintersecting lattice paths) 
follows Ira Martin Gessel and Gérard Xavier Viennot [47][2.5]. See [151, Ch. 4.5] 
for an exposition. Our second proof comes from Ian G. Macdonald [96, Ch. I, (5.4)]. 

The expansion of [](1 ~ x;y,;)~! in terms of Schur functions (Theorem 7.12.1) 
is universally attributed to Cauchy and is therefore called the “Cauchy identity.” 
We have been unable, however, to find a clear statement of this identity in the work 
of Cauchy. On the other hand, the Cauchy identity is an almost trivial consequence 
of two results of Cauchy. The first result is the Binet-Cauchy formula for the 
determinant of the product of an m x n matrix and an n x m matrix. (For an 
interesting discussion of Cauchy’s precise contribution to this formula, see [106, 
pp. 92-131]. It is at any rate clear from Cauchy’s later work that he was adept at 
its use.) The second result of Cauchy [19, eqn. (10)] is the determinant evaluation 
(stated slightly differently) 


1 
det(, 
1 Xi; 


where as is the Vandermonde determinant (equation (7.55)). Applying the Binet- 
Cauchy formula to the product A(x)A(y)’, where 


(7.121) 


) _ _5(x)as(y) 
i,j=l TId — xy)’ 


I ecg 
2 
LS 
AZ) Sf e os 3 : 
2 
Lb. ee “Ze 


gives 


1 n 
cet( > =<] = a Qy45(*)G,48(y)- 


i,j=l e(ajsn 
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Hence from (7.121) we have 


el so: Artix) a+s(y) 
TT} ja10 ayy) tQyen as(x) as(y) 


and Cauchy’s identity follows from Theorem 7.15.1 (which was Cauchy’s defini- 
tion of Schur functions). 

Kostka [74][75] was the first person to consider the expansion of Schur functions 
into monomials, whence the term “Kostka number’ for the numbers K,,, in the 
expansion 5s, = )>- - Kyy,m, (equation (7.35)). (Foulkes [36, p. 85] suggested 
calling the matrix (X;,,) the Kostka matrix.) In [74] Kostka gives a table of the 
Kostka numbers K,, and the entries (K oe ig of the inverse Kostka matrix for 
A, 4 n < 8. In [75] he extends the tables up to nm = 11. Kostka asserts that the 
numbers in his tables also give the expansion of the h,,’s and m,,’s in terms of the 
5,’s; this assertion is equivalent to the orthonormality of the s,’s (Corollary 7.12.2). 

Oscar Howard Mitchell [103] looked further at Kostka numbers in 1882. He 
showed that they were nonnegative without obtaining an explicit combinatorial 
interpretation of them, and he evaluated s,(1”) in the form obtained by letting 
q — 1 in equation (7.105). A simpler proof of this evaluation of s,(1”) was later 
given by William Woolsey Johnson [66, §13]. Some efforts were subsequently 
made to find combinatorial interpretations of Kostka numbers in special cases, a 
typical example being Thomas Muir [105]. The first explicit statement of which 
we are aware that the Kostka number K,,, counts SSYTs of shape 4 and type yu 1s 
due to Dudley Ernest Littlewood [85, Thm. VI] (see also [88, Ch. 10.1, [X]). The 
definition of the Gelfand—Tsetlin patterns of equation (7.37) was given by Israel 
M. Gelfand and Mikhail L. Tsetlin [45, (3)] in connection with the representation 
theory of the Lie algebra sl(n, C). 

Skew Schur functions were first investigated by Nagelsbach [108] and Alexander 
Craig Aitken [1][2], in the form given by equation (7.68). Aitken proved what in 
our notation is the formula ws,/, = Ss)’; (Theorem 7.15.6), and in a later paper 
[3] gave the combinatorial interpretation of s,,,, in terms of skew SSYTs. The 
connection between skew Schur functions and Littlewood—Richardson coefficients 
(Theorem 7.15.4) appears in [88, eqn. VIII, p. 110]. 

While the work described above was being carried out, a completely indepen- 
dent but ultimately equivalent avenue of research was being developed by a group 
of geometers. Certain enumerative questions involving intersections of subspaces 
of a vector space were reduced to algebraic computations formally the same as 
basic results in the theory of Schur functions. This general approach to enumera- 
tive geometry was first developed by Hermann Casar Hannibal Schubert (see [68] 
for references) and is now known as the Schubert calculus. It is not our intention 
to explain the Schubert calculus and its connections with symmetric functions 
here, but we will briefly mention the main highlights. The geometric result equiv- 
alent to Pieri’s rule (Theorem 7.15.7) was given in 1893 by Mario Pieri [118]. A 


SS SS SSS, ua >See 


Notes 399 


determinantal formula expressing a Schubert cycle in terms of special Schubert 
cycles was published in 1903 by Giovanni Zeno Giambelli [48]. This formula was 
formally the same as the Jacobi-Trudi identity (Theorem 7.16.1), thereby establish- 
ing the formal equivalence (though no one realized it yet) of the Schubert calculus 
with the algebra of Schur functions. The work of classical geometers such as Schu- 
bert, Pieri, and Giambelli on the Schubert calculus was vindicated rigorously by 
Charles Ehresmann [28], Bartel Leendert van der Waerden [158], William Vallance 
Douglas Hodge [61][62] et al. The formal equivalence between Schubert calculus 
and the algebra of Schur functions was first pointed out by Léonce Lesieur [84] 
in 1947. Conceptual explanations of this seeming “coincidence” were first given 
by Geoffrey Horrocks [63] and James B. Carrell [17]. More details of this his- 
tory are discussed by William Fulton [41, pp. 278-279]. For three surveys of the 
Schubert calculus, the third one focusing on the connections with combinatorics, 
see [68][69][148]. 

The idea of unifying much of the theory of symmetric functions using linear 
algebra (scalar product, dual bases, involution, etc.) is due to Philip Hall in his im- 
portant paper [54]. This paper was overlooked (undoubtedly because of its obscure 
place of publication) until an exposition (with most of the missing proofs filled in) 
was given by Stanley [145]. Stanley learned of Hall’s paper from Robert James 
McEliece, who studied with Hall during the 1964-65 academic year in Cambridge 
(England). A later exposition of Hall’s work was given by Macdonald [94]. 

The RSK algorithm (known by a variety of other names: either “correspondence” 
or “‘algorithm” in connection with some subset of the names Robinson, Schensted, 
and Knuth) was first described, in a rather vague form, by Gilbert de Beauregard 
Robinson [131, §5], as a tool in an attempted proof of the Littlewood—Richardson 
rule (Appendix 1, §A1.3). (See the Notes to Appendix 1 for the history of the 
Littlewood—Richardson rule.) The RSK algorithm was later rediscovered by Craige 
Eugene Schensted (see below), but no one actually analyzed Robinson’s work until 
this was done by Marc A. A. van Leeuwen [82, 87]. It is interesting to note that 
Robinson says in a footnote on page 754 that “I am indebted for this association I 
to Mr. D. E. Littlewood.” Van Leeuwen’s analysis makes it clear that “association 


I” gives the recording tableau Q of the RSK algorithm w = (P, Q). Thus it 


might be correct to say that if w ¢ G, and w = (P, Q), then the definition of 


P is due to Robinson, while the definition of Q is due to Littlewood. 
No further work related to Robinson’s construction was done until Schensted 
published his seminal paper [136] in 1961. (For some information about the unusual 
« life of Schensted, see [7].) Schensted’s purpose was the enumeration of permu- 
tations in G,, according to the length of their longest increasing and decreasing 
subsequences. For further information see the discussion of Section 7.23 below. 
According to Knuth [71, p. 726], the connection between the work of Robinson 
and that of Schensted was first pointed out by Marcel Paul Schiitzenberger, though 
as mentioned above the first person to describe this connection precisely was van 
Leeuwen. 
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Robinson states on page 755 of his paper [131] on the RSK algorithm that “it 


is not difficult to see” that if w “3 (P,Q), then w-! *$ (Q, P). No indica- 
tion of a proof of this fundamental result (our Theorem 7.13.1) is given. A proof 
was finally given by Schititzenberger [140] in 1963. Schiitzenberger was the first 
to realize the great significance of Schensted’s work for the theory of symmetric 
functions and the symmetric group. Our first proof of Theorem 7.13.1 follows Don- 
ald Ervin Knuth (71, §4][72, Ch. 5.1.4]. Corollary 7.13.8, which we derived from 
Theorem 7.13.1, was first proved by Issai Schur [138] (repeated in [5.53, VII.47}). 

The theory of growth diagrams, which we used for our second proof of The- 
orem 7.13.1, was developed by Sergey V. Fomin [31][32][{33][34]. Some further 
work was done by Thomas W. Roby [132][133]. Before Fomin a different “geo- 
metric” theory of the RSK algorithm had been developed by Viennot [155][{156]. 

The extension of the RSK algorithm from permutations to arbitrary sequences of 
nonnegative integers (or from permutation matrices to N-matrices of finite support) 
is due to Knuth [71]. Although, as pointed out by Lemma 7.11.6, this extension 
is actually equivalent to the original case, it is essential to use the more general 
form when dealing with symmetric functions. Thus for instance we obtained a 
direct bijective proof of the Cauchy identity (Theorem 7.12.1), as first done by 
Knuth [71, p. 726]. Knuth’s paper deals with a number of further topics related to 
the RSK algorithm, in particular, a proof of the symmetry result Theorem 7.13.1 
(working directly with N-matrices of finite support and not reducing to the case 
of permutations), the definition and basic properties of the dual RSK algorithm 
of Section 7.14, and the definition and basic properties of Knuth equivalence, 
as discussed in Appendix 1. Some further variations of the RSK algorithm were 
given by William H. Burge [13] (see Exercises 7.28(c,e) and 7.29(a,b)). For good 
overviews of more recent work related to the RSK algorithm, see [134][83]. 

By this time the work described above had entered the general consciousness 
of algebraic and enumerative combinatorics, and the floodgates were opened. We 
will not attempt a survey of the enormous amount of more recent work done on 
symmetric functions, Young tableaux, the RSK algorithm, etc., but we will give 
some references to work discussed in the text. For further developments, see the 
end of these Notes, the Exercises to this chapter, and the Notes to Appendix 1. 

Standard Young tableaux (SYT) were first enumerated by Percy Alexander 
MacMahon [99, p. 175] (see also [101, §103]). MacMahon formulated his result in 
terms of the ballot sequences or lattice permutations of Proposition 7.10.3(c,d), and 
stated the result not in terms of the product of hook lengths as in Corollary 7.21.6, 
but rather using the right-hand side of the case g = 1 of equation (7.101). The 
formulation in terms of hook lengths is due to James Sutherland Frame and ap- 
pears first in the paper [38, Thm. 1] of Frame, Robinson, and Robert McDowell 
Thrall; hence it is sometimes called the “Frame—Robinson-Thrall hook-length for- 
mula.” (The actual definition of standard Young tableaux is due to Alfred Young 
[162, p. 258].) Independently of MacMahon, Ferdinand Georg Frobenius [5.27, 
eqn. (6)] obtained the same formula for the degree of the irreducible character x 
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of G, as MacMahon obtained for the number of lattice permutations of type A. 
Frobenius was apparently unaware of the combinatorial significance of deg x, 
put Young showed in (162, pp. 260-261] that deg x* was the number of SYT of 
shape A, thereby giving an independent proof of MacMahon’s result. (Young also 
provided his own proof of MacMahon’s result in [162, Thm. IT].) A number of 
other proofs of the hook-length formula were subsequently found. Curtis Greene, 
Albert Nijenhuis, and Herbert Saul Wilf [51] gave an elegant probabilistic proof. 
The proof we gave in Section 7.22 based on the Hillman-Grassl correspondence 
appears in [60] and shows very clearly the role of hook lengths, though the proof is 
not completely bijective. A bijective version was later given by Christian Kratten- 
thaler [76]. Completely bijective proofs of the hook-length formula were first given 
by Deborah Franzblau and Doron Zeilberger [39] and by Jeffrey Brian Remmel 
[127]. An exceptionally elegant bijective proof was later found by Jean-Christophe 
Novelli, Igor Pak, and Alexander V. Stoyanovskii [113]. 

For more information on the Hopf algebra approach to symmetric functions 
mentioned at the end of Section 7.15 see [163]. 

The determinantal formula (7.71) for f*/+ is due to Aitken [3, p. 310], who 
deduced it just as we have done from the Jacobi-Trudi identity for s,/, (Theo- 
rem 7.16.1). Aitken’s result was rediscovered by Walter Feit [30]. A generalization 
due to Germain Kreweras is given by Exercise 3.63. 

The theory of representations of finite groups was developed by Frobenius; see 
[24](56][57][58][59] for an interesting discussion of this development. In partic- 
ular, Frobenius computed the irreducible characters of G,, (in the form given by 
Corollary 7.17.4 or equation (7.77)) in [5.27]. Much subsequent work on the rep- 
resentation theory of G,, was done by Alfred Young; see Sagan [135] for a nice 
exposition of Young’s work and its connection with symmetric functions. The 
Murnaghan—Nakayama rule (regarded as the formula (7.75) for x*()) is actually 
due to Littlewood and Archibald Read Richardson [89, §11]. Statements of this 
rule by Francis Dominic Murnaghan and Tadasi Nakayama are given in (107, (13)] 
and [109, §9]. 

The definition of quasisymmetric functions is due to Gessel, though they had ap- 
peared implicitly in earlier work. Gessel used quasisymmetric functions to prove 
such results as our Corollaries 7.23.6 and 7.23.8. The basic results on (P, w)- 
partitions used here (Theorem 7.19.4 and Corollary 7.19.5) were given by Stanley 
[3.28, Ch. 2][3.29, Ch. 1], though not using the language of quasisymmetric func- 
tions. Proposition 7.19.11 seems to be due to George Lusztig (unpublished) and 
Stanley [149, Prop. 4.11]. Further work on quasisymmetric functions appears e.g. 
in [26][102] and the references given there. 

Plane partitions were discovered by MacMahon in a series of papers which were 
not appreciated until much later. (See MacMahon’s book [101, §8IX and X] for 
an exposition of his results.) MacMahon’s first paper dealing with plane partitions 
was [98]. In Article 43 of this paper he gives the definition of a plane partition 
(though not yet with that name), and then goes on to discuss the six aspects of a 
plane partition. In Article 51 he conjectures that the generating function for plane 
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partitions is the product 
sax) (sar) (alr eg) ae 


(our Corollary 7.20.3). He also suggests (but doesn’t call it a conjecture) that the 
generating function for 7-dimensional partitions (whose diagram would be a finite 
order ideal of N’*?) is 


[Ta-2)0™. (7.122) 


i>] 


MacMahon apparently never realized that this generating function, evenforr = 3, 
is incorrect, though he does mention in [101, vol. 2, footnote on p. 175] that an 
even stronger result is false. (When r = 3, the smallest exponent n for which the 
coefficient of x” in (7.122) fails to be the number of 3-dimensional partitions of 
n isn = 6.) The incorrectness of (7.122) was first shown by Atkin et al. [6] and 
later by E. M. Wright [160]. V. S. Nanda [110][111] erroneously assumes (7.122) 
to be correct for r = 3, stating in [110, p. 593] that 


MacMahon has not given arigorous derivation of the generating function for solid partitions. 
But a simple reasoning as in the case of plane partitions leads to the generating function 


I 


for solid partitions when there is no restriction on part magnitude. 


Further computations by Knuth [70] show how useless it seems to write the gener- 
ating function for 3-dimensional partitions in the form [],,,(1 — x)”. Returning 
to the paper [98] of MacMahon, in Article 52 he conjectures our Theorem 7.20.1, 
Corollary 7.20.2, and finally Theorem 7.21.7 (which includes all the previous 
conjectures as special cases). MacMahon goes on in Articles 56-62 to prove his 
conjecture in the case of plane partitions with at most 2 rows and c columns (the 
case r = 2 of our Theorem 7.20.1), mentioning on page 662 that an independent 
solution was obtained by Andrew Russell Forsyth. (Though a publication reference 
is given to Forsyth’s paper, apparently it never actually appeared.) 

We will not attempt to describe MacMahon’s subsequent work on plane partitions, 
except to say that the culmination of his work appears in [101, Art. 495], in which 
he proves his main conjecture from his first paper [98] on plane partitions, viz., our 
Theorem 7.21.7. MacMahon’s proof is quite lengthy and indirect. We can regard 
a plane partition whose shape is contained in the partition A  p as a P,-partition 
(in the sense of Section 4.5), where P, is the poset defined after Corollary 7.19.5. 
(We regard P, as a natural partial order on [p], as in Section 4.5.) MacMahon 
anticipates the theory of P-partitions (as pointed out in the Notes to Chapter 4) by 
essentially establishing Exercise 4.24(b) for P = P,. He manages to convert this 
expression into a determinant, and then to evaluate the determinant when A = (c’). 
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Some interesting recent work on the shape of the diagram of a “typical” plane par- 
tition fitting in an r x c x t box was done by Henry Cohn, Michael Larsen, and 
James Propp [23]. 

The theory of plane partitions stayed rather dormant until the early 1960s, when 
Basil Gordon and his students made a number of new contributions (but with- 
out using symmetric functions). For further discussion and references to the work 
of Gordon, see [146]. Also about this time Carlitz [16] gave a simpler proof of 
MacMahon’s main result (our Theorem 7.21.7). (Limiting cases had earlier been 
given simpler proofs by Chaundy [21].) Then in 1972 Edward Anton Bender and 
Knuth [8], in an important paper, showed the connection between the theory of 
symmetric functions and the enumeration of plane partitions. They gave simple 
proofs, based on the RSK algorithm, of many of the results (and some generaliza- 
tions) of Gordon et al., as well as the first bijective proof (the same proof that we 
give) of our Theorem 7.20.1 in the case g = 1. The introduction of the variable g 
in Theorem 7.20.1 and related results to keep track of the trace of a plane partition 
is due to Stanley [146, Thm. 19.3][147]. 

The “hook-content formula” for s,(1, g,...,g"~!) (Theorem 7.21.2) was first 
stated explicitly by Stanley [3.28, Thm. V.2.3][3.29, Prop. 21.3][146, Thm. 15.3]. 
Earlier a less explicit statement (using the right-hand side of our equation (7.101) 
instead of the left-hand side) was given by Littlewood and Richardson [90, Thm. I] 
[88, I. on p. 124]. A bijective proof based on an involution principle argument 
was given by Remmel and Roger Whitney [128]. Krattenthaler [77] then gave a 
bijective proof not involving the involution principle, and generalized it in [78]. 
Finally Krattenthaler [79] gave a bijective proof of Theorem 7.21.2 analogous to 
the Novelli~Pak—Stoyanovskii proof [113] of the hook-length formula. 

The generating function for symmetric plane partitions with at most r rows (the 
case g = 1 of Theorem 7.20.4) was conjectured by MacMahon [1009, p. 153][101, 
Art. 520] and first proved by Gordon [50]. Bender and Knuth [8, pp. 42-43] 
give the same proof as ours based on the RSK algorithm. MacMahon actually 
makes a stronger conjecture, viz., an explicit formula for the generating function 
for symmetric plane partitions with at most r rows and largest part at most m (the 
symmetric analogue of our Theorem 7.21.7). This result proved to be considerably 
less tractable than the unrestricted (i-e., nonsymmetric) case; it was first proved 
by George E. Andrews [4][5]. A subsequent proof based on the Weyl character 
formula for type B,, was given by Macdonald [92, Exam. 1.5.17, p. 52][96, Exam. 
1.5.17, pp. 84-85]. A somewhat different proof based on representation theory 
is due to Robert Alan Proctor [121, Prop. 7.2]. For further information related 
to the enumeration of symmetry classes of plane partitions, see the solution to 
Exercise 7.103(b). 

The generating function (7.112) for reverse plane partitions of a fixed shape was 
first obtained by Stanley (3.28, Cor. V.2.6, p. 174][146, Prop. 18.3]; the proof is 
the same as our first proof of Theorem 7.22.1 (based on symmetric functions). The 
elegant bijective proof given after our first proof is due to Abraham P. Hillman and 


404 7 Symmetric Functions 


Richard M. Grass] [60]. A different bijective proof was later given by Remmel and 
Whitney [129]. 

The fundamental result relating the RSK algorithm to descent sets (Lemma 
7.23.1) is due to Schiitzenberger [140, Remarque 2] and was independently dis- 
covered later by Herbert Owen Foulkes [37, Thm. 8.1]. Foulkes anticipated The- 
orem 7.23.2 and its corollaries, but the first explicit statement of results of this 
nature is due to Gessel [46]. The basic connection between the RSK algorithm and 
increasing and decreasing subsequences (viz., that if w bes (P, Q) where P and 
Q have shape A, then is(w) = A, and ds(w) = A}) is the main result of Schensted 
[136]. Schensted’s purpose in writing his paper was to obtain a formula for the 
number of w € G,, satisfying is(w) = p and ds(w) = gq, which he gave as his 
Theorem 7.3 (our Corollary 7.23.18). Theorems 7.23.13 and 7.23.17 are due to 
Greene; see Appendix 1 for further details. Example 7.23.19(a) is a famous result 
of Paul Erd6s and George Szekeres [29, eqn. (8)] which was later given an elegant 
simple proof by Abraham Seidenberg [141]. Example 7.23.19(b) was posed as a 
problem by Stanley Rabinowitz [122] and solved by Stanley [144]. 

Burnside’s lemma (Lemma 7.24.5) was actually first stated and proved by Frobe- 
nius [40, end of §4]. Frobenius in turn credits Cauchy [20, p. 286] for proving the 
lemma in the transitive case. Burnside, in the first edition of his book [14, §§118- 
119], attributes the lemma to Frobenius, but in the second edition [15] this citation 
is absent. For more on the history of Burnside’s lemma, see [112] and [161]. 
Many authors (e.g., [67]) now call this result the Cauchy—Frobenius lemma. The 
cycle indicator Zg(x) (where G is a subgroup of G,,) was first considered by 
J. Howard Redfield [124], who called it the group reduction function, denoted 
Grf(G). George Pélya [119] independently defined the cycle indicator, proved the 
fundamental Theorem 7.24.4, and gave numerous applications. For an English 
translation of Pélya’s paper, see [120]. Much of Pdlya’s work was anticipated by 
Redfield. For interesting historical information about the work of Redfield and its 
relation to Pélya theory, see [53][55][91][125] (all in the same issue of Journal 
of Graph Theory). Subsequent to Polya’s work there have been a huge number of 
expositions, applications, and generalizations of Pélya theory. We mention here 
only the nice survey [12] by Nicolaas Govert de Bruijn and the paper [123] by 
Ronald C. Read, who was the first to consider the relevance of Schur functions to 
Pélya theory. 

Appendix 1 has its own Notes, so now we discuss Appendix 2. The main result of 
Appendix 2, the classification of the rational representations of GL(n, C) and the 
determination of their characters (Theorem A2.4), appears in the masterful doctoral 
dissertation of Schur [137]. He later gave a simpler proof [139] along the lines of 
the proof we have sketched. A slight refinement was given by Hermann Wey] [159, 
Thm. 4.4.C]. For a modern treatment of the work of Schur, see for instance [96, 
Ch. I, App. A]. Plethysm was introduced by D. E. Littlewood [86, p. 329] (see also 
[88, p. 289]). The term “plethysm” was suggested to Littlewood [87, p. 274] by 
M. L. Clark, after the Greek word plethysmos (49 vo 6s) for “multiplication.” 
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The connection between plethysm and wreath products (Theorem A2.8) is implicit 
in the determination of the characters of the wreath product G§G,, by Wilhelm 
Specht [143]. The special case when x = i and@ = i for subgroups G and H 
of G; and G,, respectively, is equivalent to Pélya’s derivation of the cycle index of 
his so-called Kranz group (Kranzgruppe) (119, pp. 178-180]. Explicit statements 
of Theorem A2.8 (though not stated in the language of symmetric functions) may 
be found in [93, Rmk. 6.9][65, Ch. 5.4][96, App. A, (6.2)]. 

What should the reader who is interested in learning further about symmetric 
functions do next? An important topic, not treated at all here, is the myriad gen- 
eralizations and variations of Schur functions. We present a short list, with some 
basic references (which are only provided as a means of entry into the subjects), 
of some of these generalizations. 


© Hall—Littlewood symmetric functions [96, Ch. IIT] 

Shifted Schur functions (corresponding to shifted shapes), also called Schur 
P- and Q-functions [52][96, Ch. III.8] 

Super-Schur functions [9][96, Exam. 1.3.23, pp. 58-60] 

Zonal symmetric functions [96, Ch. VI] 

Jack symmetric functions [96, Ch. VI.10][150] 

Macdonald symmetric functions [43][96, Ch. VI][115] 

Wreath-product Schur functions sya) @ --- @ s, [96, Ch. I, App. BJ{114] 
Orthogonal and symplectic Schur functions [152] 

Flag Schur functions (or multi-Schur functions) [157][95, Ch. I1][126] 
Factorial Schur functions and variations [10][11][22][97, §§4~6, 9][104] 
Shifted Schur functions (corresponding to “shifted” variables) [116][117] 
Noncommutative Schur functions of Gelfand, Krob, Lascoux, Leclerc, Retakh, 
and Thibon [44][{80][27][81] 

Noncommutative Schur functions of Fomin and Greene [35] 

Modular Schur functions (implicit in [25, §3.7]) 

GL(n, F,)-invariant Schur functions of Macdonald [97, §7] 
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Chapter 7: Appendix 1 


Knuth Equivalence, Jeu de Taquin, and the 
Littlewood—Richardson Rule 


(by Sergey Fomin) 


This Appendix is devoted to the study of several combinatorial constructions in- 
volving standard Young tableaux (SYTs) that lead to the proof of the Littlewood— 
Richardson rule, a combinatorial rule describing the coefficients in the Schur func- 
tion expansion of an arbitrary skew Schur function (or in a product of two ordinary 
Schur functions). 

Most of what follows can be straightforwardly generalized to semistandard 
Young tableaux (SSYTs). We do not do it here, in order to simplify the present- 
ation. 


A1.1 Knuth Equivalence and Greene’s Theorem 


: RSK : : : 
The RSK algorithm w —> (P, Q) associates to a permutation w € G,, a pair 
of SYTs: the insertion tableau P and the recording tableau Q; these tableaux 
have the same shape sh(w). In this section, we examine the following two quest- 
ions: 


@ What are the conditions for two permutations to have the same shape sh(w)? 
e What are the conditions for two permutations to have the same insertion 
tableau P? 


The first question has an answer involving a particular family of poset-theoretic 
invariants of permutations. The equivalence relation appearing in the second ques- 
tion can be described in terms of certain elementary transformations that change 
three consecutive entries of a permutation. We first state these two results, and 
devote the rest of this section to their proof. 

For a permutation w = w,---w, € G, andk € N, let i, = J,(w) denote 
the maximal number of elements in a union of k increasing subsequences of w. 
Analogously, let D,; be the maximal size of a union of / decreasing subsequences 
of w. For example, for w = 236145 € Ge, we have: 9 = 0,4) =4,h 5h = 
--»-= 6; Do = 0, D, = 2, D2 = 4, D3 = 5, Dy = D5 = ++: = 6. 
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A1.1.1 Theorem (Greene’s theorem). Let w € G, and sh(w) = A. Then, for 
any positive integer k and I, 


T(w) =Ay+ee +d, 
(A1.123) 
Dw) = Ay fee bal, 


(Note that Theorem AI.1.1 is a restatement of Theorems 7.23.13 and 7.23.17.) 
To illustrate, take w = 236145. Then w “5 (P, Q) with 


P=13/4]5], ga[[213]6] stay = =@,2). 
BG 


To obtain the numbers J,, we count boxes in the first several rows of the shape: 
0, 4, 6, 6,.... Analogously, counting boxes in the first several columns of A gives 
0, 2, 4, 5, 6, 6, ..., agreeing with our previous computations. 

Theorem A1.1.! implies that two permutations have the same shape sh(w) if 
and only if the values J), /2,... (or D,, D2, ...) computed for these permutations 
are the same. Another direct implication of Theorem A1.1.1 is given below. 


A1.1.2 Corollary. For any permutation w, the sequences (1, l—l, h—-h, ...) 
and (D,, Dz — D,, D3 — Dg, .. .) define conjugate partitions. 


To formulate an answer to the second question posed at the beginning of this 
section, we will need the following definition. 


A1.1.3 Definition. A Knuth transformation of a permutation is its transformation 
into another permutation that has one of the following forms: 


--acb--- -+-cab--. -++ baces- ++ bceq--> 
+ 1 + { 
--cab--+. -s-acb..-. -+-beq--- +++ bac--- 
(A1.124) 


where a < b < c (all other entries remain intact). Thus each Knuth transformation 
Switches two adjacent entries a and c provided an entry b satisfying a < b < cis 
located next to a or c. Two permutations u, v € G,, are called Knuth-equivalent 
(denoted u A v) if one of them can be obtained from another by a sequence of 
Knuth transformations. 


For example, the six permutations in (A1.125) below form a Knuth equivalence 
class; the ones that differ by a single Knuth transformation are connected by 
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an edge. 
51243 15243 12543 


| | (A1.125) 
51423 15423 


54123 


A1.1.4 Theorem. Permutations are Knuth-equivalent if and only if their inser- 
tion tableaux coincide. 


Permutations u and v are said to be dual Knuth-equivalent if u7! © yo! For 
instance, 34521 is dual Knuth-equivalent to 12543. Recall the following symmetry 
of the RSK algorithm (see Theorem 7.13.1): the recording tableau for a permuta- 
tion w is nothing but the insertion tableau for w~'. Thus Theorem A1.1.4 implies 
that permutations have the same recording tableaux if and only if they are dual 
Knuth-equivalent. 

Knuth equivalence classes can be given a more detailed description, which is 
provided in Theorem A1.1.6 below. 


A1.1.5 Definition. Let T be a tableau. The reading word of T (denoted reading 
(T )) is the sequence of entries of T obtained by concatenating the rows of T bottom 
to top. For example, the tableau 


has the reading word 479356812. 


In what follows, we say that a tableau has a straight shape if its shape is a 
Young (or Ferrers) diagram. Observe that any straight-shape tableau T is uniquely 
reconstructed from its reading word. Indeed, to break a word w = reading(T7 ) into 
segments representing the rows of T, simply locate the descents of w. 


A1.1.6 Theorem. Each Knuth equivalence class contains exactly one reading 
word of a straight-shape SYT (call this tableau T ), and consists of all permutations 
whose insertion tableau is T. 


For example, the only reading word in the Knuth equivalence class shown 
in (A1.125) is 


54123 = reading(T) , = 


| 
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There are indeed six permutations with insertion tableau T (since fS"7) = 6), and 
these are exactly the ones appearing in (A1.125). 


Proofs of Theorems Al.1.1, A1.1.4, and A1.1.6 


A1.1.7 Lemma. For any k, the values I(w) and D,(w) are invariant under 
Knuth transformations of @ permutation w. 


Proof. I is enough to prove the invariance of the numbers J;, since replacing 
a permutation w= Wyss Wp by w’ = w, +++ wy) interchanges J, and Dy, while 
clearly ~~ v <u’ ~ v'. We need to show that J, does not change under each of 
the two types of Knuth transformations: 


u=---acb---> v=-:-cab---, a<b<ce, 


and 


u=---bac-.->v=-:-bea---, a<b<c 


(cf. (A1.124)). Since these two cases are completely analogous, let us concentrate 
on the first one. Let /,(u) = m. Obviously, [,(v) < m. Moreover, the only situ- 
ation where we may possibly have /,(v) < m is the following: every collection 
{o1,..., ox} of & disjoint increasing subsequences of u which jointly cover m el- 
ements has an element (say, 01) Containing both a and c. Suppose this situation 
does indeed take place, and consider such a collection {o1,..., ox}. If b does not 
belong to any o;, then simply replace c by b in oj, arriving at a contradiction with 
our assumption. We thus may assume that b belongs, say, to 02: 


oO, = (ui, < +++ < uj, <a<c <uj,,, <---) 
02 = (uj, << Uy, <b<uj,,<---). 


Then the increasing subsequences oj and o, defined by 


O, =(uj, <-++ <u; <a<b<uj,, <--:) 


On = (Uy < +++ < uy <¢ < Uj, <*++) 


will jointly cover the same elements of u as oj and 02 do. The collection {o], 05, 03, 
..., 6%} will cover m elements, while not containing a subsequence to which both 
a and c belong. This contradicts our assumption, and the proof follows. 0 


We next show that the RSK insertion algorithm can be viewed as a sequence of 
Knuth transformations. 
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AL.1.8 Lemma. Any permutation is Knuth-equivalent to the reading word of its 
insertion tableau. 


Proof. Recall from Section 7.11 that P < k denotes the result of i inserting k 
into P. To prove the lemma, it suffices to show that, for any (straight- -Shape) SYT P 
and any positive integer k, we have 


reading(P)-k ~ reading(P < k), (A1.126) 
where - stands for concatenation. Because of the row-by-row nature of the RSK 
insertion algorithm, it is enough to check (A1.126) for a single-row tableau. This 


is a Straightforward verification. g 


AL1.9 Corollary. Let P be the insertion tableau for w. Then the permutations 
w and reading(P) have the same values of parameters I, and D,, forall k. 


Proof. Directly follows from Lemmas A1.1.7 and A1.1.8. Oo 


A1.1.10 Lemma. Let w be the reading word of a straight-shape SYT T. Then 
T is the insertion tableau for w. 


Proof. In the special case of a tableau word, the RSK insertion process is very 
simple: increasing segments of the word are consecutively placed atop each other, 


eventually forming the original tableau. Oo 


Proof of Theorem Al.1.1.__ In view of Corollary A1.1.9 and Lemma A1.1.10, we 
may assume that w is a reading word of a straight-shape SYT T. To illustrate, let 


: (A1.127) 


then w = 592671348. Note that each row of T becomes an increasing subsequence 
in w = reading(T). Thus, for any k, 


Iw) > Aptos + Ag. (A1.128) 


Furthermore, the entries of each column of T form a decreasing subsequence in w. 
Therefore, for any J, 


Dw) = Ay te HAL. (A1.129) 
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Let us now consider a box lying at the border of the shape 4 (such as the boxes 
containing the entries 5, 9,6, 7,4, 8 in the example (A1.127)). Assume that this 
box is located in row k and column /. Then 


Arte +A HAL + +A) Hn. (A1.130) 
Combining (A1.128), (A1.129), and (A1.130), we obtain 
.(w)+ Di(w)>n+kl. 


On the other hand, an increasing and a decreasing subsequences may have at most 
one element in common. Hence 


I,(w)+ Dw) <n+kl 


for any k and J. Comparing this with the previous inequality, we conclude that 
I,(w) + D)(w) =n + kl, and moreover both (A1.128) and (A1.129) are actually 
equalities for the chosen values of k and /. Since every row and every column of A 
contain at least one box that lies on the border, the identities (A1.123) hold for any 
k andl. Oo 


A1.1.11 Corollary. The shape sh(w) is invariant under Knuth transformations. 


Proof. In view of Theorem A1.1.1, the shape sh(w) is uniquely determined by 
the values )(w), /2(w), ..., 8o the claim follows by Lemma A1.1.7. | 


We will now show that a much stronger result holds. 


A1.1.12 Corollary. The insertion tableau P of a permutation w is invariant 
under Knuth transformations of w. 


Proof. Fork = 1,...,n, let wg) denote the permutation in G; formed by the 
entries 1,...,k of w. (For example, if w = 236145 then wy) = 2314.) Let 
us write w Bal (P, Q) and wy uals (Puy, Qa). Then Py is nothing but the 
tableau formed by the k smallest entries of P, since the larger entries do not 
interfere with the part of the insertion process that involves smaller entries. Now 
the crucial observation is the following: any Knuth transformation of w either does 
not change w¢) or else transforms the latter into a Knuth-equivalent permutation. 
By Corollary Al.1.11, this does not affect the shape sh(w)) = sh( Pa). Since the 
tableau P can be viewed as a sequence of shapes 


BC sh(Pay) C sh(Pa)) C +++ C sh(Pay) = sh(P), 
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and since all these shapes are unchanged by Knuth transformations, the proof 
follows. 0 


Proof of Theorems Al.1.4 and A1.1.6. It follows from Lemma A1.1.8 and Corol- 
lary Al.1.12 that two permutations are Knuth equivalent if and only if they have the 
same insertion tableau (whose reading word also belongs to the same equivalence 
class). Finally, two distinct reading words may not be Knuth-equivalent, since by 
Lemma A1.1.10 they have different insertion tableaux. 0 


A1.2 Jeu de Taquin 


The constructions of the previous section are intimately related to the remarkable 
jeu de taquin equivalence relation among skew tableaux. In this section, we es- 
tablish the fundamental properties of this equivalence, which will then be used in 
Section A1.3 to prove the main result — the Littlewood—Richardson rule. 

Jeu de taquin, or the “teasing game,” is a particular set of rules for transforming 
skew tableaux by viewing their entries as separate pieces that can be moved around 
on the “checkerboard” of the coordinate plane. These rules are designed so that 
the property of being a tableau was preserved. The concept of jeu de taquin is 
intuitively quite simple, and is probably best understood by looking at concrete 
examples. Still, we begin with a formal description. 


A1.2.1 Definition. Let 1 /u be a skew shape. (In Figure A1-10,4/u is composed 
of the boxes made of solid lines segments.) Consider the boxes b that can be added 
toA/p, so that b shares at least one edge with A/, and {b} UA/ is a valid skew 
shape. (In Figure A1-10, these boxes are made of dotted line segments.) 


Figure A1-10. Adding boxes to a skew shape. 
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Two types of such boxes may occur, depending on the side of A/, that they are 
on. We mark by a bullet e the dashed boxes that share a lower or a right edge 
with A/, while those that share an upper or a left edge are marked by acircle o. 

Suppose we are given an SYT T of shape A/,. To each box b marked e or o, 
we will associate a transformation jdt,(7) of T called a jeu de taquin slide of T 
into b. The definitions of the slides into inner boxes marked e and the outer boxes 
marked o are completely analogous, so we will only discuss the first of these 
cases, and then provide examples illustrating both of them. Thus let us consider a 
box bo marked e. There is at least one box D, in A/ that is adjacent to bo (i.e., 
such that bo and b,; share an edge); if there are two such boxes, then let b; be the 
one with a smaller entry. Move the entry occupying b; into bo. Then look at the 
tableau entries to the right and below },, and repeat the same procedure: if there 
is a unique such entry, then move it into },; if there are two to choose from, then 
move the smaller one. This will vacate some box bz, and the process will continue 
until it reaches the outer boundary. The resulting tableau (indeed, it will be an 
SYT) is jdt,(7), by definition. 


For example, take 


(A1.131) 


(A1.132) 


A1.2.2 Definition. Tableaux T and T’ are called jeu de taquin equivalent (de- 
noted T ~ T’ ) if one can be obtained from another by a sequence of jeu de taquin 
slides. 


Note that s is a symmetric (and obviously transitive) relation, since any jeu de 
taquin slide can be reversed by performing a slide into the box that was vacated at 
the previous stage. For instance, in the example (A1.131) we have jdt.(jdt,(7)) = 
T, where c is the box occupied by 9 in T. 


A1.2.3 Lemma. Each jeu de taquin slide converts the reading word of a tableau 
into a Knuth-equivalent one: reading(jdt,(T )) og reading(7 ). 
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Proof. Let us verify that at every step of the sliding process, the reading word is 
transformed into a Knuth-equivalent one. The horizontal slides do not change the 
reading word at all. A vertical slide of the form 


of the reading word by the segment 
i--+jl---ma---bke---d. 


To show that these two segments are Knuth-equivalent, we may use Theorem A1.1.4. 
Indeed, one easily checks that both segments have insertion tableau 


and the lemma follows. | 


The following result is sometimes called “the fundamental theorem of jeu de 
taquin.” 


A1.2.4 Theorem. Each jeu de taquin equivalence class contains exactly one 
straight-shape tableau. 


Proof. If T isa tableau of a skew shape 4/1, then performing consecutive slides 
into all boxes of jz (in any allowable order) will result in a straight-shape tableau, 
which is jeu de taquin equivalent to 7. The uniqueness of such representative in 
a given equivalence class follows directly from Lemma A1.2.3 and the second 
statement of Theorem A1l.1.4. O 


We will use the notation jdt(7) to denote the unique straight-shape tableau 


in the jeu de taquin equivalence class of a given (skew) tableau T. Note that 
Lemma A1.2.3 implies that 


reading(jdt(T)) ~ reading(T) . (A1.133) 


A1.2.5 Corollary. Two standard tableaux are jeu de taquin equivalent if and 
only if their reading words are Knuth-equivalent. 


422 Chapter 7: Appendix I 
Proof. Let T and T’ be standard tableaux. Then 


TY T! a> jdt(T) = ja(T) (by Theorem A1.2.4) 
é=> reading(jdt(T)) ~ reading(jdt(T’)) (by Theorem A1.1.4) 
é==> reading(T) ~ reading(T’) (by (A1.133)). o 


Al1.2.6 Corollary. For a permutation w = w,-+-w, € G,, let T,, denote the 


skew tableau 


Then jdt(T,,) is the insertion tableau for w. 


Proof, By Lemma A1.2.3, reading(jdt(T,,)) ~ reading(T,,) = w , and the corol- 
lary follows from Theorem A1.1.4. oO 


Similarly to the RSK algorithm, jeu de taquin can be described in terms of 
growth diagrams (cf. Section 7.13). This is best explained by an example. The 
tableau 


(A1.134) 


(disregard the entries, which are only shown to make the rules transparent), or as 
a sequence of partitions: 


21 —31 —311 —321 —331. (A1.135) 
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Consider the sequence of jeu de taquin slides 


apt oR | 


~ Replace each of these tableaux by the corresponding sequence of partitions, place 
these sequences on top of each other and rotate the resulting table to obtain the 
growth diagram shown in Figure Al-11. 
Its upper left row (or perhaps it should be called column) corresponds to the orig- 
inal tableau T (cf. (A1.134)-(A1.135)). The lower right row is the tableau jdt(T) 
obtained as a result of this sequence of slides, and the lower left row 


6 —1—11 —21 


a 


Figure Al-11. Growth diagram for jeu de taquin. 
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encodes the tableau 


3 

which records the order in which the slides were performed: we first made a slide 
into the box occupied by 3, then into the box occupied by 2, and finally, into the 
one occupied by 1. 

Note that by virtue of Theorem A1.2.4, the resulting tableau jdt(T) does not 
depend on the order in which the slides were performed, i.e., it does not depend 
on the tableau R. 

Growth diagrams for sequences of jeu de taquin slides can be described by very 
simple local rules. First of all, it is easy to verify that whenever shape A covers j: 
in a growth diagram, 4 can be obtained by from yu by adding a single box. Another 
property of jeu de taquin growth is stated below. 


R= 


A1.2.7 Proposition. Let 


v 


be a fragment of a jeu de taquin growth diagram. (Thus both and x cover v in 
the Young lattice, while p covers both ys and 4.) Then d is uniquely determined 
from \v, 4, and p, according to the following rule: 


e if u is the only shape of its size that contains v and is contained 


pe ee (A1.136) 
e otherwise there is a unique such shape different from tz, and this ~ 


1S X. 


In other words, w # A if and only if the interval [v, e] in the Young lattice is 
isomorphic to a product of two 2-element chains. 


Proof. Suppose we are given a tableau T of shape A/ and a box b such that 
jdt,,(T) is well-defined. Encode T as a sequence of shapes, and place these shapes 
on top of each other — and all together on top of the shape yz \ {b}, as shown in 
Figure Al-12. We have to show that repeatedly applying the local rules (AJ .136) 
will produce a tableau (encoded by the lower-right row in Figure Al-12) which is 
exactly jdt,(7'). Verification of this reformulation of the definition of jeu de taquin 
is straightforward, and is left to the reader. 0 
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jat,(T) 


uw \ {b} 


Figure A1-12. Jeu de taquin slide via local transformations. 


The growth-diagram interpretation exhibits an important (and not obvious from 
the original description) symmetry of jeu de taquin, which will play a role in the 
next section. Notice that the rule (A1.136) is symmetric in yz and 4; in other words, 
A is computed from v, yz, and ¢ in exactly the same way as yz is computed from v, 
A, and p. As a consequence, the “recording” tableau R in Figure A1-11 is equal to 
jdt(S), where S is the skew tableau encoded by the upper-right side of the growth 
diagram (cf. also Figure A1-14). 


The Schiitzenberger Involution 


This part of the appendix describes an involution on the set of SYTs of a given shape 
that is associated with the name of M. P. Schiitzenberger, and plays an important 
role in combinatorics, representation theory, and algebraic geometry. The material 
of this section is not used in the forthcoming proof of the Littlewood—Richardson 
rule. 


A1.2.8 Definition. Let Q be an SYT of shape 4, and let b be its corner box 
occupied by entry 1. Define 


where Q is the skew SYT of shape A/(1) obtained from Q by removing the box b 


and subsequently decreasing all the remaining entries by 1. The evacuation tableau 
evac(Q) is by definition the SYT (of shape 4) that is encoded by the sequence of 
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shapes 


B, ATO). A™2(Q), wr disng A?(Q), A(Q), QO. (A1.137) 


The map Q +> evac(Q) is called the Schiitzenberger involution. This terminology 
is justified by the following fact. 


Al1.2.9 Proposition. The map Q +> evac(Q) is an involution. 


Before proving this proposition, let us illustrate Definition A1.2.8 by anexample. 
Take 


(A1.138) 
Repeatedly applying the operator A, we obtain the tableaux 
ale 2 | fe .EPB) G22), 2, 
(A1.139) 


The sequence of their shapes (in the reverse order; cf. (A1.137)) encodes the tableau 


aa (A1.140) 


The reader is encouraged to verify that applying the same procedure to the tableau 
(A1.140) recovers (A1.138): evac(evac(Q)) = Q. 


Proof. The involution property becomes less mysterious if one reformulates Def- 
inition A1.2.8 in terms of growth diagrams. This can be done as follows. The 
tableaux in (A1.137) can be viewed as sequences of shapes. Let us combine these 
sequences into a single triangular growth diagram, as shown in Figure Al-13. The 
rows of this diagram that go in the northeast direction correspond to the tableaux 
in (A1.137). The whole growth diagram can be reconstructed from its left side 
(which encodes the original tableau Q) using the local rule (A1.136), together 
with the fact that all the tableaux in the bottom row are obviously empty. Then 


“ee 
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Figure A1-13. The Schiitzenberger involution. 


the right side of the diagram is, by definition, the encoding of evac(Q). Since the 
rule (A1.136) is symmetric under interchanging 4 and yw, applying the same pro- 
cedure to the tableau evac(Q) would result in the mirror image of the same growth 
diagram, with its left and right sides interchanged. This proves that Q +> evac(Q) 
is an involution. oO 


The following theorem provides a direct interpretation for the Schiitzenberger 
involution in terms of the RSK algorithm; it also suggests another proof of Propo- 
sition A1.2.9. 

For a permutation w = w | W2---Wn» € Gy, let w? € G, be given by 


g 


wi =n+l—w, --- n+l—w. n+1—u. 


Equivalently, w* = wowwo, where wo denotes the permutation n n—1 --- 2.1. 
For example, if w = 3547126, then w* = 2671435. 


A1.2.10 Theorem. if w 83 (P, Q), then wt S8$ (evac(P), evac(Q)). 


428 Chapter 7: Appendix 1 
To illustrate, let w = 3547126. Then 


w 3 (P,Q), 


wt SS (Pt, OF), 


Proof. The nature of RSK insertion, Knuth equivalence, and jeu de taquin is 
such that these operations commute with removing the entries that are less than (or 
larger than) an arbitrary threshold value a. For instance, if we remove all entries 
of w that are larger than a (thus obtaining a permutation w-, € G,), then the 
insertion tableau P<, of w<g can be obtained from P by simply removing the 
boxes containing the entries a + 1,...,n. 

Less trivially, Corollary A1.2.6 implies that the insertion tableau for a permu- 
tation ws, is equal to jdt(P,,,), where w., and P,, are obtained by removing the 
smallest a entries from w and P, respectively, and subtracting a from the remaining 
entries. 

Let wt ®85 (pt, Qt). By Theorem A1.1.1, the shape sh(w!) of P4 can be 
described in terms of the parameters /,(w*) that count how many elements can be 
covered by a union of k increasing subsequences of w*. The argument used above 
shows that the shape of a partial tableau fae has a similar description in terms 
of increasing subsequences of w! with entries not exceeding j. Note that these 
subsequences correspond to increasing subsequences of w with entries > n — j. 
Therefore 


sh(PE,) = sh(w.n—j) = sh(jdt(P.,—;)) = sh(evac(P)<;), 


so P* = evac(P). 

By Theorem 7.13.1, the recording tableau for w coincides with the insertion 
tableau for w—!. We already proved that as we pass from w to w#, the insertion 
tableau is replaced by its image under Schiitzenberger involution. Since (w~')* = 
(w*)—!, the same happens to the recording tableau. a) 


The following corollary of Theorem A1.2.10 is a reformulation of Theorem 
7.23.16. 


A1.2.11 Corollary. Let w = w,--- wy “25 (P,Q). Then 


RSK 
WWo = Wy, ---W, —> (P‘, evac(Q)'). 
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proof, While replacing w by wwo, we interchange increasing and decreasing 
subsequences, and each tableau P<; gets transposed. Hence the insertion tableau 
for wwo is P’. As to the recording tableau, we have 
R 
wowwy > (evac(P), evac(Q)) (by Theorem A1.2.10) 
—=> wow7!wy “5 (evac(Q), evac(P)) (by Theorem 7.13.1) 


RSK : : 
=> wow! —> (evac(Q)', ---) (using what we just proved) 
=> wwo as (--+ , evac(Q)‘) (by Theorem 7.13.1), 
as desired. g 


A1.3 The Littlewood—Richardson Rule 


The Littlewood-Richardson coefficients oe were defined in Section 7.15 (see 
(7.64)) as the structure constants for the multiplication in the basis of Schur 
functions: 


Sis) c Shs (A1.141) 
A 


or as coefficients in the expansion of a skew Schur function in this basis: 


Sy yx sie (A1.142) 


The celebrated Littlewood—Richardson rule is a combinatorial description of the 
coefficients c’.,. In this section, we prove the rule in two different versions. Three 
more variations are then stated without proof. 


A1.3.1 Theorem (the Litthkewood—Richardson rule: jeu de taquin version). Fix 
an SYT P. of shape v. The Littlewood-Richardson coefficient an is equal to the 
number of SYT of shape ./ 2 that are jeu de taquin equivalent to P. 

We will first illustrate Theorem A1.3.1 by an example, and then prove it. 
A13.2 Example. Let A = (4,4,2, 1), w = (2, 1), and v = G, 3, 1). Consider 


the tableau 


(A1.143) 


of shape v. (According to Theorem A1.3.1, an SYT P of shape v can be chosen 
arbitrarily. This special choice of P will later play a role in another version of the 
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Litthkewood—Richardson rule.) There are exactly two SYTs T of shape A/jz such 
that jdt(T) = P, namely, 


(A1.144) 


Hence as = 2. 

Proof of Theorem A1.3.1. | We may assume that | f4|+ |v] = |A|, since otherwise 
the theorem simply tells that 0 = 0. Let us then count the number of jeu de taquin 
growths of the form shown in Figure Al-14. (The shapes A, jx, and v, and the 
tableau P are fixed, while the tableaux R, S, and T are not.) 

This number can be found in two different ways, which correspond to recon- 
structing the growth diagram from its left and right boundary, respectively, using 
the local rule (A1.136). First, we could count the SYTs T of shape A/ such that 
P = jdt(T). For each such 7, there are {” possible choices for R. On the other 
hand, in order to define the values at the right boundary, we only need to pick an 


P =jdt(T) 
R = jdt(S$) 


0 
Figure A1-14, Counting jeu de taquin growths. 
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SYT S of shape A/v such that jdt(S) has shape 4. Comparing the two counts, we 
obtain 


#{SYT T of shape A/u : jdt(T) = P} - Sa 


= #{SYT S of shape A/v : shgdt(S)) = pw}. (A1.145) 
This identity implies that the number 
Ciy = #{SYTs T of shape A/p : jdt(T) = P} (A1.146) 


only depends on the shape v of P, but not on P itself. (As an aside, notice that the 
right-hand side of (A1.145) equals C, - f“, implying that Chy = Ch.) 

To prove the theorem, we will need the expansion of a skew Schur function in 
terms of fundamental quasisymmetric functions that was given in Theorem 7.19.7: 


Siju = >) Leo(r)s (A1.147) 
T 


where the sum is over all SYTs T of shape A./,, and co(T) denotes the composition 
corresponding to the descent set D(T) of T. 

One easily checks that a jeu de taquin slide never changes the relative position 
of k and k + 1, implying that the descent set of a skew tableau is invariant under 
jeu de taquin slides. Therefore the expansion (A1.147) can be rewritten as 


Siju = DAT: sh(T) = A/p, jdt(T) = P} +» Loop, 
P 


where the sum is over all SYTs P of n = |A/j2| boxes. In view of (A1.146), this 
can be further transformed into 


Sifu = > CE Se Lewy 


ven P 


Where the internal sum is over all SYTs P of shape v. Using (A1.147) for the 
shape v, we obtain 


Sa/u => ys Ci Sp. 


vEn 


Comparing this with (A1.142), we conclude that c’,, = C2,, which completes the 


proof of Theorem A1.3.1. O 
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The Littlewood-Richardson coefficients Cs are among the most important fam- 
ilies of combinatorial numbers. They appear in the following contexts, among 
others: 


® as coefficients in decompositions of tensor products of irreducible GL, -modules; 

¢ as coefficients in decompositions of skew Specht modules into irreducibles; 

¢ as coefficients in decompositions of G,,-representations induced from Young 
subgroups; 

® as intersection numbers in the Schubert calculus on a Grassmannian. 


Note that Theorem A1.3.1 readily implies that the Littlkewood—Richardson coef- 
ficients cae are nonnegative integers, a property that is hard to deduce directly from 
the definitions (A1.141)-(A1.142). Although nonnegativity immediately follows 
from each of the four interpretations of the ae listed in the previous paragraph, 
none of these interpretations provides by itself a combinatorial rule that can be 
used to compute the Ci . (Note that the third interpretation corresponds to Corol- 
lary 7.18.6. Moreover, the first interpretation is discussed in Appendix 2.) 

There are many other ways to describe the Littlewood—Richardson coefficients 
as enumerative combinatorial constants. Once we know that ch, is the cardinality of 
a certain set, then any bijection between this set and another family of combinatorial 
objects leads to a new description of Cre . Perhaps the most well-known of such 
reformulations is the one given in Theorem A1.3.3 below. 

Recall from Section 7.10 (see Proposition 7.10.3(d)) that a lattice permutation 
(or Yamanouchi word, or ballot sequence) is a sequence a ,a2---a, such that in 
any initial factor a,a2---aj;, the number of ’s is at least as great as the number 
of i + 1’s (for all i). We will also need the notion of a reverse reading word of a 
tableau, which is simply its reading word (cf. Definition A1.1.5) read backwards. 


A1.3.3 Theorem (the Littlhewood—Richardson rule). The Littlewood—Richardson 
coefficient Ae is equal to the number of semistandard Young tableaux of shape [1 
and type v whose reverse reading word is a lattice permutation. 


A1.3.4 Example. Semistandard Young tableaux with the lattice permutation 
property described in Theorem A 1.3.3 are sometimes called Littlewood—Richardson 
tableaux, or Littlewood-Richardson fillings of the shape 4/2. For the data in Ex- 
ample A1.3.2, there are two such tableaux (thus c’,,, = 2): 


and 
(A1.148) 
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The corresponding reverse reading words 11221312 and 11221213 are indeed 
lattice permutations (of type v). Note that the Littkewood—Richardson tableaux 
(A1.148) can be obtained from (A1.144) by replacing the entries 1, 2, 3, 4 by I, 
the entries 5, 6, 7 by 2, and the entry 8 by 3. 


We are going to deduce Theorem A 1.3.3 from Theorem A1.3.1. This will require 
some preliminary work. 

Through the end of this section, a partition v = (1), ..., v%) is assumed fixed, 
and we use the notation 


No = 0, Ni =v, No =v, +02, N3 =, +2 +13,.... 


Let P, denote the particular SYT of shape v obtained by placing the entries 


bo2ndarss n in the boxes of v row by row, beginning with the top row. For in- 
stance, if v = (4,3, 1), then P, is given by (A1.143). In general, the i-th row of P, 
will be 

att wine] | ]ae}  canasy 
fori=1,...,k. 


Let £, denote the set of all Litthewood—Richardson tableaux of type v and any 
shape whatsoever. The following construction will be needed in order to relate the 
concept of a Litthewood—Richardson tableau to jeu de taquin. 


A1.3.5 Definition. Take any SSYT L of type v (in particular, L could be a 
Littlewood—Richardson tableau in £,). For any i, the entries of Z that are equal 
to i form a horizontal strip. Replace the 1’s in L by 1,..., NM, , the 2’s by Ny + 
[,..., No, etc., so that the numbers increase left-to-right within each of these 
horizontal strips. Let us denote the resulting SYT by st(L) and call it the standard- 
ization of L. For example, applying this procedure to the Litthewood—Richardson 
tableaux (A1.148) would give the tableaux in (A1.144). 


A1.3.6 Lemma. A skew SYT T is a standardization of some Littlewood- 
Richardson tableau of type v (i.e., T € st(£,)) ifand only if the following condition 
holds, fori =1,...,k —1: 


the partial tableaux formed by the entries Nj-,+1,..., Ni+1 (A1.150) 


of T and P,, respectively, are jeu de taquin equivalent. 


Proof. First observe that an SYT L is a standardization of some SSYT of type v 
(not necessarily a Littlkewood—Richardson one) if and only if each of its partial 
tableaux formed by the entries N;-;+1,..., N; is jeu de taquin equivalent to the 
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tableau (A1.149), i.e., to the ith row of P,. This condition is obviously satisfied 
whenever (A1.150) holds. A Litthewood—Richardson tableau L should also satisfy 
a lattice permutation condition, which is a certain restriction on the partial tableaux 


formed by the entries of L which are equal toi ori+1,fori =1,...,k —1.One 
easily checks that the standardization map translates this condition into (A1.150). 
O 


A1.3.7 Lemma. The set st(L,) of standardizations of Littlewood—Richardson 
tableaux of type v coincides with the jeu de taquin equivalence class of P, . 


Proof. The condition (A1.150) is clearly invariant under jeu de taquin slides; 
hence the set st(£,) is a union of jeu de taquin equivalence classes. By Theorem 
A1.2.4, it is then enough to show that P, is the unique straight-shape tableau in 
st(L,). 

Consider the SSYT L of type v and shape v obtained by placing i’s in row i 
of v, for every i. It is straightforward to check that L is the only straight-shape 
Littlkewood—Richardson tableau of type v. Since st(L) = P, , the lemma follows. 

Oo 


Proof of Theorem A1.3.3. We need to show that as equals the number of 
Littlewood—Richardson tableaux of shape A /jz and type v. This is done as follows: 


chy =#{SYTT : sh(T)=A/u, T “ P,} (by Theorem A1.3.1) 


= #{T € st(L,) : sh(T) =A/p} (by Lemma A1.3.7) 


=#{L € L, : sh(L) =A/p} (since st is injective on L,). 


Variations of the Littlewood—Richardson Rule 


Note that a Littlewood-Richardson coefficient c’,,, can be defined as a scalar prod- 
uct: G4 = (51/4, Sv). The following two variations of the Littlkewood-Richardson 
rule, stated without proof, provide combinatorial descriptions of more general in- 
tertwining numbers (sg, 8.) , for arbitrary skew shapes @ and o. (Recall from the 
discussion after equation (7.64) that (sg, 5.) is actually a special case of (Sy /,,, Sip 
However, regarding (sg, s,) in this way obscures the symmetry between 6 and o 
that appears in Theorems A1.3.8 and A1.3.9 below.) 

We will say that a box a is located (weakly) northwest of box b if a occupies 
a row above b, or the same row as b, and also a column to the left of b, or the 
same column as b. In a similar fashion, we define what it means for one box to be 
(weakly) southwest of another. 
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A1.3.8 Theorem. For a pair of skew shapes 6 and oc, the intertwining num- 
ber (So, Sq) is equal to the number of bijective maps f:@0—> 0 satisfying the 
following conditions: 


(i) ifbox a is located (weakly) northwest of box b, then f (a) is ( weakly) southwest 
of f(b); 

(ii) f f(a) is located (weakly) northwest of f(b), then a is (weakly) southwest 
of b. 


(Note that condition (ii) is the same as (i) imposed on the inverse map f~!.) 

To illustrate, take the shapes 6 = (4,3,1) ando = (4, 4, 2, 1)/(2, 1) (cf. 
Examples A1.3.2 and A1.3.4). Then there are two bijections 6 + o satisfying 
conditions (i)—(ii) of Theorem A1.3.8, which are described by 


and 


(here each box on the left-hand side is mapped to the box with the same label on 
the right-hand side). Thus in this case (sg, s¢) = 2. 


A1.3.9 Theorem. For a pair of skew shapes 9 and o, the intertwining num- 
ber (sg, Sq) is equal to the number of pairs (P, Q) of standard Young tableaux of 
shapes @ and o, respectively, such that the reverse reading words of P and QO are 
permutations inverse to each other. 


(In this theorem, reverse reading words could be replaced by ordinary reading 
words.) 

For 6 = (4,3,1) ando = (4,4, 2, 1)/(2, 1), there are two pairs of tableaux 
(P, Q) satisfying the conditions of Theorem A1.3.9: 
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and 


with reverse reading words w = 75218436, w~! = 43762815 and w = 75216438, 
w! = 43762518, respectively. 

The last version of the Littlewood—Richardson rule that we are going to discuss 
exhibits certain symmetries of the coefficients ae that were hidden in the previous 
versions. Let A, 4, and v be ee with at most r parts satisfying |A| = |u|+]vj. 
Define the vectors / = (J;,...,1,-1),m = (mj, .. -,My_1), andn = (nj,...,y~1) 
by 


pS Ape PA 4s 
Mi = Ui — i+), (A1.151) 
Ay = Vi — Vi41 - 


(It is possible to show that the Littlewood—Richardson coefficient C , 1s in fact 
equal to the dimension of the space of SL,-invariants in the tensor product of three 
irreducible SL,-modules naturally associated to J, m, and n.) 

The construction below is due to A. Berenstein and A. Zelevinsky, which ex- 
plains our choice of terminology. 


A1.3.10 Definition. Let / = (/,,...,1--1),m = (m1,...,M,_1), andn = 
(n1,...,Mr—1) be vectors with nonnegative integer components. A BZ pattern 
of type (r, /, m, n) is a collection of integers (yj, ; .) indexed by the set 


(i,j Hel :0<ij,k<r,itjtk=nr); 


and subject to certain linear equations and inequalities to be stated below. It is 
convenient to view (y;, ;,,) as a triangular array, as shown in Figure A1-15. 

In order to form a BZ pattern, the integers y; ;, should satisfy the following 
restrictions. First, the sums of entries along every line of the array that goes in 
one of the three distinguished directions (excluding the sides of the triangle) are 
prescribed: 


¢ the sums in the horizontal rows are equal to/;,..., 1-1, top down; 
¢ the sums in the columns going northwest are equal to 7m, ... , m,—1, left to right; 
° the sums in the columns going southwest are equal to 1, ..., 1,~1, right to left. 
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i= (1, 2,0), m = (1, 1,0), n = (1, 2, 1) 


Figure Al-15.  BZ-patterns forr = 4, A = G, 4, 2, 1), w = (2, 1, 0, 0), v = (, 3, 1, 0). 


Second, in each of the 37 — 3 sums above, the partial sum of several first entries, 
looking in the direction indicated by an arrow (see Figure Al-15), should be 
nonnegative. Figure Al-15 shows the two BZ patterns for the data from Examples 
A1.3.2 and A1.3.4. 


A1.3.11 Theorem. The Littlewood-Richardson coefficient ahs is equal to the 
number of BZ patterns of type (r, 1, m, n), where the vectors 1, m, and n are defined 
by (A1.151). 


It is clear from this description that the Littlewood—Richardson coefficient in 
question is invariant under cyclic permutations of /, m, and n. It is possible to show 
that et is in fact symmetric as a function of /, m, and n, and is also invariant under 
simultaneous rearrangement of the entries of each of the vectors J, m, and n in 
reverse order. 


ACKNOWLEDGMENTS. I am grateful to Curtis Greene and Andrei Zelevinsky for a 
number of valuable suggestions and corrections. 


Notes 


Theorem Al.1.1 was proved by C. Greene [6], generalizing C. E. Schensted’s 
result [7.136]. Corollary A1.1.2 can be extended to arbitrary finite posets, as shown 
by C. Greene and D. J. Kleitman [7}[8] (see also [2]). 

Knuth equivalence and Theorems A1.1.4 and A1.1.6 are due to D. E. Knuth 
[7.71], who studied this equivalence in a more general setting, with permutations 
replaced by arbitrary words in the alphabet {1, ..., 2}. It is often useful to work in 
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the plactic monoid [12], which is the quotient of the free monoid with generators 
1,..., under the Knuth equivalence. 

Jeu de taquin was invented by M. P. Schiitzenberger [17], as was the involution 
that bears his name [7.140]. Theorem A1.2.4 was proved by M. P. Schiitzenberger 
[17] and G. Thomas [18][19], and Theorem A1.2.10 by M. P. Schiitzenberger 
[7.140]. The growth-diagram interpretation of jeu de taquin was suggested in [7.32]. 
These constructions can be generalized to arbitrary finite posets (cf. [16}), although 
the analogue of Theorem A1.2.4 does not generally hold. 

The Litthewood—Richardson rule was discovered by D. E. Littlewood and A. R. 
Richardson [7.89]. First complete proofs were given by M. P. Schiitzenberger [17] 
and G. Thomas [18][20]. An incomplete proof published by G. de B. Robinson 
[7.131] and reproduced by D. E. Littlewood [7.88, Ch. 6.3, Thm. V] was made 
precise by I. G. Macdonald [7.92, Ch. 1.9][7.96, Ch. 1.9] The proof given here is 
based on a combination of ideas taken from [17], [7.32], and [9]. 

Theorem A1.3.8 appeared in [3], and is a version of aresult by A. Zelevinsky [22] 
(cf. also D. E. White [21]); the idea goes back to G. D. James and M. H. Peel [10]. 
Theorem A1.3.9 is a result of S. V. Kerov [11] and A. M. Garsia and J. B. Remmel 
[5]. Theorem A1.3.11 is due to A. D. Berenstein and A. Zelevinsky [1], who also 
gave reformulations exhibiting other symmetries of the Litthewood—Richardson 
coefficients. 

Other versions of the Littlewood—Richardson rule, along with alternative proofs, 
can be found in [3][7.35] [4, Ch. 5.2-5.3] [7.65, 2.8.13] [14] [15, Thm. 4.9.4], 
among other sources. The history of the rule is presented in [13, pp. 3-7]. Generali- 
zations and variations of the Littlhewood—Richardson rule are numerous, and we 
do not attempt at reviewing them here. 
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Chapter 7: Appendix 2 
The Characters of GL (n, C) 


In this appendix we state without proof the fundamental connection between Schur 
functions and the characters of the general linear group GL(n, C). By definition, 
GL(n, C) is the group of all invertible n x n matrices with complex entries (under 
the operation of matrix multiplication). If V is an n-dimensional complex vector 
space, then after choosing an ordered basis for V we can identify GL(n, C) with the 
group GL(V) of invertible linear transformations A : V + V (under the operation 
of composition of linear transformations). 

A linear representation of GL(V) is ahomomorphism g : GL(V) > GL(W), 
where W is a complex vector space. From now on we assume that all represen- 
tations are finite-dimensional, i.e., dim W < oo. We call dim W the dimension of 
_ the representation ¢, denoted dim g. The representation ¢ is a polynomial (respec- 
tively, rational) representation if, after choosing ordered bases for V and W, the 
entries of (A) are polynomials (respectively, rational functions) in the entries of 
A € GL(n, C). Itis clear that the notion of polynomial or rational representation is 
independent of the choice of ordered bases of V and W, since linear combinations 
of polynomials (respectively, rational functions) remain polynomials (respectively, 
rational functions). In general we do not distinguish between representations of 
GL(V) and the obvious analogous notion of a representation of GL(n, C). We 
say that the representation g is homogeneous of degree m if p(@A) = a” p(A) 
for all aw « C* =C — {0}. If g is a polynomial (or rational) representation, then 
this condition is equivalent to saying that each entry of g(A) is a homogeneous 
polynomial (or rational function) of degree m. 


Nore. Often the dimension of a representation ¢ is called its degree, so do not 
be confused by our different use of the term “degree.” 


A2.1 Example. Let n = 2, and define g : GL@Q, C) > GL(3, C) by 


b a 2ab b? 

ol’ =]|ac ad+bc bd}. (A2.152) 
c a 5 ‘5 
c 2cd d 
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One can directly check that g is a group homomorphism. Since the entries of the 
matrix on the right-hand side of (A2.152) are homogeneous polynomials of degree 
two in a, b, c, d, it follows that g is a homogeneous polynomial representation of 
dimension three and degree two. 


A2.2 Example. Here are some simple examples of representations illustrating 
the terms defined above. In all these examples we take A € GL(n, C). 


e g(A) = 1 € C (the trivial representation). This is a homogeneous polynomial 
representation of dimension one and degree zero. 

e g(A) = A (the defining representation). This is a homogeneous polynomial 
representation of dimension n and degree one. 

© o(A) = (det A)”, where m € Z. If m > 0, then this is a homogeneous polyno- 
mial representation of dimension one and degree mn. If m < 0 then g is rational, 
but not polynomial. The degree remains mn. 

e oA) = Idet A|¥2. Not a rational representation. It has dimension one and is 
not homogeneous. (The equation g(@A) = a"¥2@(A) only holds when a is a 
positive real number.) 

e ~(A) = A~!. Nota representation. 

e o(A) = (A~!)’, where ‘ denotes transpose. A homogeneous rational (but not 
polynomial) representation of dimension 7 and degree —1. To see this, one needs 
the formula for the entries of the inverse of a matrix mentioned in the proof of 
Theorem 4.7.2. 

© @(A) = (det A)” A, where m € N. A homogeneous polynomial representation 
of dimension n and degree mn + 1. 

© (A) = A, where ~ denotes complex conjugation. A nonrational representation 
of dimension n, and not homogeneous. 

¢ (A) = [o(a;;)], where o is a field automorphism of C which is not the identity 
or complex conjugation (so o is necessarily discontinuous). This representation 


(of dimension 7) is not only nonrational, but is not continuous. 


°¢ g@(A)= [ : e eel i A representation of dimension two that isn’t homogeneous 


or rational, though it is continuous. 


Note that many of the pathological examples given above disappear when we 
consider SL(n, C) := {A € GL(n, C) : det A = 1} instead of GL(n, C). We will 
have more to say about SL(n, C) later. 

Consider the representation g of Example A2.1. One can check that if the matrix 


ee 

Ax 

c d 

has eigenvalues 6; and 2, then g(A) has eigenvalues 67, 0102, and 63. This com- 
putation illustrates the following fundamental result. 


et 
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A2.3 Proposition. Jf y is a homogeneous rational representation of GL(V) of 
dimension N and degree m, then there exists a multiset M, of N Laurent mono- 
mials x° = xj'...x% of degree m (i.e., )- a; = m) with the following property. 
If A € GL(V) has eigenvalues 6,, ...,0,, then the eigenvalues of p(A) are given 
by 0%, for all x*° € Mg. Moreover, if g is a polynomial representation, then the 
Laurent monomials x* € Mg are actual monomials (no negative exponents). 


If y is a rational representation of GL(n, C), then define its character char g to 
be the Laurent polynomial 


char y = (char g)(x) = > x7, (A2.153) 
xteMy, 


Thus if A € GL(n, C) has eigenvalues 6),...,6,, then (charg)(@) = tr¢g(A). 
Note that an immediate consequence of this definition is the fact that if g = 
Y1 B G2 ®--- @ Ym (direct sum of rational representations), then 


char g = charg, + charg + ---+ charg». 


We are now ready to state the main theorem on rational and polynomial represen- 
tations of GL(n, C). 


A2.4 Theorem. (I) Every rational representation y : GL(V) — GL(W) is com- 
pletely reducible, i.e., every GL(V )-invariant subspace of W has aGL(V)-invariant 
complement. Hence ¢ ts a direct sum of irreducible representations. 

(Il) Let gp: GL(V) > GL(W) and gy’: GL(V) > GL(W’) be rational representa- 
tions of GL(V). Then g and g’' are equivalent (i.e., there is a bijective linear trans- 
formation a : W — W’ such that a(g(A)(v)) = ¢g’(A\(a(v)) for all A € GL(V) 
and v € W) if and only if char g = char 9’. 

(Ill) frreducible rational representations g@ of GL{V) are homogeneous, and 
char g is a symmetric (homogeneous) Laurent polynomial in x,, ..., Xn. Hence 
char y € A’? if w is a homogeneous polynomial representation of degree m. 

(IV) (The main result.) The irreducible polynomial representations y* of GL(V) 
can be indexed by partitions x of length at most n so that 


char y* = 5,(x1,..., Xn). 
(V) Every irreducible rational representation yp of GL(V) is of the form g(A) = 
(det A)"y’'(A) for some m € Z and some irreducible polynomial representation 
y’ of GL(V). The corresponding characters are hence related by 


char g = (x1 -++x,)” charg’. 


It follows from the above theorem that if g is a polynomial representation of 
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GL(V), then the multiplicity of the irreducible character y* in g is given by 


(y, gy”) = (charg, 5). 


Let us consider some simple examples. 


If y(A) = | (the trivial representation), then charg = sg = 1. The representa- 
tion is irreducible. (The main theorem is hardly needed for irreducibility — any 
linear representation of dimension one of any group is irreducible.) 

If g(A) = A (the defining representation), then charg = x, +---+x, = 51 
(understood to be in the variables x,, ..., x,,). The representation is irreducible. 
e If g(A) = (det A)” for m ¢€ Z, then char g = (x, ---x,)”". If m > 0, then 
char g = s,, where A = (m”). The representation is irreducible for any m. 

If p(A) = (A7!), then charg = (x1 --- X,)7! = (41 -- -Xn)7!15g. The represen- 
tation is irreducible. 


For a somewhat more substantial example, let End(V) denote the set of all linear 
transformations X : V — V. Consider the action of GL(V) on End(V) given by 
A-X = AXA7. This is called the adjoint representation of GL(V), denoted 
ad. Note that dimad = dimEnd(V) = n?. To compute char(ad), first choose an 
ordered basis for V, so we can identify End(V) with Mat(v), the ring of all x n 
complex matrices. Let A = diag(@,,...,6,), the diagonal matrix with diagonal 
entries 6), ...,9,. Let E;; be the matrix in Mat(n) with a | in the (7, 7)-position, 
and 0’s elsewhere. Observe that 
AE,jAq' = 6,07" Ei. 

Hence the £;;’s are eigenvectors for ad(A), with eigenvalues 0; a5" . We have found 
n? linearly independent eigenvectors, so 


trad(A) = S697", 
i,j 


where i, j range from 1 ton. It follows that 


char(ad) = ae 
ij 


= 141+ +a)! [i = DG) + D> se 59 
inj *4 
= 5g + (1 +++ Xn) S22. (A2.154) 


It follows that ad has two irreducible components, one being the trivial repre- 
sentation (with character sg). In other words, the space Mat(n) contains a one- 
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dimensional subspace invariant under the action of GL(n, C). This space consists of 
the scalar multiples of the identity matrix. The GL(, C)-invariant irreducible sub- 
space complementary to these diagonal matrices consists of the matrices of trace 0. 
The classical definition of Schur functions (Theorem 7.15.1) may be regarded 
as giving a formula for char g* as a quotient a,,5 /as of two determinants. Readers 
familiar with the representation theory of semisimple Lie algebras or Lie groups 
will recognize this formula as the Weyl character formula for the group GL(n, C). 
The factorization as = |]; _;(x: — xj) of the denominator is just the Weyl de- 
nominator formula for GL(n, C). Now note that for any polynomial (or rational) 
representation gy of GL(n, C), we have by the definition (A2.153) of char ¢ that 


dimg = (charg)(1"). (A2.155) 


Thus in particular s,(1”) = dimchar g*. The formula for s,(1") obtained by sub- 
stituting g = | in equation (7.105) is equivalent to the Weyl dimension formula 
for GL(n, C). Corollary 7.21.4 is an alternative form of this formula. 


Idea of Proof of Theorem A2.4.__ Although we will not prove Theorem A2.4 here, 
let us say a few words about the structure of the proof. Let V be an n-dimensional 
complex vector space. Then GL(V) acts diagonally on the k-th tensor power V®*, 
i.e, 


A-(U, +++ @y) = (A- vy) @--- @(A- vx), (A2.156) 
and the symmetric group G; acts on V® by permuting tensor coordinates, i.e., 
Ww: (vy Q-+-@ ye) = Vy") Q--- Vu-l()- (A2.157) 


The actions of GL(V) and G, commute, so we have an action of G;, x GL(V) 
on V®. A crucial fact is that the actions of GL(V) and G, centralize each other, 
i.e., the (invertible) linear transformations V®* —- V®* that commute with the ©; 
action are just those given by (A2.156), while conversely the linear transforma- 
tions that commute with the GL(V) action are those generated (as a C-algebra) 
by (A2.157). From this it can be shown that V®* decomposes into irreducible 
G, x GL(V)-modules as follows: 


ve =| [(M* @ F?), (A2.158) 
x 


where |] denotes direct sum. Here the M*’s are nonisomorphic irreducible Gx 
modules, the F*’s are nonisomorphic irreducible GL(V) modules, and A ranges 
over some index set. We know (Theorem 7.18.5) that the irreducible representa- 
tions of G, are indexed by partitions A of k, so we choose the indexing so that M : 
is the irreducible G,-module corresponding to A | & via Theorem 7.18.5. Thus we 
have constructed irreducible (or possibly 0) GL(V)-modules F*. These modules 
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afford polynomial representations y*, and the nonzero ones are inequivalent. (The 
argument below shows that F* + 0 if and only if £(A) < n.) 

Next we compute the character of g*. Let w x A be an element of G tx GL(V), 
and let tr(w x A) denote the trace of w x A acting on V®*. Then by equation 
(A2.158) we have 


tr(w x A) = D7) x*(w) - tr(p*(A)). 
a 


Let A have eigenvalues 6 = (6),...,6,). A straightforward computation shows 
that tr(w x A) = Pyow)(A), so 


Pow) = >. x*(w)(charg*)(6). 
Xr 


But we know (Corollary 7.17.4) that 


Pow) = >» x*(w)sa. 
X 


Since the x*’s are linearly independent, we conclude chargy* = s,. A separate 
argument shows that there are no other irreducible polynomial characters, and the 
(sketched) proof is complete. | 


The special linear group SL(n, C) is defined to be the subgroup of GL(n, C) 
consisting of the matrices in GL(n, C) of determinant one. It is sometimes more 
convenient to work with SL(n, C) rather than GL(n, C), so we will discuss the 
basics of the representation theory of SL(n, C). The main result is the following. 


A2.5 Theorem. Leta € Par with (A) < n. Then the restriction of y* to SL(n, C) 
remains irreducible. The representations oy” for €(A) <n —1 are all inequivalent. 
[f£(A) =n, then 

Q? = gPiRadamAnesO), 
as representations of SL(n, C). Every polynomial (or rational) representation of 
SL(n, C) is a direct sum of irreducible representations y* for (A) <n —1. 


If@,..., 6, are the eigenvalues of A € SL(n, C), then 6, ---0, = 1. Hence it is 
natural to define the character char g of a polynomial representation yg of SL(n, C) 
as lying in the ring &, = A,/(x1---X, — 1), the ring of symmetric functions in 
the variables x],...,X,, modulo the relation x, ---x, = 1. A C-basis for this 
ring consists of Schur functions s, with £(A) <n — 1, and two polynomial repre- 
sentations of SL(n, C) are equivalent if and only if they have the same character 
(regarded as lying in &,,). 

As an example of a computation of an SL(n, C) character, define the adjoint 
representation of SL(n, C) to be the action of SL(n, C) on the set Endo(V) of 
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linear transformations X . V — V of trace 0 given by A- X = AXA7!. In other 
words, we restrict the adjoint representation of GL(n, C) to the subgroup SL(n, C) 
and its action to the subspace of End(V) consisting of linear transformations of 
trace O (the Lie algebra sI(V)). From equation (A2.154) we saw that Endo(V) 
was an irreducible subspace for the adjoint action of GL(n, C), with character 
(xy ++ +X,)7)s2y-2 € A,. Hence the adjoint action of SL(n, C) is irreducible, with 
character s2,.-2 € Gp. 

We conclude this appendix by discussing the connections between representa- 
tion theory and two operations on symmetric functions. The first operation is the 
usual product fg. Let g : GL(V) — GL(W) and g’ : GL(V) — GL(W’) be two 
polynomial representations of GL(V). The tensor product representation 


yg @g' :GL(V) > GL(W @ W’) 


is defined by A- (w @ w’) = (A- w) @ (A: w’) (and extended to all of W @ W’ 
by bilinearity). If B : W — W and B’: W’ + W’ are linear transformations 
with eigenvalues 6),..., Oy and 0;,..., 4, respectively, then the eigenvalues of 
B ® B’ are the numbers 6:0. It follows that 


char(y ® gv’) = charg - charg’. 


In particular if 1, 4, v are partitions of length at most n = dim V, then the multi- 
plicity of g* in gy“ ® yg’ is just the Littlewood—Richardson coefficient 


a 
(Sx, SuSv) = ie 


Hence the Littlewood-Richardson coefficients have a simple interpretation in- 
volving the representation theory of GL(n, C), showing in particular that they are 
nonnegative. Thus we have seen three fundamental ways to show that one > 0: 
(a) combinatorially, via the Littkewood—Richardson rule (Theorem A1.3.1), (b) 
algebraically, using the representation theory of the symmetric group (see Corol- 
lary 7.18.6), and (c) algebraically, using the representation theory of the general 
linear group (as done just above). The two methods (b) and (c) are in a sense 
“dual” to each other, the duality arising from the pairing (A2.158) of irreducible 
representations of G, and GL(V). 

The second operation on symmetric functions we are considering here would 
appear at first sight rather unmotivated without understanding the connection with 
representation theory. Suppose that we have polynomial representations g : GL(V) 
— GL(W) and w : GL(W)—> GL(Y). Then the composition wg : GL(V) > 
GL(Y) defines a polynomial representation of GL(V). We want to compute its 
character. Suppose that A € GL(V) has eigenvalues 6, ..., 8,. Then by Proposi- 
tion A2.3 the eigenvalues of y(A) are the monomials 9% for x* € Mg. Similarly, 
if B has eigenvalues ¢),..., Cy, then the eigenvalues of y(B) are the monomials 
C° for x? € M,,. Hence if we denote the monomials 0% by 67,0 .., oa" (in some 
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order), then the eigenvalues of yg(A) are just the monomials 
5 er x°e My. 


Thus if f = ~s 67 = char g and g = char yw, then we get 


char(yy) = g(6",...,6%). (A2.159) 
This formula leads us to the following definition. 
A2.6 Definition. Suppose that the symmetric function f € A is a sum of mono- 


mials, say, f = )°;,,x%. Given g € A, define the plethysm g[f] (sometimes 
denoted f og) by 


elfl= BS acon) 


(For the etymology of the term “plethysm,” see the Notes.) 
For instance, since s; = x; + x2 +.---, we have g[s;] = g(x1, x2,...) = g. 
More generally, from px = x} + x7 +--+ we have 


Aodl= Sah eee> 3 =a): (A2.160) 


izl 
Clearly by definition of plethysm we have 
(af + bg){h] =af[h]+beg[h], a,beQ (A2.161) 
(fe)h] = flAl - slAl. (A2.162) 


We can use equation (A2.160) to define p,[f] for any f € A, and then equations 
(A2.161) and (A2.162) allow us to define g[f] for any f, g € A. Specifically, if 


g,= Ss CrPar> then 


g(a) 
elfl= Sen | eae) 
i ot 


For instance, using Proposition 7.7.6 and equation (7.19), we have 


hyl-si] = > zi! pal-sil 
AEn 
f(a) ‘ 

=a T] (11) 

AEn i=] 
=e es 

AEn 
= (—1)"e,. 
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Hence from equations (A2.161) and (A2.162) it follows that 
fl—s}] = (—1)"a(f) for any f € A”. (A2.163) 


Certain symmetric function identities can often be recast in the language of 
plethysm. As just one example, Corollary 7.13.8 states that 


1 
Vd=s)hod =) Ye sls) 


We leave for the reader to see that this identity is equivalent to the plethystic 
formula 


(x | fe, te] = Sos. (A2.164) 


n>0Q Xr 


Returning to the representation-theoretic significance of plethysm, when we 
compare equation (A2.159) with the definition of plethysm (Definition A2.4), we 
see that 


char(ygy) = (char yy )[char g]. 


Here it is understood that the variables are restricted to x1,..., x, (where g is a 
representation of GL(n, C)). Many symmetric function identities thereby acquire 
a representation-theoretic significance. For instance, let H(x) = ho +h, +---. 
Readers with a sufficient algebraic background will recognize H(x,,...,Xn) as 
the character of GL(V), where dim V = n, acting on the symmetric algebra S(V). 
Similarly, (e, + e2)(x1,...,X,) is the character of GL(V) acting on V @ A*(V), 
where A? denotes the second exterior power. Hence equation (A2.164) is equiv- 
alent to the assertion that the action of GL(V) on S(V @ A?(V)) contains every 
irreducible polynomial representation of GL(V) exactly once (and contains no 
non-polynomial representation). 


An important property of plethysm is given by the following result. 


A2.7 Theorem. Let f and g be N-linear combinations of Schur functions. Then 
the plethysm g| f ] is also an N-linear combination of Schur functions. 


Proof. Since f is an N-linear combination of Schur functions, for any m € P 
we have that f(x,,...,%m) is the character of a polynomial representation ¢ : 
GL(m, C) —~ GL(n, C) for n sufficiently large. Similarly, g(x;,...,x,) is the 
character of a polynomial representation w : GL(n,C) + GL(Y). Hence the 
plethysm g[f](x1,...,x,) is the character of the composition yg and so is an 
N-linear combination of Schur functions. Now let n + oo. O 
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No proof is known of Theorem A2.7 that doesn’t use representation theory. In 
particular, a combinatorial rule for expanding the plethysm s,[s,,], analogous to 
the Littlewood—Richardson rule, is not known. Finding such a rule remains one of 
the outstanding open problems in the theory of symmetric functions. 

Just as we defined in Section 7.18 an “induction product” of characters of sym- 
metric groups to correspond to ordinary product of symmetric functions, we can 
ask whether there is some kind of product of G,, characters that corresponds 
to plethysm. We will briefly sketch the answer to this question, assuming some 
knowledge of group theory. Suppose that n = km. We may regard the group G7 
as a (Young) subgroup of G,, in a natural way. Let N = N(G/7’) denote the nor- 
malizer of G;’ in G,,. Thus N is isomorphic to the wreath product ©, § G,, (also 
denoted G, 2 Gm, Gi ~ Gm, Ge wr G,,, and G,,[G,]). Given representations 
a : G& — GL(V) and p:G,, — GL(W), there is a natural (functorial) way to 
define a representation o § p: N > GL(V®" @ W), as follows: we can regard in an 
obvious way an element of N as a pair (f, v), where f : [m] ~ G, andv € G,. 
Then define 


(fv) (41 @ --- @ Xm @ y) = (FA)x,-14)) @ ++» @ (F(m)xy-1¢m)) @ (Vy). 


If x* denotes the character of a representation a, then set x° § x? = x75”. Wecan 
now state the main result connecting plethysm with representations of G,. 


A2.8 Theorem. Let x be a character of G, and @ a character of Gm. Then 
+ Sim = 
ch ind (my (X § 6) = (ch@)[ch x]. 


A2.9 Example. A 1-factor (or complete matching) on [2n] is a graph with the 
vertex set [2n] and with n vertex-disjoint edges. Let O, denote the set of all 
1-factors on [2n]. The symmetric group G2, acts on O, by permuting vertices. 
How does the character yr” of this action decompose into irreducibles? The action 
of G2, on O,, is transitive, and the stabilizer of the 1-factor with edges {1, 2}, 
(3, 4},..., {22 — 1, 2n} is precisely the subgroup N(G3). Hence 


chy" = ch Ivan = (ch le,)[chle,] = hatha]. 


Now 


> Palha) =] [a — xix). 


n>0 i<j 


Putting g = 0 in equation (7.202) shows that 


] [a = xix! = SO soy. 


i<j urn 
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Hence we get 


7.1. 


7.2. 


7.3. 


7.4. 


Tee 


7.6. 


7.7. 


1 ift =2yu forsome win 
wricy=| 


0 otherwise. 


Exercises 
[1] True or false? The Ferrers diagram of the partition (4, 4, 3) is given by 


Let Par(n) denote the set of all partitions of n with the dominance ordering. 

a. [2] Show that Par(7) is a lattice. 

b. [2+] Show that Par(7) is self-dual. 

c. [2+] Find the smallest value of m for which Par(”) is not graded. 

d. [2+] Show that the maximum number of elements covered by an element 
of Par(n) is | $(./T + 8n — 3) |. 

e. [2+] Show that the shortest maximal chain in Par(7) has length 2n — 4 for 
n> 3. 

f. [3—] Show that the longest maximal chain in Par() has length 


im(m? + 3r — 1) ~ 42n)???, 


where n = CS )+7 O<r<m. 


[2+] Expand the power series T15,€ +xp+ x?) in terms of the elementary 
symmetric functions. i. 


[2+] Show that 


n 
LGistent => 20 || Gema * 
k=] ixk 
[2+] Prove the identity 


of 
> >0 h,t” 
i=) pe) Se ee. 7.165) 
( De 1 Syn — Dhyt” 


n>] 


[2+] Let w € G,, have cycle type 4. Give a direct bijective proof of Proposi- 
tion 7.7.3, i.e., the number of elements v € G, commuting with w is equal to 
Za, = 1" my,!2"my!---, where m; = m;(A). 


[2+] Let 2” denote the subspace of A” consisting of all f € A” satisfying 


f Cis SRig kaha ) =f OG ta ei) 


For instance, m, = x; +xX2-+--- € Q'. Find a “simple” basis for Q". Express 
the dimension of 2” in terms of the number of partitions of n with a suitable 
restriction. 
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7.8. [2+] Let f € A”, and for any g € A” define g, € A”* by 


BO Were SB (i phe) 


Show that 


wf = (—1)" PMP). 


7.9. [2+] Let A be a partition of n of length £. Define the forgotten symmetric 
function f,, by 


Sf, = &, o(m), 


where €, = (—1)"~* as usual. (Sometimes ff is defined just as w(m),).) Let 
ice), uw pm, . Show that a),, is equal to the number of distinct permutations 
(1, @2,..., &z) of the sequence (A,,A2,...,A¢) such that 


fa; too t---ta;:1<i<f}3 {uituwet---tuj:1 <j < lw}. 


For instance, if A = (3, 2, 1, 1) and uw = (5, 2), then a,,, = 5, corresponding 
to (3, 2, 1, 1), 2, 3, 1, 1), C, 1, 3, 2), (1, 3, 1, 2), and (3, 1, 1, 2). 


7.10. [3—] Let A € Par, and define the symmetric power series 


Ava) =[]Q-2x*)7 


a 
By(x) = I] (1 + x) ’ 
a 
where @ ranges over all distinct permutations of (A;, 42, ...). Find a formula 
for wA,(x) and wB, (x) in terms of A,,(x)’s and B,,(x)’s. For instance, 


WA (x) = By(x) 
WA (xX) = A2r(x)An(x) 
wAz(x) = Ap(x)7!. 


In general, express the answer in terms of the coefficients a,,, defined in Exer- 
cise 7.9. 


7.11. [2+] Let q be an indeterminate. Find the Schur function expansion of )/.,, 


gue My- 
7.12. [3—] Prove the converse to Proposition 7.10.5, ie., if u,A fF nandu <A 
(dominance order), then K,,, £ 0. 


7.13. a. (3—] LetA KE mand w kn, witha ¥ (n). Suppose that A, # i anda, F 
,. Show that K,,, = 1 if and only if A = ((m + 1)”) for some m (son = 
m(m + 1)), and 4 = (m™*"). (Note that yw is assumed to be a partition, not 
just a composition.) Note that this result gives a complete characterization 
of when Kj, = 1, since if A, = wy then Ky, = K(ay,ay,...),(u2,y3,...)» while 
if Ay = wy = then Kyy = Ka, -1,de—)q—tmeD- 
b. [S—] Find a “reasonable” characterization of partitions A, uw, v for which 
the Littlewood-Richardson coefficient c’,,, is equal to one. 
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7.14. a. [2] Show that the number of SSYTs of type (7, r, r) (i.e., with r 1’s, r 2’s, 
and r 3’s, and no other parts) is equal to 
igl4r? + 187? + 28r + 15 + (—1)’]. 
b. [3+] Fix n = 1. Show that there are polynomials P,(r) of degree (5) and 
Q,,(r) of degree Gages ay — 1 such that the number of SSYTs of type 
(r,r,...,7)(k times) is given by P,(r) + (—1)’ O,,(r). (The most difficult 
part is the degree of Q,,(r).) 


7.15. a. [2+] Let p be prime. Let 4 p(t) denote the number of partitions A of n 
such that the number f* of SYTs of shape 2 is relatively prime to p. Let 


n=a+ajp+op'+---, O<a<p—l, 
the base p expansion of n. Let P(x) = Taz (1 — x”)~!. Show that 
M,(n) =| | (coefficient of x% in P(xy”’). 
jz0 


b. [1+] Deduce from (a) that ifn = p* + p® +.-. withky <ky <-+:-, 
then M,(n) — pit, 


7.16. a. [3] Let By = 5°, 5,, summed over all partitions with at most k parts. Let 


lo, @) 
j= ST hy hnsi- 


n=0 
Show that 
Bom = det(cj—j + Ci+j;-1)1<i,j<m 
Bom41 = h - det(cj;_j + ci+s)1<i,j<m> 
where h =). An. 


b. [3—] Let y,(n) be the number of SYTs with n entries and at most k rows, 
and let C,, denote the Catalan number —— (-" y Deduce from (a) that 


n+1 
= n 
n= Caan 


Ln/2] A 
y(n) = )> S) Ci 


i=0 
yan) = Cyngy2) Chm n/2 


nl2] /y (2i +2)! 
a = @ G+ +3) 


c. [2]-[3+] Give combinatorial proofs of the above formulas for y2(n),..-. 
y5(n). Also give a simple symmetric function proof of the formula for y2(”), 
by considering the product 5), /2)5tn/2)- 


7.17. a. 
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« [3] Leek; y= St $,(X)5,(y), summed over all partitions with at most 


k parts. Let 


Aj =) > hysi(x)hi(y). 


l=0 


Show that R;(x, y) = det(A j_)F jy. 


- [2+] Let uz(n) be the number of pairs of SYTs of the same shape with n 


entries each and at most k rows. Deduce from (c) that u2(n) = C,, and 


1 Z. (2k\ (n+t1\ (n+2 
oat ceay ces Co] ae Ca ee) 


=0 


. [2], [5—] Give combinatorial proofs of the above formulas for u2(n) and 


u3(n). 

[3—] Let W;() be the number of ways to draw i diagonals in a convex 
n-gon such that no two diagonals intersect in their interiors. Give a bijective 
proof that W;(n) is the number of standard Young tableaux of shape ((i + 
1)?, 1"-'-3) (ie., two parts equal to i + 1 and — i — 3 parts equal to 1; 
when i = 0 there are n — 1 parts equal to 1). 


. [2—] Deduce from (a) and the hook-length formula (Corollary 7.21.6) that 


1 n+i\fn—3 
wn) = (FF) ( i 


in agreement with equation (6.74). 


7.18. [3—] Solve the following chess problem: 


Serieshelpmate in 25. How many solutions? 


The definition of serieshelpmate is given in Exercise 6.23. 


7.19. [3—] Leto be askew shape, regarded as a subset of P x P. For instance, 32/1 = 
{(1, 2), C1, 3), (2, 1), (2, 2)}. Let po(m) be the number of pairs (A, 44) of par- 
titions for which uw C A, uw n, and A/w is a translate of a. For instance, if 
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o = 32/1 then p,(6) = 3, corresponding to A/u = 532/51, 43111/21111, 
541/321. Suppose that the smallest rectangle containing o has r rows and 5 
columns, and that ¢ is the smallest integer for which o = p/v with v F r. 
Show that 


Pee ee gees 
ae ~ foollfr+s—1]! 


where [k]! = []{_,( —q'). 


a, [2] Let X F n. Show that (T] mip", hj) is equal to the number 
of partitions of the set [7] of type A (i.e., with block sizes A,, Az, .. .). 

b. [2+] Let T be an SYT of shape 4 | n. For each entry of T not in the first 
column, let f (7) be the number of entries j in the column immediately to the 
left of i and in a row not above i, for which j < i. Define f(T) = J], f(, 
where / ranges over all entries of T not in the first column. For instance, if 


1368 
L249, 
5 


then f(3) = 2, 4) = 1, f() = 2, f() = 1, f(8) = 2, and f(T) = 8. 
Show that 


So fT) = Goad (pj, ha), 
T i 


where 7 ranges over all SYTs of shape A. 
c. [3—] Generalize (b) to SSYTs T of a given shape 2 and type pu (so (b) is 
the special case 4 = (1")). 


[3] Let A F n. An assignment u +> a, of the distinct integers 1,2,...,7 
to the squares u € A is a balanced tableau of shape i if for each u € A the 
number a, is the k-th largest number in the hook of u, where k is the leg length 
(number of squares directly below u, counting u itself) of the hook of u. For 
instance, the balanced tableaux of shape (3, 2) are 


421. 423 425 435 321 
53 51 31 21 54° 


Let b* be the number of balanced tableaux of shape A. Show that b* = f?, 
the number of SYTs of shape A. 


Let s; denote the adjacent transposition (i, i +1) € G,, for 1 <i <n—1.Let 
w € G,,. It is easy to see that the smallest integer p for which w is a product 
of p adjacent transpositions is equal to £(w), the number of inversions of w 
(defined in Section 1.3 and there denoted i(w)). A reduced decomposition of w 
is a Sequence ad = (dj,...,4,), where p = £(w), such that w = Sq, +++ Sa,- 
As usual, define the descent set D(a) = {i:1<i < p—1 and a; > a;41)}; 
and write co(a) for the composition co(D(a)) € Comp(p), as defined in 
Section 7.19. 
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- [1+] Let R(w) denote the set of reduced decompositions of w, and r(w) = 
#R(w). Define the quasisymmetric function 


Fy = - Lco(a): 


acR(w) 


Show that r(w) = [x1x2 +++ xpJFy. (Le is defined in equation (7.89).) 
. [3] Show that F,, € A?, i.e., F, is a homogeneous symmetric function of 
degree p. Hence if Fy, = )°y, , CwaSa, then 


raya > cup (7.167) 


AFp 
. (3—] Define 


ri(w)=#H{j : j <ianda;>aj}, l<i<n 
Si(w) =#{j : j >ianda; <aj}, 1<i<n. 


Thus $0, ri(w) = )°,si(w) = £(w). Let A(w) denote the partition 


obtained by arranging the numbers r}(w), ..., 7,(w) in descending order 
(and ignoring any 0’s). Let 44(w) denote the conjugate to the partition p(w) 
obtained by arranging the numbers 5)(w), ..., S,(w) in descending order. 


Show that if c,,, 4 0 then w(w) < v < A(w) (dominance order). More- 
OVET, Cw u(w) = Cw,a(w) = 1. Hence F,, is a single Schur function s, (in 
which case r(w) = f”) if and only if u(w) = A(w) = v. 

- [3—] Show that A(w) = p(w) if and only if w = w,---w, is 2143- 
avoiding, i.e., there do not exista < b < c < d such that wy < Wa < 
Wg < We. 2143-avoiding permutations are also called vexillary, after the 
Latin word vexillum for “flag,” because the Schubert polynomial indexed by 
a vexillary permutation is a flag Schur function; we will not define “Schubert 
polynomial” and “‘flag Schur function” here. 

. [3] Let v(7) be the number of vexillary permutations in G,,. Show that 


wma Sy. 
AEn 
£0) <3 
A more explicit formula for v(n) then follows from equation (7.166). 
. [2—-] Let w = n,n — 1,..., 1, the permutation in G,, with the maxi- 


mum number of inversions. Deduce from (c) that the number of reduced 
decompositions of wg is given by 


17-1 37-2... (2n — 3)! ay. i+jy—l 


l<i<j<n 


r(wo) = 


. [3+] Let p = (3). Show that 


n 2x+i+y—1 
yy (+a) +a) = (7) I] er rere 


(a),...,4p)ER(wo) l<i<j<n 


(7.168) 


456 


7.23. 


7.24. 


Chapter 7 


Note that taking the coefficient of x” on both sides gives (f). Moreover, 
setting x = 0 yields 


n 
S ay---ap=(3)) (7.169) 
(a) ,...,dp ERC) 


eaday 


h. [3] Show that c,, > 0 for all w € G, andA - £(w). 


[3—] Let P be a finite graded poset of rank n. A symmetric chain decomposi- 
tion of P is a partition of P into chains x; < xj41 < +++ < X,—; such that x, 
has rank j. Let M denote the (finite) multiset {17', 2°, ...,k%}, and let By 
denote the set of all submultisets of M, ordered by inclusion. (Thus B y is just 
a product of chains of lengths a), a2, ..., ax.) Associate with each submultiset 
N = {1,..., 12} © By the two-line array wy whose first line consists of 
a, 1’s, then a2 2’s, etc., and whose second line has a; — b; 0’s followed by b; 
1’s below the i’s in the first line. Call two submultisets N and N’ equivalent if, 
when the RSK algorithm is applied to wy and wy, the same second tableau is 
obtained. This definition of equivalence partitions By into equivalence classes. 
Show that they form a symmetric chain decomposition of By. 


a. [1] LetU : A > Aand D: A — A be linear transformations defined by 
U(f) = pif and 


re) 
Pi 


where 0/d0p is applied to f written as a polynomial in the p;’s. Show that 
DU — UD = 1, the identity operator. 

b. [1] Show that DU‘ = kU*"! + UFD. 

c. [2] Deduce from (a) and (b) that if 2 © N then 


£! inj 
OCPD Oo Seal Oe 
inj aril 7! 
r:=(€—i—j)/2EN 


d. [2+] An oscillating tableau (or up-down tableau) of shape d and length £ is 
a sequence § = 9,1... Af =A of partitions such that for all 1 <i < 
£ — 1, the diagram of A! is obtained from that of A'—! by either adding one 
square or removing one square. (If we add a square each time, then £ = |A| 
and we have an SYT of shape 4.) Clearly if such an oscillating tableau 
exists, then £ = |A| + 2r forsomer € N. Deduce from (c) that the number 
3 ; of oscillating tableaux of shape 4 and length £ = |A| + 27 is given by 


i Ae 
Le 
(€ — 2r)irt2r 


e. [3—] Give a bijective proof of (d). 


7.25. a. [3] Let fox(n) be the number of ways to choose the diagram of a partition A 


of n, then add or remove one square at a time for a total of 2k times, always 


7.26. 


7.27. 
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keeping the diagram of a partition, and ending back at 2. Show that 


(2k)! (l+q\* ae 
Fax (n)q” = —— (4) Gag 
2 aki \l—@ l] @ 
(Note that the case n = 0, obtained by setting gq = 0, coincides with the 
case 4 = @ of Exercise 7.24(d).) 

b. [3—] Let go,(7) be the number of ways to choose the diagram of a partition 
A of n, then remove a square, then add a Square, then remove a square, etc., 
for a total of k additions and k removals, always keeping the diagram of a 
partition, and ending back at 2. For instance, go(n) = p(n), the number of 
partitions of n. Show that 


n 
Brn) =) (pi) = pi — Dyn — jy. 
j=0 
[3+] Given u = (i, j) € A E 7, define the arm length a(u) = i — j 
and the leg length £(u) = ni — i. Note that the hook length h(u) satisfies 
h(u) = a(u) + £(u) + 1. Prove the identity 


(Cenet’ 9) Me nenaad — gi) 1 
» 


tra Tue (1 — 28g! ta) (1 ~ £144) g-aw) (l—1)(1—q) 


[3] Prove the following identities (combinatorially if possible). Here a and B 
are fixed partitions. 


@ yy pee ex atmos) Tle-o" 
me oO eg Bae) 


q 


n=O uch izl 
|A/t|=n 
Laz gan wt pagisl 
On Qo Ae a oe | (ae) 
n>0 wr I~q i>l 


|A/u|=n 


©) So sijalx)sxyp(y) = (I ~ on) Y 58/u(%)S5a/u(¥) 
Xr ij ub 


@ Yo sy )sxyp(y) = (Te +0) > Sau(*)Sa/w(Y) 
a a 


ij 


(e) Yo jee) = (Te ~x)'TJa- way") ye 
X i a 


i<j 


-1 
(Yi sale sing! = T] (« ~@") | Ja- a) 


wr n>1 i,j 
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(Siu @)sxyweg"! =] Ja—9@"y! [Jo +c" =) 


wor n>1 
=] 
(h) S suuton= [1 (a~0 )[ [a -2ix;4"" oO ») 
UGA n2l i<j 


7.28. a. [3—] Suppose that in the RSK algorithm A SS (P, Q), the matrix A is 
symmetric (so P = Q). Show that tr(A) is the number of columns of P of 
odd length. 

b. [2—] Verify the identity 


[|e ga [[c — x;xj)" as go sy(x), (7.170) 


i<j 


where c(A) denotes the number of parts of 4’ that are odd. 


c. [1] Deduce that 
| [a — Xjxj)~ = Dison (x), 


i<j 


where 24 = (211, 242, ...). 

d. [2—] Fix k > 0. Evaluate the sum a(n, k) = >-, f*, where A ranges over 
all partitions of n with k odd parts. 

e. [2] What identity results when we apply w to (7.170)? 


7.29, a. [3—] Show that 
[a ~x)-[]a-ax) = 2 er: ID) 


i<j 


where A ranges over all self-conjugate partitions. 
b. [3—] Show that 


[1+ ?)- [Ja + XiXj) = 21% 


i i<j 


where A ranges over all partitions whose Frobenius notation (as defined in 
Exercise 7.39) has the form 


A=(a, +1-:-a@,+1|a,---a,). 
c. [3—] Show that 


Ic +x) 71-[ [d+ xx) 


i<j 


where o(A) is the number of odd parts of A, and A runs over all partitions 
satisfying 

ri = Xi41 => 0, 1 (mod 4), Xi even 

Xj = Ai4] = 1, 2 (mod 4), Xi odd. 
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7.30. a. [2] LetA = (A1,..., An) and pp = (141, ..., Mn) be partitions of length at 
most 7 related by 


Aj tn—i=d(uj +n—i), l<i<n, 
for some fixed d € P. Show that 
d d 
x; eee, 921 
Ses ey aed) [] am 


l<icj<n i ~ *j 


b. [1+] Suppose thatA = (d(n—1), d(n—2), ...,d, 0). Deduce from (a) that 
beso) = TY (ef taf tay tafe bo tat). 


l<i<j<n 


c. [3—] It follows from (b) that the number of SSYTs of shape A = (d(n — 

1), d(n—2), ..., d)andtypea = (a1, @2,..., @,) (wherea,;+---+a, = 

d(")) i is equal to the number of ways of orienting the edges of the graph 

on the vertex set {1,2,...,} with d — 1 edges between any two distinct 

vertices, such that vertex oi has outdegree a; for 1 < i <n. Give a direct 
combinatorial proof. 


7.31. [3] Let p beaprime, and let A, denote the matrix (¢/*]7 725, wheref = Sgr, 
Show that every minor of A, is nonzero. Equivalently, every square submatrix 
B of A, is invertible. ann. Use Theorem 7.15.1:) 


7.32. a. [2+] Let A and y be partitions of length at most n. Show that 


sy(gutet, quatre, gens gt") = Sige, gree eee q’") 
_ —Ajtj-i 
= IT 1 eS =ujti—-i* (7.172) 
l<i<j<n ~4 : 
b. [2] Deduce from (a) that 
Sigsa suiesg’? oa tg) 
: Agtn-i 
ee aoe Si aes (1, Greeey gq") 
Leg Pes" 
mg ig jeg’ Gt ag’) 
n+1 
g® Yn -1+Y, qv —Aytin ‘) 7 
( zl 5,q,-..,q"7). 


~ +qt- tg +q4+— +q") 


7.33. a. [2+] Let d = (n — 1,n —2,..., 1). Let £(7) denote the number of dis- 
tinct monomials appearing in S3(x1,..., X,), i.e., the number of sequences 
a = (a,...,Q@,) for which Ks, # 0. For example, t(3) = 7. Show 
that (n) is equal to the number of labeled forests on n vertices, which by 
equation (5.42) and Proposition 5.3.2 is given by 
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b. 
c. 


Chapter 7 
[3—] Let k € P. Generalize (a) to sx3(X1,..., Xn): 
[S—] Can anything be said in general about the number of distinct mono- 
mials in 5,(%1,..-., X,) for arbitrary A? 


7.34. [3—] Let A and y be partitions of length at most 7. Show that in the ring A, 
(i.e., using only variables), we have 


7.35. a. 


Cc 


Sn = det(Aa,4n11-;-i+); 

[2] If R is a ring, then an additive group homomorphism D : R — R is 
called a derivation if D( fg) = (Df)g+ f(Dg) forall f, g € R. Show that 
the linear transformation A — A defined by D(s,) = 5); 1s a derivation. 


ij=l° 


. [2] Show that the bilinear operation [/, g]on A givenby [s), 5] = SajiSu— 


5),Sy/1 defines a Lie algebra structure on A. (In other words, verify the Jacobi 


identity if [g, h)] ae lg, [h, FN + [h, eg all = 0.) 
[3—] Let pm = (m,m—1,..., 1). Show that 


ee 
[Sic ’ ee = Son i 


7.36. [2] Let D, : A — A be the linear transformation given by Dy(S,) = Si/y- 
Show that D,, D, = Dy Duy. 


7.37. a. 


7.38. a. 


[2+] Let as = Th<icj<n i — x;), as in equation (7.53). Write down 
a formula that expresses a3 in terms of the power sums pi(x1,..., Xn); 
1 <i < 2n — 2. (You don’t need to compute explicitly the coefficients in 
the expansion of a; in terms of power sums; just some formula involving 
only power sums is wanted.) 


. [3—] Let a; = Perey, C,5,(X1,---,X,), where c, € Z. Show that if A 


is the partition ((n — 1)"), then 


oy = (-1)@ -1-3-5-+-Qn — 1). 


. [3] More generally, if A = (7 +1 — 1)"-', G — 1)'), 1 < i <n, then 


cy = (—1) 2 -DO-2 1] 63.5... (27 — D]- [1 -3-5--- (2-1) — VD). 


. [3] Suppose that A = uw + ((n — 2)") = (uy +n —2,...,un +n — 2), 


so jz Fn. Show that 
oe = (-)O ¢* [Jd — 2c(s)), 
sex 


where c(s) is the content of s, and f * is the number of SYTs of shape A. 


. (3-] Show that if A#26=—2(n — 1,n — 2,...,1), then c,=0 


(mod 3). 


[3] FixO<k < Cy and let £(w) denote the number of inversions of the 
permutation w € G,. Let A and y be partitions of length at most 7, with 


pC AX. Define the symmetric function 
ti/uk = (-1) a Ewhats—w(uts)- 


wes, 
L(w)>k 


Thus f)/,,4 18 a “truncation” of the Jacobi-Trudi expansion (7.69) of 53/p- 
Show that f)/,,,4 18 S-positive. 


7.39. 


7.40. 


7.41. 


7.42. 


7.43. 


7.44, 
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b. [5—] Is there a “nice” combinatorial interpretation of the scalar product 
(th/uks Sv)? 

[3—] Let A be a partition of rank r. For 1 <i <r definea; = 4; —i and 

Bj = 4; — i. The Frobenius notation for ) is the array 


A = (@ G2 «+: a, | By Bo --- By). (7.173) 
For instance, 


(7,7,5,4, 4,2, 1,1) = (6520|742 1). 


Note that if a, b € N, then (a | b) is the Frobenius notation for the hook shape 
(a + 1, 1°). It is easy to see that any array (7.173) of integers satisfying a, > 
Q2 >-++->a, > Oand Bj > Bo > --- > B, > Ois the Frobenius notation 
of a unique partition of rank r. Show that if A = (a, --- a, | By --- B,), then 


5, = det (seeiis,)); jar 


[3—] Let u be a square of (the diagram of) the partition 4. Given (i, j) € A, 
let B(i, j) be the border strip of A whose top square is in row 7 of A and whose 
bottom square is in column j of 4. Let r be the rank of 1. Show that 

r 


5), = det (saan); jet : 


[2+] Let 2.4) < m anda, <n. Define 
Kh =(n —Am," —Am—1,--+;2—A)}). 


Give simple algebraic and combinatorial proofs that 


=i -1 
(x1 X2- + Xm)" (x; moet ) Se ibecs as 


[2+] Show that 


I] NG + y= Do n(x)sq(y), 
Xr 


i=l j=l 

summed over all partitions A with £(A) < m and A, <n, where i is defined 
in Exercise 7.41 above. 

[3—] Let w : A — Q[t] be the specialization (homomorphism) defined by 
wW(pn) = 1 —(—t)", n > 0. Show that 

Att), A=(n—-k, 1), 0O<k<n-1 

0 otherwise. 


v(H) = 


Define a specialization € : A — Q([t] by 


_ z\yn-l 
Hey= on >. 
n! 

Let A n in (b)-(d) below. 
a. [2+] Show that 

An(t 

E (hn) = ( : 
t-n! 


where A,(t) denotes an Eulerian polynomial (Section 1.3). 
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7.45. 


7.46. 


7.47. 
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b. [3—] Show that 


where e(w) = #{i : w(i) > i}, the number of excedances of w. 
c. [2+] Show that 


1 
K=— D> x*wy™, 
n. WES, 
c(w)>rank(A) 
where c(w) is the number of cycles of w. 
d. [2+] Show that 


1 
g(n)=— Do ( : Kiso ay), 


Fa Ly, H2,--- 


where K—! denotes the inverse of the Kostka matrix (K has 


[3—] Suppose that n = ab, where a, b € P. If f is a symmetric function of 
degree n, then let T,(f) be the symmetric function obtained from f by ex- 
panding f in terms of monomials, dividing the exponents of these monomials 
by a, and then throwing away all terms whose exponents are not all integers. 
Thus 7,(f) is a symmetric function of degree b. (For instance, 7,(Pn) = Pp; 
and T)(p}) = m2 + 6m.) Show that if A F n, then 7,(s,) is S-positive. 


[3—] Recursively define symmetric functions g, by 


yoa = Sn, 


AEn 


where g, = 41,9, ‘°°. Show that for n > 2, the symmetric function —q, is 

S-positive. 

Let G be a graph (without loops or multiple edges) on the d-element vertex set 

V. A proper coloring of Gisamap« : V — FP such that if {u, v} is an edge of 

G, then k(u) # k(v). Define x“ = |], Pee a monomial of degree d. Let 

X¢ = >. x*, summed over all proper colorings of G. Thus the coefficient of 

xj'x5 +--+ in Xq is the number of proper colorings of G such that a; vertices 

are colored i for alli > 1. Clearly Xg € A’. 

a. [1] Show that X¢(1") = xcG(n), where xg denotes the chromatic poly- 
nomial of G (defined in Exercise 3.44). For this reason Xg is called the 
chromatic symmetric function of G. 

b. [5] If J and 7’ are nonisomorphic trees, then is it true that Xp # Xr? 

c. [2—] A stable partition of G is a partition x of V such that every block 
B of x is stable (or independent), i.e., no two vertices of B are connected 
by an edge. Given a partition A = (172”---) of d, define the augmented 
monomial symmetric function m) by mM, = r\!r2!-++m). Show that 


XG = Yo aay, 


AFG 


Exercises 463 


where a) is the number of stable partitions of G of type A (i.e., with block 
sizes A,,A2,...). 


- [2+] A connected partition of G is a partition 2 of V such that the re- 


striction of G to every block of z is connected. Let Lg denote the lattice 
of all connected partitions of G ordered by refinement (as defined in Exer- 
cise 3.44). Show that 


Xe = D> WO. 2)pype), (7.174) 


mwéLlg 


where yz denotes the Mobius function of Le. 


. [2—] Deduce from equation (7.174) and Proposition 3.10.1 that wXG is 


D-positive. 


. [3—] Show that Xq is L-positive, i.e., a nonnegative linear combination of 


the fundamental quasisymmetric functions L, (defined in equation (7.89)), 
where @ € Comp(d). 


. [3] let XG = >>, 4 Cxea, and fix k € P. Show that the integer Dd Abd, Cy 
Aj= 


is equal to the number sink(G, k) of acyclic orientations of G with exactly 
k sinks. (A sink is a vertex u with no edge u — v. In particular, an isolated 
vertex of G is a sink in any acyclic orientation of G.) 


. [3] Let P be a d-element poset, and let inc(P) denote its incomparability 


graph, i.e., the vertices of inc(P) are the elements of P, with u and v con- 
nected by an edge if u and v are incomparable in P. A P-tableau of shape 
Xt disamapt : P — P satisfying: (i) If tj) = t(v) then u < v or 
v <u (in other words, t is a proper coloring of inc(P)), (ii) #t~!(i) = A; 
for all i, and (iii) if c7' (i) = {uy, u2,..., u,,} with uy < ug <+++ < Uy, 
and thi +1) = {uj, v2,...,U),,,} with vy < v2 < +++ < Uj,,,, then 
for alli and all 1 < 7 < Aj;41 we require that v j ay. bets ; denote the 
number of P-tableaux of shape 4. (Note that if P is achain, then fp = f*, 
the number of SYTs of shape 4.) Define P to be (3+ 1)-free if it contains no 
induced subposet isomorphic to 3 + 1 (the disjoint union of a three-element 
chain and a one-element chain). Show that if P is (3 + 1)-free, then 


Xinc(P) = > ie 


AtKd 


i. [2+] Let P be a(3+1)-free poset, and let c; denote the number of i-element 


chains in P (so in particular cg = 1). Deduce from (h) and Exercise 7.91(e) 
that every zero of the polynomial C(t) = )°c;t' is real. 


j. [5] Suppose that P is a (3 + 1)-free poset. Is it true that XG is e-positive? 
. [3—] Let Pz be a d-element path. Show that 


i> eit 
> Xp, 17 = ___2ie0e (7.175) 
i 1-d.,4 — Det 


In particular, X p, is e-positive (a special case of (j)). Similarly, let Cq be a 
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d-vertex cycle. Show that 


3 cil 4 i(i — De;t! 
oe Pe 


res) a c= isi — Det!” 


1. [3—] Show that if the complement of G is triangle-free (equivalently, G 
contains no stable 3-element set of vertices), then XG is é-positive. 
m. [5] Suppose that G is clawfree, i.e., has no induced subgraph isomorphic to 
the complete bipartite graph K, 3. Is it true that XG is s-positive? 
7.48. Let P be a finite graded poset of rank n with 0 and 1. Define a formal power 
series Fp in the variables x,, x2,... by the formula 


Fp — y ra a nee 5 ule (7.176) 


O=<t <--<H1 <u=l 


where p(s, ¢) denotes the rank (length) of the interval [s, t]. (The sum ranges 

over all multichains from 6 to { of all possible lengths k > 1 such that 1 occurs 

with multiplicity one.) 

a. [2] Note that Fp is a homogeneous quasisymmetric function of degree n. 
Show that 


Fre= - Bp(Sy)Ly, 


y €Comp (n) 


where (i) Bp(S,,) is the rank-selected Mobius invariant (now called the flag 

h-vector) of P, as defined in Section 3.12, (ii) S,, is the subset of [n — 1] 

associated with y, as defined in Section 7.19, and (iii) Ly is given by (7.89). 
b. [2+] Define 


a ys U(to, tut), 2) ++ Wte-1, te) 


O=19<t <--<41 <=] 


10,t tht heat 
xa nee ee a 14k) 


> 


where yz denotes the MGbius function of P. Show that 


Fp=(-1" S) BelSy)Ly, 


y €Comp (n) 


where Sy = [n—1]—S). Deduce thatif Fp € A”, then Fp =(-1" Fp. 

c. [2+] Define P to be locally rank-symmetric if every interval of P is rank- 
symmetric, i.e., has the same number of elements of rank i as of corank i for 
alli. For instance, if P is locally self-dual (i.e., every interval is self-dual), 
then P is locally rank-symmetric. Show that if P is locally rank-symmetric, 
then Fp € A”. 

d. [2] Let P = (44) + 1)x---x (pe + 1), a product of chains of cardinalities 
fy +1,..., we + 1. Show that P is locally self-dual, and that Fp = hy. 

e. [3+] Let P be the lattice of subgroups of a finite abelian p-group G of type 
pt. Show that P is locally-self dual, and that 


Fp = » Ki(P)s,, 


AFn 
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where K aul P) is a polynomial in p with nonnegative integer coefficients 
satisfying K ,(1) = Kj, (a Kostka number). (The most difficult part is the 
nonnegativity of the coefficients of K au(P).) 

f. [3—] Let P = NC,,41, the lattice of noncrossing partitions of [n + 1], as 
defined in Exercises 3.68 and 5.35. Show that NC,1, is locally self-dual, 
and that 


Freer = + Ozzy py 
Arn 


aN 


7 ye —1)---@— £0A)+2) 
- mA)! -+-mp(A)! 


wFyc,,, = pas ih (“6") [ms 


Here m;(A) denotes the number of parts of A equal to 7. Show also that 
1 
n+1 
So Fret! = CH, 


n>0 


(Ea?! 


FNC, +1 4 


where E(t) = }0 9 nt”, H(t) = DP asoltntes and ‘—)) denotes composi- 
tional inverse with respect to the variable r. 

g. [3—] Let m,n € N. Define the shuffle poset (or poset of shuffles) Winn 
as follows. Let A = {aj,...,@m} and B = {bj,...,b,} be two or- 
dered alphabets. The elements of W,,, consist of all shuffles of subwords 
of the words a,-++-d, and b, --+b,, i.e, words whose restriction to the 
letters in A is a subword of a,---am, and similarly for B. Some ex- 
amples of elements of Wy», are @ (the empty word), b2b4a3bga4a7b7, 
and a@4asagb,. Define v to cover u in W,,, if vu can be obtained from 
u either by deleting an element from A or inserting an element of B. 
Thus W,,., has minimum element @;a2---a,, and maximum b,b2 --- by. 
Figure 7-16 shows the shuffle poset W2,, with A = {a,b} and B = {x}. 
Show that Win,» is locally rank-symmetric (though not in general locally 
self-dual), and that 


m n + 2; 4 
Fim = (")(‘)et eas 
j20 


7.49. [3] Write F,, as short for the symmetric function Fyc,,, of Exercise 7.48(f). 
Let ¢ : A — A be the homomorphism defined by W(h,) = F,. Show that for 
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7.50. 


7.51. 


7.52. 
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xX 


ee 
<0 


Figure 7-16. The shuffle poset W2,. 


xab 


every skew shape A / 1, the symmetric function (—1)°*/Myr(s, /u) is S-positive, 
where u(A/ 2) is the number of nonzero entries below the main diagonal in the 
Jacobi-Trudi matrix for s)/,,. 


[2] Let A  N. Evaluate the sum 


1 
re A ie 


" weGy 


where c(w) denotes the number of cycles of w. (Use the case g = 1 of Theo- 
rem 7.21.2.) 


[2+] Show that if A N then 
N 
( xa") = f* (b(A’) — b(A)), 


where b(;2) is defined by equation (7.103). 


[2+] Let 4 be a partition of N of rank r. For 1 <i <r, let uw; = A(i, i), the 
hook length of A at (i, i). Set w = (441, 2,..., Uy), SO ps is also a partition 
of N. Show that 


x*(w) = (-1), 
where ¢t = pero} — i). Moreover, if x*(v) 4 0, then show that v < y 
(dominance order). 
[2+] Let A be a partition of N of rank r. Show that 


> xa) = fe (-D™ [Jar - ia; — Ds 


i=] 


where w ranges over all permutations in Gy with exactly r cycles, and where 


f(A) = 7; — i). 


7.54. 


7.55. 


7.56. 


7.57. 
7.58. 


7.59. 
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[3—] Prove the converse to Proposition 7.17.7, i.e., if A k n and x*(u) = 0 
whenever y has an even part, thenn = (3) andA =(m—1,m—2,...,1) 
for some m. 


a. [2+] Let p* : G, —> GL(m, C) be an irreducible representation of G, 
with character x* (som = f*). Show that p*(Gn) C SL(m, C) if and 
only if 


gq oa = f* (mod 4), (7.177) 
(3) 

where b(A) is defined by equation (7.103). 

b. [5—] Is there a simpler criterion? Is it possible to count the number of A’s 
satisfying (7.177)? 

a. [2—] Given a skew shape §, let 6” denote the skew shape obtained by ro- 
tating 9 180°. For instance (432/2)" = 442/21. Show that sg = sor. 

b. [1+] Leta = (a1, ..., a) be a composition, and let @ = (ay, ..., a). 
Show that 53, = Sg,, where Bg denotes the border strip corresponding to 
B as defined in Section 7.23. 


[2] LetA - n. How many border strips does A have? In other words, how many 
partitions yz are there such that uw C A and A/y is a (nonempty) border strip? 


[2] Show that the number of odd hook lengths minus the number of even hook 
lengths of a partition A is a triangular number. 


This exercise deals with some basic combinatorial properties of border strips 
and hooks. Let A be a partition, and let p € P. As noted in the solution to 
Exercise 7.57, there is a simple bijection between p-hooks (i.e., hooks of size 
p) of A and border strips of A of size p. Let D, denote the diagram of 4 
with its left-hand edge and upper edge extended to infinity, as shown in Fig- 
ure 7-17 for 2 = (3,3,1). Put a 0 next to each vertical edge of the “lower 
envelope” of D3 (whose definition should be clear from Figure 7-17), and a 
1 next to each horizontal edge. If we read these numbers as we move north 
and east along the lower envelope, then we obtain an infinite binary sequence 
Cy, = +++ C_2C_1 Cg) C2 «++. For instance, 


C33; =-+-0010110011---. 


We regard a translate ---b_,; bob, --- of Cy, where b; = Cn+i for some fixed 

m & Z, as being the same as C,. Thus the choice of which term of C, is labeled 

co is arbitrary. Clearly the map 4 +> Cy) is a one-to-one correspondence be- 

tween partitions and infinite binary sequences beginning with infinitely many 

0’s and ending with infinitely many 1’s. The size |A| of 4 is equal to the number 

of pairs i < j with c; = 1 andc; =0. 

a. [2—] Show that there is a (natural) one-to-one correpondence between the 
p-hooks of 4 and integers i such that c; = 1 and c;,, = 0. 

b. [2] Show that removing a border strip of size p from A is equivalent to choos- 
ingi withc; = 1 andcj+, = 0, and then replacing c; with O and c;+p with 1. 

c. [2] Let 6 be a border strip of A of size p, and let A\9 denote the partition 
obtained by removing 6 from A. Show that A\@ has exactly one less hook 
length divisible by p than A. 
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Figure 7-17. The coding C, of the partition A = (3, 3, 1). 


d. [2+] Start with a partition A, and continually remove border strips of size p 
until unable to do so. Show that the partition yz that remains is independent 
of the order in which the border strips are removed. The partition jz is called 
the p-core of i, and a partition with no border strips (or hooks) of size p 
(equivalently, of size divisible by p) is called a p-core. 

e. [2+] Let yu be a p-core. Let Y,, ,, be the set of all partitions whose p-core 
is . Define A < vin Y,,, if A can be obtained from v by removing border 
strips of size p. Show that Y, ,, = Y*, where Y denotes Young’s lattice. 
Deduce that if f,,(7) is the number of partitions of n with p-core jz, then 


Sor? =n" ia (7.178) 
n>0 i>] 


f. [2+] Letn € P. Show that the following three numbers are equal. 
(i) The number of p-cores of size n. 
(ii) The number of solutions (x1, ..., Xp—1) € N? —' to the equation 


p-l 
: Xj Xy +++: +Xp-1 
i _ =n. 
a ae) re 


(iii) The coefficient of x” in 


[[c — xPypy — xty7!, 


i=l 


g. [2] When p = 2, find all partitions in (f)(i) explicitly. What identity results 
from the equality of (i) and (iii)? 
. [2] Let C,(n) be the set of all A F pn whose p-core is empty. Let fy 5¢ 
the number of border strip tableaux t of shape A such that all the border 
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strips appearing in t are of size p. Show that 


S- (fF) = pral. (7.179) 


AEC p(n) 


7.60. a. [2+] Let @ = A/ be a border strip of size rs, where r, s € P. Show that 
there are partitions u = (CEG see Lt’ = X such that each skew 
shape yz! /'—! is a border strip of size s. Deduce in particular that if m is 
a hook length of A and k|m, then k is also a hook length of A. 

b. [2+] Let A, uw + 7, with £(u) = £. Show that if x*(z) # 0, then the 


product H;,(q) := J],<,(1— ¢"™) is divisible (in Z[q]) by []{_,(1—q). 
Here h(u) denotes the hook length of A at u. 


7.61. [3—] Let A - kn. Show that 
(ha (xt, com sie ); 5) =0Oorl, 


and give a rule for deciding which. In particular, show that this number is 0 
unless A has an empty k-core. 


7.62. [2] Show that if A / m andwrk <n, then 


CU SS ee 


vek 


Here 1"~* denotes the partition ye U (177). 
7.63. a. [2+] For’ | n define 
= >> x*w), 


WED, 


where %,, denotes the set of all derangements (permutations without fixed 
points) in G,. Show that 


Yds, = ye 1) Kat hy. 


AEn k=0 


b. [2+] Deduce from (a) that for1 <k <n, 


—1 
dren eear arses) 
j J 


where D; = #D, (discussed in Example 2.2.1). 


7.64. a. [2] For a skew shape A/j where |A/j| = n, define the skew character 
x*/4 of G, by ch x*/# = sy/,, so deg x*/* = f*/“. Now fix n and set 


m= L3(n + 2)|. Define the skew shape 


_ J @n,m— .,1)/(m—2,m—3,...,1), nodd 
a (m,m— .,2)/(m — 2,m—3,...,1), nm even. 
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7.66. a. 
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Thus T,, is a “staircase border strip,” e.g., 


ac 


Let E,, = deg x. Show that E,, is an Euler number, as defined at the end 
of Chapter 3.16, so 


Bed 
) En— =tanx +secx. 
n! 


n>0 


. [2+] Show that ifm = 2k + 1 and yw kn, then 


= 0 if jz has an even part 
X"*W= k . 
(—1)*t" E>,41 if 4 has 2r + 1 odd parts and no even parts. 


. [2+] Show that ifn = 2k and pp kn, then 


x™(W) = (- I Ep, 
if 2 has 2r odd parts and e even parts. 


[2+] Let w, be a character of G,, for each n € P. Let us call the sequence 
Wr, W2, ... elementary if for all w € G, wehave that w,,(w) is equal either 
to + deg ¥,, for some m < n or to 0. For instance, the characters of the 
regular representations are elementary, as are the skew characters x™ of 
Exercise 7.64. Now define w,, by the condition that for A kn, (Wy, x*) is 
equal to the number of SYTs of shape 4 whose largest descent has the same 
parity as n, where by convention every SYT has a descent at 0. For instance, 
W=0W =x. WH= x7 vt = xt 4x71 4+ x? +7". Show that 
wi, W2,...is elementary, with deg yy, = D,, the number of derangements 
(permutations without fixed points) in G,,. Find y,,(w) explicitly. 


. [5—] What other “interesting” elementary sequences are there? Can all el- 


ementary sequences be completely classified? 


[3—] Let A/j be askew shape. Define a border strip decomposition of 4/ 
to be a partitioning of the squares of A /z into (nonempty) border strips. (We 
are not concerned with inserting the border strips in a particular order, as is 
the case for border strip tableaux.) For instance, Figure 7-18 shows a border 
strip decomposition of the shape 8877/211. Show that the number d(A/ 2) 
of border strip decompositions of A/ is a product of Fibonacci numbers. 
For instance, d(8877/211) = 2-3*-5-8*- 13-21 - 34. 

[3—] More generally, let 


Diy =p qgrer™*, 
K 
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Figure 7-18. A border strip decomposition of the shape 8877/211. 


where K ranges over all border strip decompositions of A/jz and #K is the 
number of border strips appearing in K . Show that D,,,,(q) 1s a product of 
polynomials of the form); ("_" )q’. 


[2—] LetO < s < n—1andd Fn. Show thatif w € G, is ann-cycle, then 
(-1” ifA =(n—-s,1°) 
x*(w) = 
0 otherwise. 

. [3] Let G be a finite group with conjugacy classes Cy,..., C;. Fix w in 
some class Cy, and let ij, ...,i, € [t]. Let x ...5 x7 be the irreducible 
characters of G, and set d- = deg x’. Write x; for the common value of 
x’ at any v € C;. Show that the number of m-tuples (u), ..., Um) € G”™ 


such that uj € C;, and u;---U, = w is equal to 


TTja1 [Cut jot (C 
|G| 


ale ae 
2 qn- =i : * Xin Xz: (7.180) 


. [2] Fix m > 1. Use (a) and (b) to show that the number of m-tuples 


(uj, ...,Um) of n-cycles uj; € G, Satisfying uju2---Um = 1 is equal to 
Sere oo fay 
Gene: yon ( ) (7.181) 
n i=0 I 


. [2+] When m = 3, show that the above sum is equal to 0 if is even, and 


to 2(n — 1)!7/(n + 1) ifn is odd. 

[3—] Let G be a finite group of order g. Given w € G, let f(w) be the 
number of pairs (u, v) € G XG satisfying w = uvu-! u—! (the commutator 
of u and v). Thus f is a class function on G and hence a linear combination 
>> cy x of irreducible characters x of G. Show that the multiplicity c, of x 
in f is equal to g/x (1). Since x(1) | g, it follows that f is a character of G. 
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. [5] Find an explicit G-module M whose character is f. This would provide 


a new proof of the basic result that x (1) divides the order of G. 


. [2] Deduce from that 


_> Pp(uvun!v-!) = ye Ay s,, (7.182) 


uU,VEG, AKn 


where H) denotes the product of the hook lengths of A. 


. [2+] Let n be an odd positive integer. Show that the number f,, of ways to 


write the n-cycle (1, 2,...,”) € G, inthe form uvu~'v-! (u,v € S,,) 
is equal to 2n -n!/(n + 1). 


- [1+] Let «(w) denote the number of cycles of a permutation w € G,. 


Deduce from (c) that 
1 


a "ee = Se | [le + e(t)], 


" u,veS, Abn téA 


where c(t) denotes the content of the square f. 


. [3—] Show that if u, v are chosen at random (uniformly, independently) 


from G,, then the expected number E,, of cycles of uvu!v7! is 


—1)/2) 


; ; lin 
1 it(W—i)! (—1)" 2 : 

jane: eee ees 2m —1—28)1], 
se pa te B ee z 


l<i<n 
i odd 


(7.183) 


where H,, denotes the harmonic series H, = 1 + 5 f+ 1. Note that 
H,, is the expected number of cycles of a random permutation in G,,, so the 
remaining terms in (7.183) are a “correction.” 


. [3—] Fix 7 € P. Show that if u, v are chosen at random (uniformly, inde- 


pendently) from G,,, then the expected number e,,; of j-cycles ofu vugly7! 


is given by 
1 fey ne ee 
Cn — a Lice a a ae eS 
+( Oy GA naapeiel 


where ) . indicates that we are to omit the termi = 2j7—n—1when2j > n. 


. (24+) Expand +, y wee, Po(w2) in terms of Schur functions. 
. [2] Show that the column sums of the eect table of G, are non- 


negative. These are the numbers hye x*(w), where w € G, is fixed. 
(For the row sums of the character table of a finite group, see 
Exercise 7.71(b).) 


. [3] Let & be a positive integer. Show that ae s, Pew) 1S a nonnegative 


integer linear combination of Schur functions. Equivalently, the function 
rk =1n,k : Gn — Z defined by 


rdw) =#Hue G, :u« =w} 


is a character of G,,. 
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- [3—] Let G be a finite group, and let f,..., fin be class functions on G. 
Define a class function F = Fy, ¢, by 


Fw)= D> fitts)-+> finlm): 


Let x be an irreducible character of G. Show that 


(Pe) (— ‘_ (F050) Sas XK) (7.1 
x= 1X) ae ao 184 

x) ' 
- [2—] Show that equation (7.184) in the case G = G, and m = 2 is equiv- 
alent to the following result. Let §, = Hys,, called an augmented Schur 
function. Define a bilinear product 0 on A” by 


Zaz 
POpy,= a > Pour) (A,r a”), 


p(uj=a 
p(v=pn 


where the sum ranges over all u,v€G, such that p(uw)=A and 
p(v) = mw. Then for A, uw kn we have 


5, OS, = daphi, (7.185) 


i.e., the augmented Schur functions are orthogonal idempotents with respect 
to 0. 

» [1+] Let (@;,..., 4m) € Z™, and define a class function h = ha, a, on 
G,, by 


A(w) = #{ (1, .-.,Um) € Gy: wut! --- ued, 


Show that A is a character of G,,. 

. [2] Let G be any finite group, and let w € G. Find the number of pairs 
(u,v) € G x G satisfying w = uvu2vuv. 

. (2—] Fix w € G,. Show that the number f(w) of solutions (u,v) € 
Gn X GS, to the equation w = uvu~'ve! is equal to the number g(w) of 
solutions (u, v) € Gy X Gp to the equation w = u?v*. Give an algebraic 
and a bijective proof. 

i. [2+] Let y = y(%1,...,%X,) be an element of the free group F, on the 
generators xj,...,X,. If G is a finite group and w € G, let 


fy, cw) = #{(4,...,u,) EG" : y(uy,...,u-) = wh. 


Write x = x; and y = X, and let k € P. Show that for y = xy*xy—* 
and y = xy*x—!y-*, the class functions fy,e, are characters of Gy, (for 
alln € P). 
j. [3] Preserve the notation of (i). Suppose that all characters of G are integer- 
valued, in which case we say that G is an ]C-group. (Equivalently, if two 
elements of G generate the same cyclic subgroup, then they are conjugate. 
See e.g. [142, Chap. 13.1, Cor. 2].) Show that for all y € F, and all finite 
1 C-groups G, the class function f, gc is a difference of two characters of G. 
Even more strongly, when r = 1 show that f, g is a difference of two 
characters for any finite group G. Morever, for each conjugacy class C; in 


ATA 
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G, define the class function g; by 


GI/IC; 
At i‘ IC], wee 


otherwise. 


If G is an 7C-group, then it follows easily from the orthogonality properties 
of characters (see, e.g., [142, p. 20]) that g; is a difference of characters. 
Show that ifr > 1, then f,¢ is a Z-linear combination of the g;’s. In 
particular, the symmetric function 


1 
oF y Poy y....tr)) 


is p-integral (and hence s-integral). 
k. [5—] Preserve the notation of (i). For what y is f,,«, a character of G,, for 
all n > 1? For what y is fg a character of G for all finite groups G? 


[3—] Let x, ..., x be disjoint sets of variables, where k € N, and let H; 
denote the product of the hook lengths of A. Show that 


D5 HE Ps, (x) - sy ( x) pine Ppwi(X )-+ Pon (x). 


Akan W wp =id 
ins, 


(7.186) 


Note that the case k = 2 is just the Cauchy identity (in virtue of Proposi- 
tion 7.7.4). What do the cases k = 0 and k = 1 say? 


a. [2+] Show that the following two characters of a finite group G are the same: 
(i) The character of the action of G on itself given by conjugation (in 
other words, the permutation representation 9 : G — Gg defined by 
p(x)(y) = xyx—!, where Gg is the group of permutations of G). 
(ii) > , XX, where x ranges over all irreducible characters of G. 
b. [2+] Denote the above character by Wg, and let x be an irreducible char- 
acter of G. Show that 


(Wo, x) = 2x0): 


where K ranges over all conjugacy classes of G and x(K) denotes x(w) 
for some w € K. Thus (We, x) is the row sum of row x of the character 
table of G. It is not a priori obvious that these row sums are nonnegative. 
(For the column sums of the character table of G,,, see Exercise 7.69(b).) 

c. [2] Now let G = G,, and write %, = Wo. Show that chy, = Do, Pa» 
80 nso ch Wn = [Jini — pi)’. 

d. [3] Show that ck, := (W,,x*) > 0, with the sole exception n = 2, 
A= (1, 1). 

e. [5—] Is there a “nice” combinatorial interpretation of the numbers k,? 

[3—] Let V be a vector space over a field K of characteristic 0 (Q will do) with 

basis vu), ..., U_,. ©, acts on V by permuting coordinates, i.e., w- vj = Vwi: 


7.73. 


7.74. 
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Hence G,, acts on the k-th exterior power AV in a natural way, Viz., 
wv; A Vy Ary = Uppign nA Vw-igy Ac: 


Show that the character of this action is equal to ye + x, where A/ = 
(n — j, 14). (Set x* =0.) 

[3—] As in Exercise 7.72, G,, also acts on the polynomial ring K[v,,..., Vn] 
(= the symmetric algebra S(V*)) in a natural way, viz., 


a| a2 eee a, a1 a2 eee 
w (vis =v EU ey 


Let y* denote the character of this action on the forms (homogeneous polyno- 
mials) of degree k, so deg y* = ( )e Show that 


Y\(ch w*)g* _ Yond, q; gq’ yee SSR, 


k>0 Abn 


where 5, (1, a gq’, ...) is given explicitly by Corollary 7.21.3. 


[3—] Let y* be the irreducible representation of GL(n, C) with character 
5,(X%1,..-, Xn), as explained in Appendix 2. We may regard G,, as the subgroup 
of GL{n, C) consisting of the n x n permutation matrices. Thus g’ restricts to 
a representation of G,,; let &* denote its character. Show that for “kn, 


(ché*, s,) = (sy, sy [A]), (7.187) 


where s,,[h] denotes the plethysm of s,, with the symmetric function h = 
ho +h, +h2 +---. Note that Exercise 7.72 corresponds to the case A = (1*), 
while Exercise 7.73 corresponds to A = (k). 
a. [2+] Fix positive integers n and k. Let M denote the multiset {1”, 2”, 
k"}. The action of ©, on [k] induces an action of G@,; on the set ( j ) of 
j-element submultisets of M. Let v;(A) denote the multiplicity of the irre- 
ducible character y* (where A + k) in the character of this action. Show that 


ye vjA)q? =s,(1,q,--., 9"). 
j 


b. [3—] Let QS denote the Q-vector space with basis S. Define a linear map 
Uj: Q(*) ee Q(j41) by 


U(X)= )-Y, 


YDX 


where X € (" ) and Y ranges over all elements of (; fs a that contain X. 
Show that U; ‘Coninmnles with the action of G,, and that if j < kn/2 then 
U; is meee 

c. [2+] Deduce that if 5,(1,g,...,g") = as 9 4jq?, then aj = agn_j 
(this is easy to do directly) and aj < a; < --- < Gjxn/2). In other words, 
the polynomial s,(1,q,..., gq") is symmetric and unimodal. 

d. [2—] Show that the g-binomial coefficient G) is symmetric and unimodal. 
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a. [2] The rank of a finite group G acting transitively on a set T is defined 
to be the number of orbits of G acting in the obvious way on T x T, i.e., 
w-(s, t) = (w-s, w-t). Thus G is doubly transitive if and only ifrank G = 2. 
Let x be the character of the action of G on T. Show that (x, x) = rank G. 

b. [2] Find the rank of the natural action of G,, on the set G,, / Gy of left cosets 
of the Young subgroup Gy. 

c. [2+] Give a direct bijective proof of (b). 


a. [3—] If H and K are subgroups of a group G, then a double coset of (H, K) 
isaset HwK = {uwv|u € H, ve K} forafixed w € G. The distinct dou- 
ble cosets of (H, K) partition G into pairwise disjoint nonempty subsets 
(not necessarily of the same cardinality). Show that when G is finite, the 
number of double cosets of (H, K) is given by 


indy, 1x, ind? 1x). 

b. [2+] For any G (not necessarily finite), show that the number of double 
cosets of (H, H) is equal to the rank (as defined in Exercise 7.76) of G 
acting on G/H by left multiplication. 

c. [2+] Let G = G,,, and let H and K be Young subgroups, say H = Gy 
and K = Gg. Interpret the number of double cosets of (H, K) in a simple 
combinatorial way, and give a combinatorial proof. 

Let f and g be class functions (over Z or a field of characteristic 0) on a 

finite group G. Define the Kronecker (or tensor) product fg by fg(w) = 

f(w)g(w), so fg is also a class function. Given (finite-dimensional) represen- 
tations g : G — GL(V) and p : G — GL(W), then define the tensor product 
representation g @ 9: G — GL(V ® W) by 


w-x@y=w-x@w-y (diagonal action). 
Let x, and x, denote the characters of wy and p, respectively. Then the character 
Xv@p Of Y @ p is just the Kronecker product Xp Xp, 80 XpXp iS a nonnegative 


integer linear combination of irreducible characters. In particular, forG = G, 
and 2, 4 n, we have 


IS Bae (7.188) 
ven 


for certain nonnegative integers g),,,. Define the internal product s, * 5, by 


S,* Sy = > SiauvSys 


v 


and extend to all of A by bilinearity. Clearly * is associative and commutative, 
andh, *« f = f for f € A”. 

a. [2—] Show that g,,,, is invariant under permuting the indices A, ju, v. 

b. [2—] Show that 


1 
5, * 5, = ch x*x* = — > x*(w)x"(w) Pew): 
ni 
WES, 
c. [2] Show thatif f € A” thene, « f = af. 
d. [2] Show that p, * Pu = 2, Pr Sap. 
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7.80. 


7.81. 


Exercises AT] 


- [2] Let A(x) @ A(y) be defined as at the end of Section 7.15, with the scalar 


product such that the elements Syu()sy(y) form an orthonormal basis. Let 
xy denote the set of variables x; y;- Show that for any f, 2, € A we have 


(f(xy), g(xh(y)) = (fg *h), 


where the first scalar product takes place in A(x) @ A(y) and the second 
in A. This gives a “basis-free” definition of the internal product, analogous 
to equation (7.67) for the ordinary product. 


~ [2+] Show that 


[Ta —x;yjz%) ' = bao * S.(X)5,(y)5y,(Z) 


ijk ar 
= DP Bru 5s@)suCy)s\(2). 
AY 
» [2+] More generally, show thatifx"), ..., x are disjoint sets of variables, 


then 


TT @ =f? at) 


Ty seeydy 


= > (les x a x") sy: (x) ant S98 (x), 


Al AK En 


- [3—] Show that if (s,, Sy * Sy) #0, then L(A) < L(w)é(v). 
. [3—] Suppose that £(A) < ab. Show that there exist partitions jz, v satisfy- 


ing £() < a, £(v) < b, and (s,, Su * Sy) #0. 


- [3] Prove the following strengthening of (a) and (b): for fixed L,vr n,we 


have 

max{€(A): (s., 54 * Sy) #0} = |e Av'|, 
where 44M v’ is obtained by intersecting the diagrams of p and v’. Dually, 
we have = 


max{Ay : (5,, 5, * Sy) £0} = |wNvI. 


. [3-] Leta, u,v En satisfy s, * Sy, = as, forsomea € P. Show that one 


of A or 44 is equal to (n) or (1”), and that a = 1. 


. [3] Let A, uw, v,0 Fn, where v 4 o, satisfy 5, * 5, = as, + bsg for 


some a, b € P. Show that one of A or yz has nontrivial (i.e., not (2) or (1”)) 
rectangular shape, and the other is equal to (nv — 1, 1) or (2, 1"~?) and that 
a=b=}. 


[2+] Show that forA Fn, 


5A * Sp—1,1 = 5S] Say1 — Sh. 


7.82. a. [2] Show that 


| 


54S = = 


KePar Tis. — pi)’ 


where * denotes internal product. 
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b. [3—] Show that 


a 

AG. a S,*S, = (S] ( > a). 

Pl eijz2 n=0 £033 

a. [2+] Let x and wy be irreducible characters of a finite group G. Show that 
x w is contained in the regular representation, i.e., (x ¥, @) < @(1) for any 
irreducible character ¢ of G. 

b. [1+] Deduce from (a) that if A, u,v F n, then (s, * 5,.5)) < f” (the 
number of SYTs of shape v). 


a. [2+] Leta, wk n, with €(A) = £. Show that 
Ay * Sy, = > ] [suis 
i>] 


summed over all sequences (2°, Oe beac u*) of partitions such that @ = 
woop c--- Cut = wand |ui/u'!| =A; for alli > 1. 
b. [2+] Let A, w kn. Show that 


n 
hy*hy, = a I] Rous 
A ij=l 


where A ranges over all n x n N-matrices (a;;) with row(A) = A and 
col(A) = mL. 


[3] Fix n > 1. Givena = (q),...,a,) € P* witha; +--- ta, =A", 
let B(a) denote the border strip whose ith row has a; squares. Let S = 
{av), @y +02,...,@) +2 +---+ay%_1} © [n — 1] and define ss = sgiq), the 


skew Schur function of shape B(a). Now let S$, T C [nm — 1] anda Fn, and 
let « denote internal product. Show that (ss * sr, 5;,) is equal to the number of 
triples u, v, w € G,, such that wuw = 1, D(u) = S, D(v) = T, and if w is 
inserted into A from right to left and from bottom to top, an SYT results. Note 
that the hook shapes (n — k, 1*) are border strips, so we have a combinatorial 
interpretation of the coefficients g,,,, when yz and v are hooks. 

Example. Letn = 3 and S = T = {1}, s0 ss = sp = 52). There are four 
triples u, v, w € G3 such that wyw = 1 and D(u) = D(v) = {1}. In only 
one of these can we get an SYT by inserting w as required, viz., u = 312, 
v = 213, w = 321. We can insert w exactly once into each A b 3, viz., 


123) 12 1 
3 2 
3 


Hence $2) * $2) = 53 + 521 + Sy. 
a. [3—] Given dA, wk 2, define 
Gyuz(g)= 5, * 5, (1, 4g, q’, sani) 


Show that G,,,(q) = Pi(q) Aq)’, where Py, € Z[q] and H,(q) is 
defined in Exercise 7.60(b). 
b. [2+] Show that P,,,(1) = f%, the number of SYTs of shape p. 
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c. [3] Show that if ~ = (n —k, 1*), then Pi2(q) is the coefficient of r* in the 
product 


[] @it4egi-). 


(i, fea 
@ ACN) 


d. [5] Show that the coefficients of Px.(q) are nonnegative. This has been 
checked for n < 9. Note that (c) shows that the coefficients of Py, are 
indeed nonnegative when ju is a hook. 


[3—] Let x, y, z be three sets of variables. Show that 


TITY TG = xsxy20)---26,)7 


i,j r>l1a,...,a, 
= Te ~ nied| De 5. SulZ)sw(X)5p/o(9). 
k>1 AyMyv 
|Al=|22| 
Here aj,...,a, range independently over the positive integers and p,;(z) = 


are 

a. [3—] Let C,, be the cyclic subgroup of GS,, of order n generated by an 
n-cycle w. Let x be the character of C,, defined by x(w) = e27"/" Tet 
Wn = Wm.n denote the induction of x” to G,, for m € Z. Show that 


i (d) a 
ch Vin = = 2 Dalen ay Malm awi!", (7.189) 


where ¢@ denotes Euler’s totient function and (m, d) denotes the greatest 
common divisor of m and d. 

b. [3—] Show that (Wm, 5,) is equal to the number of SYTs T of shape A 
satisfying maj(T) = m (mod n). 

¢c. [2—] Deduce from (a) and (b) that the number of SYTs T of shape i sat- 
isfying maj(T) = m (mod n) depends only on A and gcd(m, n). Is there a 
bijective proof? 

d. [3+] Let yg(A) denote the number of SYTs T of shape A satisfying maj(T) = 1 
(mod k). Show that if A k n then 


Yn—1(A) >= YnlA). 
e. [2+] Let 
J = @ YA 1)! chin) 


n>] 


d 
=>) a log(1 + pa), 


d>1 


and let H := 1+h,+h2+---. Show that J[H — I] =(H—-1)[J/] = hy, 
where brackets denote plethysm. In other words, J and H — 1 are plethystic 
inverses of one another. 
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7.89. a. [3—] Leta < b <c < -+-beanordered alphabet. A Lyndon word is a word 


Wy) W2 ++ - W, in the alphabet which is lexicographically strictly less than all 
its nonidentity cyclic shifts. Thus aabcaabbc is not a Lyndon word, since its 
cyclic shift aabbcaabc is lexicographically smaller; nor is abab a Lyndon 
word, since it is equal to its cyclic shift of length two. Let f (a) be the number 
of Lyndon words with a, a’s, a b’s, etc., where a = (@, Q2, ...). Define 


Li»(x) = oP flax, (7.190) 


where @ ranges over all weak compositions of n. For instance, L3 = 
m2, + 2m). Show that 
1 ; 
In == Deas", (7.191) 
d|n 


where jz denotes the classical Mobius function of number theory. 


. [1+] Show that L, = ch(y), where y denotes the character of G,, obtained 


by inducing from a cyclic subgroup C,, generated by an n-cycle w to G, 
the character x defined by y(w) = e27!/". Deduce that (Ly, 5,) € N for 
everyA Fn. 


. [1+] Even more strongly, show that (ZL, 5;,) is the number of standard 


Young tableaux T of shape A satisfying maj(T) = 1 (mod n). 


. [3—] Show that every word w in the letters a, b, ... can be factored uniquely 


into a weakly decreasing (in lexicographic order) product of Lyndon words. 
For example, becbbcbaccaccabaabaa has the factorization bec - bbc -b- 
acc-acc-ab-aab-a-a. 


. [2+] Given a word w as above, define its Lyndon type t(w) to be the par- 


tition whose parts are the lengths of the Lyndon words in the factorization 
of w into a weakly decreasing product of Lyndon words. For instance, 
t(dbca) = (2, 1, 1). Show that 


es Prw) = nhn, 
w 


where w ranges over all permutations of n ordered letters. In other words, 
the distribution by Lyndon type of the permutations of an (ordered) n-set 
coincides with the distribution by cycle length. 


. [3—] Let M bea finite multiset on the set {a, b, ...}. Define 


tu = ye Priw)s 
w 


where w ranges over all permutations of M.Thus by (e), ty is a multiset ana- 
logue of the cycle indicator of G,,. Define L (jm) to be the plethysm h,[ Lj] (as 
defined in Appendix 2). IfA = (17'2"2 ---), thenletL, = LamyLem) ++ 
If M = {a", b”, ...} and jv is the partition with parts r}, r2, ..., then show 
that ty(y) is the coefficient of m,(x) in >>, Ly (x) pr(y). 


. [3—] Show that 


Y_ Lalx) pay) = DS pralx)Laly). 
Xr x 


. [2+] Deduce that ty is s-positive (and s-integral). 
i. [5—] Is there a “nice” combinatorial interpretation of the coefficients 


(ta, 84)? 
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7.90. a. [2] Leta = (a), ..., a) be a sequence of positive integers summing ton 


7.91. 


b. 


and let |A/j| = n. Let S = {a1,a;+a2,...,a,4+-- ‘+ a,_1}. Show that 
the number of (skew) SYTs t of shape A/j satisfying D(t) C S (where 
D(t) denotes the descent set of 7) is equal to the Kostka number K A/ pect 
Give a simple bijective proof. 

[2] Use (a) to give a simple direct proof of Proposition 7.19.9. 


Let F(t) = >- j20 f;t? be a formal power series, where fo = 1. Expand the 
product F(t; ) F(t) - asa linear combination of Schur functions S,(t1, fo, ...). 
The coefficient of 5, (t1, f2, ...) is called (in the terminology of D. E. Little- 
wood [88, pp. 99-100 and Chap. VII]) the Schur function (indexed by A) of 
the series F, and we will denote it by sf. Equivalently, if R is a (commuta- 
tive) ring containing f|, fo,...andg: A —> Ris the homomorphism defined 
by g(hj) = fj, then s;° = y(s,). Extend the definition of s* by defining 


ul 


b. 


F = o(u) for any u € Ap. 
a. 


[1] Show that if F(t) = [],,,(1 — x;t)7!, then s* = s,(x). What if 
F(t) = []j2;0 + it)? 
[1] Show that if F(t) = []j_,(1 — q’~!2)~!, then 
1 — gnhteu) 
F _ b(A) 


where b(A), c(u), and h(u) have the same meaning as in Theorem 7.21.2. 


. [2+] Deduce from (b) that if 


1 — yq't 
ry= Pe, 
i>o 1 —2q't 
then 
(u) 
F_ ba) ye zg: 
uer 


. [2—] Show that in general if F(t) = Dee ft and £(A) = @, then 


sf = det Cone ee 


- [3+] Suppose that F(t) is a nonconstant polynomial with complex coeffi- 


cients (with F(0) = 1 as usual), so that sf is just a complex number. Show 
that the following four conditions are equivalent. 
(i) Every zero of F(t) is a negative real number. 

(ii) For all partitions 2, se is a nonnegative real number. Equivalently, when 
the product F(t, ) F(t) - -- is expanded as a linear combination of Schur 
functions 5,(f,, f2,...), all the coefficients are nonnegative real num- 
bers. In other words, F(t) F (t2) - - - is s-positive. 

(1) When the product F(t,)F (tz) --- is expanded as a linear combination 
of elementary symmetric functions e (ft), f2, .. .), all the coefficients are 
nonnegative real numbers. In other words, F(t,)F (tz) - -- is e-positive. 
Equivalently, m a is a nonnegative real number for all partitions A. 

(iv) All coefficients of F(t) are nonnegative real numbers, and the matrix 
A=( pi, pi per is positive semidefinite. Here we set pe = deg F. 
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7.92. a. [3+] Let A = (a;;) be ann xn real matrix such that every minor (= deter- 
minant of a square submatrix) is nonnegative. Define the symmetric function 


y= oe 1, w(1)92,w(2) ** * In,win) Pplw): 


Wes, 


Show that F'4 is s-positive. 
b. [5] Show that F'4 is A-positive. 


7.93. [2+] Let u = uy ++ +Um € Gp and v = vy +++ Un © Spmtism4ny. Let shu, v) 
denote the set of shuffles of the words u, ---Um and v, --- Up, ie., sh(u, v) 
consists of all permutations w ++: Wy+n of [m+n] such that uw, ---u,, and 
U, +++ Up, are subsequences of w. Hence in particular #sh(u, v) = (""). Let 
a = co(u) and 8B = co(v), as defined at the beginning of Section 7.19. Show 
that 


Ealp=) Y Leas 


wé€sh(u,v) 


7.94, a. [2+] Let O denote the ring of quasisymmetric functions (over Q), and de- 
fine a linear involution @: OQ > Oby @(L.) = La, where ifaw € Comp(n) 
then Sz = [n — 1] — Sy. Show that @ is an automorphism of Q, and that 
@ restricted to A coincides with the involution w. 

b. [3—] Let P be a finite graded poset of rank n with 6 and 1. Let fe€el(P) 
(the incidence algebra of P) satisfy f(t, t) = 1 for allt € P. Define 


Fy = y f (to, Hf, ty) ae paGrane ty) 


O=t9<th<---<te_1<h=l 


to,t tot ttt 
x gee nee nee 15th) 


using the same notation as equation (7.176). Clearly Fy € Q”. Show that 
@( Fr) = (—1)" F;-1. Note that Exercise 7.48(b) is the special case f = ¢. 

7.95. a. [2] Given S C [n — 1], let @ = co(S) be the corresponding composition 
of n, as defined at the beginning of Section 7.19. Let B, be the border 
strip whose i-th row from the bottom has length a;, and write Ps as short 
for the poset Pp, (where P,,, is defined after Corollary 7.19.5). Given 
W = Wi W2+-+Wy € Gp, let Wy be the labeling of Ps obtained by insert- 
ing the numbers w,; into the squares of B, from bottom to top and from left 
to right. For instance, if a = (2,3, 1) (so S = {2,5}) and w = 426315, 
then (Ps, @,) looks as follows: 
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Show that the Jordan—Hdlder set L(Ps, w,,) consists of all permutations 
v € G, such that D(wv7!) = S. 


- [2+] Deduce from (a) the following statement. Given w € S, and $,T C 


(nm — 1], define 
fw,S,T)=#{u,v)e 6, x 6, : uv =w, Du) = S$, Div) =T}. 
Then f(w, S, T) = f(w’, S, T) whenever D(w) = D(w’). 


7.96. [3] For w € Gy, let Leo(wy denote the quasisymmetric function given by equa- 
tion (7.89), where co(w) is defined at the beginning of Section 7.19. Define 


= Le Leow) W, 


wee, 


regarded as an element of the group algebra OG,, with coefficients in the ring 
Q of quasisymmetric functions. Thus 7, acts on OG, by left multiplication. 
Show that the eigenvalues of T,, are the power sums Pp, with multiplicity n!/z,, 
the number of permutations w € G,, of cycle type 2. What are the eigenvectors? 


7.97. a. 


7.98, a. 


[2] Fix r,c, and A = (Aj, A2,...) kt. Let J (n) be the number of plane 
partitions 7 = (7;;) of n with main diagonal (771, 729, .. .) = 4 and with 
at most r rows and at most c columns. Set F(x) = 0.9 f(m)x", and show 
that 7 


F(x) = x7! s(x, x7,..., xs, (x, x7,..., x). 


. [2+] Show that if g(n) is the number of symmetric plane partitions with 


main diagonal i, then 


ye BOE” Ss Oise yd: D: 


n>0 


[2+] Given A - n and (7, j) € A, define 
wi, f) =| [ae 
(kD) 
where the x,,’s are indeterminates and the product ranges over all squares 
(k, 2) € 4 in the hook of (i, j), i.e., such that either k = i and/ > J, or 
= j andk > i. If now m = (mj;) is a reverse plane partition of shape A 
(allowing 0 as a part), then define 


W(n)= Il ae 
(i, j)EA 
Show that 
> w@) = [[u- wert, 
4 uezr 


where 7 ranges over all reverse plane partitions of shape A (allowing 0 as 
a part). 


- [3—] State and prove an analogous result for symmetric reverse plane par- 


titions of shape A (where A = 2’). 
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7.99, [2+] Let K;(n) be the number of plane partitions of n with trace t. Show that 
if0 <n <t, then K;(n + £) is equal to the coefficient of x” in the expansion 


] Ja - xii! = 1 + 2x + 6x? + 143 4 3324 + 0x5 + 14928 4... 


i>l 


7.100. a. 


7.101. a. 


7.102. a. 


[3—] Let A and B be oie Seats with He oone support, i.e., aj; # 0 


if and only b;; 4 0. If A aa (P, Q)and B ss (P’, Q’), then show that 
P and P’ have the same first columns, and that Q and Q’ have the same 
first columns. 


- [2+] Let 4,(n) denote the number of plane partitions 7 = (7; 7) whose 


shape is contained in A and that satisfy n = tr(r) := my, + an + - 
Show that f, (7) is a polynomial function of n of degree |A| — 1. 


. [2+] Show that if A is an a x b rectangle (i.e., A has a parts, all equal to 


b), then 


ab+n-1 
nin) = ( ab —1 ) 


[3—] Let 6, be the staircase shape (n — 1,n — 2,..., 1), and let f,(m) 
denote the number of plane partitions, allowing 0 as a part, of shape 6, and 
with largest part at most m. For instance, it follows from Exercise 6.19(vv) 
that f,(1) = C,, (a Catalan number). Show that 


n-l . i . . 7 7 
m+i 2m+itj—1\_ 2n+i+j-1 
fam) = [|] — (1 rae ea )= [| ae 


i=l j=2 l<i<j<n 


(7.193) 


. [3—] More generally, let gy44¢(m) denote the number of plane partitions, 


allowing 0 as apart, of shapeA = (M—d, M—2d,..., M—£d). Show that 


+€4 + (dt+lm+et+ 
mite. (= . toe aa 0) 


uxtijer © + Clu) u=(i, Jer £ + clu) 
£+c(u)<aj £ic(u)>dj 
(7.194) 
where c(u) denotes the content of the square u. 


[2—] For A € Par, let n be large enough that n + c(u) > O forall u € 2. 
(Specifically, n > £(A).) Define 


tinq) = 5,(1, 9,9"... dT] (1- git), 


ucxr 


Show that 4, ,(q¢) is a polynomial in g with nonnegative integer coefficients. 


. [3—] Generalize (a) to skew shapes A/j. Here we define c(u) foru € A/p 


by restriction from A. (For example, 21/1 has contents 1 and —1, so we 
must take n > 2.) Thus if 


trjun(Q) = Srjull9.9g?.-..) [] (1-9) 


ueA/ EL 


7.103. a. 
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then show that 4 /.,..(q) is a polynomial in g with nonnegative integer co- 
efficients. More precisely, 
= rf 
th /un — > | I 
T 


summed over all reverse SSYT T = (T; j) (allowing 0 as a part) of shape 
A/p such that T;; <n + jy; — i. For instance, ifA/u = 32/1 andn = 2, 
then the tableaux enumerated by f37 /1,2(q) are given by 


00 00 00 00 00 
01 11 02 12 Dee 


Hence t39/1,2(¢) = g + 297+ q? +q'. 

[3+] Let A(r) be the number of plane partitions 7 with at most r rows 
such that w is symmetric and every row of z is a self-conjugate partition. 
(It follows that 7 has at most r columns and largest part at most r.) Such 
plane partitions are called totally symmetric. Show that 


i+jtk—-1 
A =  . 
OH i+ j+k—2 


Isi<j<ks<r 


. [3+] Let B(r) be the number of plane partitions as in (a) which are also 


self-complementary (as defined in Exercise 7.106(b)). Show that 
1!4!7!10!---@r —2)! 


BG ees, 
ri(r+1)!(r +2)!---(2r — 1)! 


~ [4—] A monotone triangle of order r is a Gelfand—Tsetlin pattern (as defined 


in Section 7.10) with first row 1,2,...,1r, for which every row is strictly 
increasing. Let M(r) be the number of monotone triangles of order r. For 
instance, M(3) = 7, corresponding to 
123 123 123 123 Tos. 123 123 
12 12 13 13 13 25 23: 
1 2 1 2 3 2 


Show that M(r) = B(r). 


. [3] Let P be a poset with 1. The MacNeille completion L(P) of P (men- 


tioned in the solution to Exercise 3.12) is the meet semilattice of 2? (the 
boolean algebra of all subsets of P) that is generated by the principal or- 
der ideals of P. Let P, denote the Bruhat order of the symmetric group 
G,, as defined in Exercise 3.75(a). Show that #L(P,) = M(n). Figure 
7-19 shows L(P4), with the elements of Py, indicated by open circles. 


7.104. [3+] Write f(n) ~ g(n) if lim;z.. f(n)/g(n) = 1. Let a(n) denote the 
number of plane partitions of n. Show that 


a(n) ay CB) ea sh 25/26 exp(3 . 2 Prayer mis 2C), 


where ¢ denotes the Riemann zeta function and 


Solow 
G= i = = —(,0827105718---. 
0 e = 
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432] 


Figure 7-19. The MacNeille completion of the Bruhat order of G4. 


7.105. [3—] If the partitions A and yz have the same multiset of hook lengths, does it 
follow that A and yz are equal or conjugate? 


7.106. a. [2] Let v = (c’), the partition with r parts equal to c. Find the expansion 
of Oe in terms of Schur functions. 

b. [3-] Fix r, c, and t. Let 7 = (7;;) be a plane partition with at most 7 

rows, at most c columns, and with largest part at most tf. We say that 7 

is self-complementary, or more precisely (r, c, t)-self-complementary, if 

iy = t —M,—ic—; foralll <i <r and1 <j < c. In other words, 7 is 

invariant under replacing each entry k by t — k (where we regard 7 as being 

an r X c rectangular array) and rotating 180°. For example, the following 
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where a(k) is the the number of plane partitions of k, and b(n — k) is the 
number of reverse plane partitions of n —k of shape jz. Find a bijective proof. 


7.108. [2—] Let p,q > 2. Find explicitly the number F(p, g) of w € Gp+q with 
longest increasing subsequence of length p and longest decreasing subsequence 
of length q. 


7.109. [3] Let E(n) denote the expected length of the longest increasing subsequence 
of w € G,,. Equivalently, 


a. [2—] Show that 
Eqn) = s Mery: (7.196) 


AFn 


b. [3] Show that lim,.., E(n)/./n exists. 

c. [2] Let w denote the limit in (b). Assuming that aw does indeed exist, deduce 
from Example 7.23.19(a) that a > 1. 

d. [3—] Show that a < e. 

e. [3+] Write 4” = ((A"),, (A")2, .. .) for some partition of n that maximizes 
f* (over all A F 1). Identify A" with the function from R, 9 to Rs9 defined 
by 

‘ . ; 

L0) Es es: 


Jn Jn ~ vn 


Thus do. A"(x) dx = 1. Show that for weak convergence in a certain “rea- 
sonable” metric, we have 


A(x) = 


lim 2" = f, 


Noo 


where y = f(x) is defined parametrically by 
2 
x=y+2cos@, y= —(sin@ — @cosé), 0<6 <2z, 
bs 


and f(x) = 0 for x > 2. Thus f describes the “limiting shape” of the 
partitions that maximize f°. 

f. [3—] Deduce from (e) that a > 2. 

g. [3] Use the RSK algorithm to show that a < 2. Hence a = 2. 


7.110. [3—] Let d(T) denote the number of descents of the SYT T. Define 


Z= > »- got Sj. 


AePar \ risan SYT 
of shape A 


Show that 
e. Yneoll = q)"Sn 
f= q ol = gy 'Sp 


on th 


7.107. a. 


Cc. 
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plane partition is self-complementary for (r, c, t) = (4, 5, 6): 


6 6 5 4 3 
6 5 5 4 2 
42 1 1 0 
3 2 1 0 0 


Let F(r, c, t) denote the number of plane partitions with at most 7 rows, at 
most c columns, and with largest part at most tf. Let G(r, c, t) denote the 
number of such plane partitions that are self-complementary. (It is easy to 
see that G(r,c, t) € 0 if and only if rct is even.) Show that 


G(2r, 2c, 2t) = F(r,c, t)*. (7.195) 


Find similar formulas for G(2r, 2c, 2t + 1) and G(2r, 2c + 1, 2t + 1). 


[2+] Let yw € Par, and let A,, be the infinite shape consisting of the quad- 
rant Q = {(i, J) : i <0, j > 0} with the shape sz removed from the 
lower right-hand corner. Thus every square of A,, has a finite hook and 
hence a hook length. For instance, when yz = (3, 1) we get the diagram 


Show that the multiset of hook lengths of A,, is equal to the union of the 


multiset of hook lengths of Q (explicitly given by {1!, 27, 3°, .. .}) and the 
multiset of hook lengths of wu. 


. [2+] Fix a plane partition jz, and let a,,(n) be the number of skew plane 


partitions of n whose shape is A/jz for some X. For instance, a2(2) = 6, 
corresponding to 


A ee 
a 5 a | i. S 
Show that 
Ye ay(n)q" = (He = >) (1 (1 = vy") 
n>0 i>l ue 


[3] It follows from (b), Corollary 7.20.3, and Theorem 7.22.1 that 


a(n) = > ak)by(n — k), 
k=0 
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and 


Z =) z'q7 — 9) Acq) Pas 
x 


where n = |A|, 2 = €(A), and Ag(q) denotes an Eulerian polynomial. 

7.111. Let B be a subset (called a board) of [n] x [n]. Let X = Xz be the set of all 
permutations w € G, satisfying w(i) = j = (i, J) € B. Let Zy(x) denote 
the augmented cycle indicator of X, as defined in Definition 7.24.1. 


a. 
b. 


c. 


7.112. a. 


b. 


[2—] Let B = [n] x [n]. Show that Zy = n!An. 

[2+] Let X = {w € G, : w(n) # 1}. Express Zy in terms of the basis 
{ha}. 

[3] Suppose that there are integers a,b > O such thata + b < n and 
(i, j) € B whenever i <n—aorj > b. Letm = min{a, b}. Show that 
Zyx isa nonnegative (integer) linear combination of the symmetric functions 
hjh,-j,0 < j < m. (Note that (6) corresponds to the case a = b = 1.) 


. [5] Let B € [n] x [n], and suppose that the set {Gi,n+1—j): (i, j) € B} 


is the diagram of a partition. Show that Zy is h-positive. 


. [3—] Let w € G,, and let B,, denote the n x n chessboard with w removed, 


1.e., 
By = {G, f) € InP : wi # J}. 
Show that 


Ze, = PY AX w)s, 


AEn 


where d, is defined in Exercise 7.63(a). 
[3—] Let w be an n-cycle in (e). Show that 


n 
Za, =) (nDi-1 + (HD's, 


i=! 
where D;.; denotes the number of derangements of [i — 1]. 


[2+] Define two sequences a)a2---a, and b,b2---b, to be equivalent 
if one is a cyclic shift (conjugate) of the other. A necklace is an equiva- 
lence class of sequences. Show that the number N(n, &) of necklaces of 
length n whose terms (“beads”) belong to a k-element alphabet is given 
by 


N(k,n) = - Ss p(dyk"/4, (7.197) 
d|n 


where ¢ denotes Euler’s totient function. 
[2+] Find a formula for the number of necklaces using n red beads and n 
blue beads (and no other beads). 


7.113. [2+] Let g;(p) be the number of nonisomorphic graphs (without loops or mul- 
tiple edges) with p vertices and i edges. Use Exercise 7.75(c) to show that the 
sequence go(p), 81(p),--+> &(2)(D) is symmetric and unimodal. 
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Tide 


7.3. 


74. 


75. 


7.6. 


Chapter 7 
Solutions to Exercises 
True! 
Hint: Where is the period at the end of the sentence? 
See T. Brylawski, Discrete Math. 6 (1973), 201-219, and C. Greene and 


D. J. Kleitman, Europ. J. Combinatorics 7 (1986), 1-10. Note that Exercise 
3.55 is concerned with the Mobius function of Par(#). (The answer to (c) is 
n=7.) 


Let w be a primitive cube root of unity. Then 


[ [| (4+?) =] [a - exd - @x,) 


i>] i>] 
(> ( urea) 
n>0 


= (Temrere, 
we [yg ten ts ro lee: 


n>=0 
, 2 
— e, + 
n m<n 
7 2 
= en ae Cmn€mens 
n 


m<n 


where 
2 ifm—n =O (mod 6) 


1 ifm—n=l1 (mod 6) 

_ J-l ifm—n=2 (mod 6) 
‘mn V2 ifm —n =3 (mod 6) 
—1 ifm—n=4 (mod 6) 


1 ifm—n=S5 (mod 6). 
This result is due to I. M. Gessel. 
One of many ways to prove this formula (known to Jacobi) is to take the formula 
S) = @)43/as3 (Theorem 7.15.1), put 4 = (r), and expand the determinant 
ar)+5 by its last column. For further aspects, see R. A. Gustafson and S. C. 
Milne, Advances in Math. 48 (1983), 177-188. 
By setting y, = ¢ and y2 = y3 = --- = 0 in (7.20) (or by reasoning directly 
from (7.11)), we get 


t? 
> Pn-— = log ay h,t” (7.198) 
n>1 n>0 
Differentiate with respect to ¢ and multiply by ¢ to get 
Senegal” 
>| Pat" = ‘i n- 
n>] Dns Ant 


This is equivalent to the stated formula. 


(Sketch.) LetC), ..., C; be the cycles of w of some fixed length? (so j = m;). 
Choose a permutation 7 € G; in m;! ways. Choose an element a, € Cx, 
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1 <k < j,ini”™ ways. Do this for all 7. Then there is a unique permutation v 
commuting with w such that if b, is the least element of C;, then u(b.) = az), 
and all v commuting with w are obtained in this way. 


7.7. Answer. A basis consists of {p, : At n, all parts A; > O are odd}. 


7.8. 


7.9, 


Proof. Clearly each such p, € {2”. Conversely, assume that f € Q”" but 
f ¢ spang{p, : A n}. We can assume that f = )°, c, py, where A ranges 
over all partitions of n with at least one even part. Let yz be a least element in 
dominance order for which c,, # 0. Then the coefficient of x}'x37xf? +++ in 


f(x, —X1, X3, x4, .. .) iS nonzero [why?], a contradiction. O 


It follows that dim &2” is the number of partitions of n into odd parts. By 
a famous theorem of Euler (see for instance item 10 of the Twelvefold Way 
in Section 1.4, as well as G. H. Hardy and E. M. Wright, An Introduction to 
the Theory of Numbers, fourth edition, Oxford University Press, London, 1960 
(Thm. 344), and [1.1, Cor. 1.2]), this is also the number of partitions of n into 
distinct parts. A natural basis for 82” (due to Schur) analogous to Schur functions 
and indexed by partitions of n into distinct parts appears in [96, Ch. III.8]. 


Let f = ae C, pa. Thenwf = ae CE, Pi, SO 
(ofk = Yo creapalxts x4, )= RC 
AEn Arn 
On the other hand, 


te = Yi capalxt, x4, oe) = ocr pea, 


Aen Arn 


80 Of = Yoyrn CrEkA Pea Now 


Ek = pile) = (pete 
a (a ep Zon (—1)4-Drg, | 


and the proof follows. 


(Sketch.) From aj, = (fi, fy) we get hy = 3°, ay,e,. From (7.13) or 
otherwise, one shows that 
h,= Yo encaers 


Aen 


where c, is the number of distinct permutations of (A1,..., Ae) (where € = 
£(A)) and hence is just the multinomial coefficient 


£ ) _ £! 
m(A), mA), +.) my (A)Lamg(A)! 
Since A, and e, are multiplicative, one can compute a), by expanding A, 
hy, ++ in terms of the e,’s. 
Forgotten symmetric functions were first “remembered” by P. Doubilet, Stud- 
ies in Applied Math, 51 (1972), 377-396. A different (less straightforward) 
proof from that given above appears in this reference. 
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7.10. We have 
logAa(x) = D> log(1 — x*)~! 


Suppose that A  r. Then [why?] 


com) (xt,x3,...) = (—D Pe, ) Gig Mi (Fh She ioc), 
“ 
Hence 


w log Ay (x) = log wA,(x) 


1 
= DS —(—1)"-Y"g, SY aiuinagi 
uM Lu 


n>1 


os (-1¥a, >> > y eee 


HM BePerm(u) n>1 


where Perm(,z) denotes the set of distinct permutations of (421, (42, ...). We get 
log @Ax(x) = (—1)' ex) aay) logll — (1x47, 
Le B 


Xe) 
“oAgtey wz {lle AnGo08e,r even 
IL, By (xy, 7 odd. 
Similarly (or because the transition matrix M( f, m) is an involution), 
IL. By (x), 7 even 


wWBy(x) = 
I], Aw@)™, rr odd. 


7.11. Answer: BNC —1)/s,_ j,1/- Once this answer is guessed, it can be verified 


as follows. We obtain an SSYT of shape (n — j, 1/) and type wz by choosing 
which parts of jz, excluding the part 1, go in the j squares in the first column 
below the first row. There are ( eat ) such choices, 80 Kg j,1/),y = ( oa ). 
Hence the coefficient of m, in the claimed answer is given by 


n—] . 
J j _ &(u)—1 
Sp = 
2 & = ,)« Eg 


j=0 
and the proof follows. 


A 
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7.12. This result was conjectured by E. Snapper, J. Algebra 19 (1971), 520-535 
(Conjecture 9.1), and proved independently by R. A. Liebler and M. R. Vitale, 
J. Algebra 25 (1973), 487-489, and T. Y. Lam, J. Pure Appl. Algebra 10 (1977), 
81-94 (Thm. 1). 


7.13. a. See A. D. Berenshtein (= Berenstein) and A. V. Zelevinskii (= Zelevinsky), 


7.14. a. 


Funct. Analysis Appl. 24 (1990), 259-269; Russian original, 1-13. 


By Corollary 7.13.7, the number in question is the number 53(r) of 3 x 3 
symmetric N-matrices for which every row sum is r. The desired formula 
iS NOW an easy consequence of the expression for G3(A) following Propo- 
sition 4.6.21. 


. Now by Corollary 7.13.7, we are just counting the number S,(r) of n x n 


symmetric N-matrices for which every row sum is r. Proposition 4.6.21 
shows that §,(7) has the form P,(r) + (—1)’ O,(r). It is not difficult to 
find deg P,,(r), e.g., by arguing as in the proof of Proposition 4.6.19 or by 
computing the maximum number of linearly independent n x n symmetric 
N-matrices. The value of deg Q,,(r) is mentioned in the Notes to Chapter 
4 as a conjecture. This conjecture was proved by Rong Qing Jia, in For- 
mal Power Series and Algebraic Combinatorics, Proceedings of the Fifth 
Conference, Florence, Italy, June 21-25, 1993 (A. Barlotti, M. Delest, and 
R. Pinzani, eds.), Universita di Firenze, pp. 292-300, using the theory of 
multivariate splines. For a related paper, see R. Q. Jia, Trans. Amer. Math. 
Soc. 340 (1993), 179-198. 


7.15. See I. G. Macdonald, Bull. London Math. Soc. 3 (1971), 189-192. For the case 
p = 2, see also J. McKay, J. Algebra 20 (1972), 416-418. 


7.16. a. This result was first stated explicitly by E. A. Bender and D. E. Knuth, J. 


b-c. 


Combinatorial Theory (A) 13 (1972), 40-54. An earlier Pfaffian expres- 
sion for a generalization of B, was given by B. Gordon and L. Houten, J. 
Combinatorial Theory 4 (1968), 81-99. Gordon, J. Combinatorial Theory 
11 (1971), 157-168, simplified a special case, which was equivalent to a 
specialization of B,, toa determinant. Bender and Knuth observed that Gor- 
don’s simplification applied to B, itself. Further discussion appears in I. M. 
Gessel, J. Combinatorial Theory (A) 53 (1990), 257-285 (§6). 

By Pieri’s rule (Thm. 7.15.7), we get 


Sin/2|Sfn/2] = oe Shs 

AEn 
tA)<2 
Now take the coefficient of x)x2-+-+-x, on both sides, and the formula for 
y2(n) follows. This argument is due to A. Regev, Advances in Math. 41 
(1981), 115-136. Regev gives a similar (though more complicated) argu- 
ment fork = 3. (See Exercise 7.82(b).) Combinatorial proofs for2 < k <5 
are due to D. Gouyou-Beauchamps, Europ. J. Combinatorics 10 (1989), 69- 
82. Gessel, loc. cit., Thm. 15, deduces the formulas for y;,(n),2 <k <5, 
from (a). 


. See Gessel, loc. cit., §7. In this reference Gessel gives a slightly more 


complicated formula than (7.166) for u3(1), but he subsequently found the 
simplification stated here. 
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7.18. 


7.19. 
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f. The case k = 2 was done in Exercise 6.19(xx). Some formulas for y,(”) and 
u,(n) for large k are given by I. P. Goulden, Canad. J. Math. 42 (1990), 763— 
774. For some related work (using Corollary 7.23.12), see Exercise 6.56(c). 


See R. Stanley, J. Combinatorial Theory 76 (1996), 169-172. For further in- 
formation on W;,(7), see Exercise 6.33(c). 


Label the Black pawns P,..., Ps from the bottom up. When pawn P. pro- 
motes to a rook, call that rook R;. Black’s 25 moves are shown in Figure 
7-20 as the elements of a poset P. Black can play his moves in any order such 
that if « < vin P, then move uw must precede move v. Hence the number 
of solutions is the number e(P) of linear extensions of P. This number is just 
ft (6.66.6) the number of SYTs of shape (6, 6, 6, 6), and the hook-length formula 
(Corollary 7.21.6) yields the answer 140,229,804. This problem was composed 
by K. Vaisanen and appears (Problem 7) in the booklet Queue Problems cited 
in the solution to Exercise 6.23. 


Given a, b > 0, consider those 4 of the form given by Figure 7-21,soo = A/p 
for some 4. Let pa.b,5(n) be the number of such yw satisfying |u“| = n. Then 
[why?] 


ab+ar+bs 


n q 
2, Paboln +14 a [a]! [b]! 


’ 


Figure 7-20. The solution poset to Exercise 7.18. 
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b 
r 
Figure 7-21. Askew shape 4/. 
so 
qo ras 
pon +t)q" = Y° ~—__. 
2 ‘ ay (a)! (6)! 


Some simple manipulations show that the right-hand side is equal to the stated 
answer [ry — l]![s — 1]!/[oo]![r + 5 — 1]!. 

7.20. a. In general, if fe A" then (pi, f)=[«1---xnlf, as follows e.g. from 

equation (7.25). Hence (pj, ha) = [x1 ---%, JA, = CoP Since e.g. 

by Lemma 5.5.3 the number of partitions of [7] of type Ais (, 0) TT: 


m;(A)7}, the result follows. 

b. The following argument is due to Dale Worley. Let z be a partition of [7] 
of type 4. Label the blocks By, B2,... where #B; = 4;, and if #B; = #B; 
with: < j, then min Bj < min Bj. Insert the elements of B; in increas- 
ing order into row i of A. For instance, Bj = {3,6, 8}, By = {5, 7, 9}, 
B; = {1, 4}, Ba = {2} gives the array 


368 
579 
14 
2 
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Sort each column into increasing order. For the above example, we get 


148 

269 

37 

5 
The well-known “non-messing-up theorem” (see D. Gale and R. M. Karp, 
J. Comput. System Sci. 6 (1972), 103—115, for a more general result) states 
that the rows remain increasing, soan SYT T results. An easy combinatorial 


argument shows that the number of times a given SYT T occurs in this way 
is f(T), and the proof follows. 


. Let T be an SSYT of shape 4 and type mu. Let T(s) denote the entry 


in the square s € A of T. Call s special if s = (i,j), j > 1, and 
Td, j — 1) < TQ, j). If's is special, then define f(s) exactly as in (b), 
i.e., f(s) is the number of squares ¢ in a column immediately to the left of 
s and in a row not above s, for which T(r) < T(s). Now set 


f(D) = TTspeciat s /(s) if Thas exactly £(42) — €(A) special squares 
0 if T has more than £(jz) — £(A) special squares. 


(One can show that T always has at least £(y2) — £(A) special squares.) Then 


Yo AT) = mi QD (pus ha), (7.199) 
T 


where T ranges over all SSYT of shape A and type jz. The right-hand side 
of (7.199) is equal to the number of partitions of the multiset {1%1, 242, .. .} 
into disjoint blocks (where each block is a multiset) of sizes Ay, A2,.-...- 

Example. Let A = (4,2, 1) and w = (2,2, 1,1, 1). There are five T 
with exactly £(A) — £(j2) = 2 special squares (whose entries are shown in 
boldface below), viz., 


1122 1122 1134 1135 1145 
T 34 35 22 22 «22 
5 4 5 4 3 


f(T) 1 2 2 2 2 


Thus )_, f(T) = 9, corresponding to the nine partitions of the multiset 
{1, 1, 2,2, 3,4, 5} given by 1122 — 34 —5, 1122 —35 — 4, 1122 — 45 —3, 
1134 —22—5, 1135 —22—4, 1145 —22 —3, 2234—11—5, 2235—11—4, 
2245 — 11 —3. 

The proof of (c) is analogous to that of (b). 
Nore. Parts (b) and (c) were originally proved algebraically. Define P(x; 1) 
as in (96, Ch. 3.2], and write 


Past) = Sod — he, im, (2), 
Lb 


where a, € Z[t]. One interprets a,,,(1) in two ways, using (4.4) on p. 
224 and (5.11') on p. 229 of [96] (note that (4.4) has the typographical 
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error Q,(x; 1) instead of Q,(y;t)), and the proof follows. (The details are 
tedious.) 


7.21. See P. H. Edelman and C. Greene, Contemp. Math. 34 (1984), 155-162 (Thm. 
2), and Advances in Math. 63 (1987), 42-99 (Thm. 9.3). For a generalization 
of balanced tableaux, see S. Fomin, C. Greene, V. Reiner, and M. Shimozono, 
Europ. J. Combinatorics 18 (1997), 373-389. 


7.22. 


a. 


b. 


For any a € Comp(p) we have [x)x2 ---x,]Lq = 1, and the proof follows 
from the definition of Fy. 

Define an algebra St, (over Q, say), called the nilCoxeter algebra of the 
symmetric group G,,, as follows. Jt, has n — 1 generators u,,..., Up—1, 
subject to the nilCoxeter relations 


us = 0, l<i<n 
Uju; = UU; if {i —j{ > 2 
UjUj41Uj = Ujy 1 UjUj41, Lsisn=2, 
If (@j,...,@p) € R(w), then identify the element uy, ‘+ +Ug, Of TT, with 


w. It is easy to see that this identification is well defined and that then G, 
is a Q-basis for Dt,,. Write (f, w) for the coefficient of w when f € Yt, is 
expanded in terms of the basis G,,. 

Now let x = (41, x2, ...) and define A(x) € St, @g Q[x] and G = 
G(x) € N, @g Q[x] by 


A(x) = 1 + xup_1)C + XU_—2)-++ (1 + xu) 
G = A(x))A(x2)---. 


It is immediate from the definition of G that 


G= So Fy w. 


WEG, 


The crucial lemma, which has a simple proof by induction on n, asserts 
that 


: A(x)A(y) = A(y)A). 


From this it follows that F,, € A?. 

The result of this exercise was first given (with amore complicated proof ) 
by R. Stanley, Europ. J. Combinatorics 5 (1984), 359-372 (Thm. 2.1). The 
proof sketched here appears in S. Fomin and R. Stanley, Advances in Math. 
103 (1994), 196-207 (after Lemma 2.1). 


. Let w = wy wW2 +--+ w,. Let a, be the reduced decompostion of w obtained 


by starting with 12 --- and first moving w, one Step at a time to the last 
position, then w,,_; one step at a time to the next-to-last position, etc. For 
instance, if w = 361524 then a, = (4,5, 2,3, 4, 3, 1, 2). One shows that 
Leota,) contains the term x7" x57... x41, that Leocay contains this 
term for no other a € R(w), and that no Liq) contains a term whose expo- 
nents, arranged in weakly decreasing order, are larger than A(w) in domi- 
nance order. Since a9 < p whenever K,, 4 O and since Kpp = 1, we get 
that X < A(w) whenever c,,, % 0 and that cy,a(w) = 1. The corresponding 


498 Chapter 7 


results for “(w) are a consequence of the results for A(w) applied to F,,-1, to- 
gether with the fact that oF, = Fy-1.(Itiseasy todeducethatwF, = F,,-1 
from Exercise 7.94(a).) For details, see R. Stanley, ibid. (Thm. 4.1). 

d. Vexillary permutations (though not yet with that name) were introduced by 
A. Lascoux and M. P. Schiitzenberger, C. R. Acad. Sci. Paris, Série 1 294 
(1982), 447-450 (see Thm. 3.1), and were independently discovered by R. 
Stanley, ibid. (Cor. 4.2). In the paper A. Lascoux and M. P. Schiitzenberger, 
Letters in Math. Physics 10 (1985), 111-124, vexillary permutations are de- 
Jined to be 2143-avoiding permutations (p. 115), and the equivalence with 
the definition we have given is proved as Lemma 2.3. See also (1.27) of I. 
G. Macdonald, Notes on Schubert Polynomials, Publications du LACIM 6, 
Université du Québec 4 Montréal, 1991. 

e. This result is due to J. West, Ph.D. thesis, Massachusetts Institute of Technol- 
ogy, 1990 (Cor. 3.1.7), and Discrete Math. 146 (1995), 247-262 (Cor. 3.5). 
West gives a bijection between 2143-avoiding permutations and 4321- 
avoiding permutations in G,,. The proof then follows from the case p = 3 
of Corollary 7.23.12 (replacing 4 with A’). 

f. The permutation wo is vexillary, and one easily sees that Ay, = My = 
(n —1,n—2,..., 1). Hence by (c) we getr(wo) = pO eee, and the 
proof follows from the hook-length formula (Corollary 7.21.6). This result 
is due to R. Stanley, ibid. (Cor. 4.3.). 

g. Formula(7.168) is aresult of S. Fominand A. N. Kirillov, J. Algebraic Com- 
binatorics 6 (1997), 311-319 (Thm. 1.1). Notice that by (7.193) the product 
on the right-hand side of (7.168) is exactly the number of plane partitions of 
staircase shape (n —1,n—2,..., 1) with entries at most x. Formula (7.169) 
is due to Macdonald, ibid. (eqn. (6.11)). A simpler proof was given by S. 
Fomin and R. Stanley, Advances in Math. 103 (1994), 196-207 (Lemma 
2.3). For a generalization, see Exercise 6.19(00). 

h. This result was first proved by P. H. Edelman and C. Greene, Advances 
in Math. 63 (1987), 42-99 (Cor. 8.4). For some subsequent proofs and 
related work, see W. KraSkiewicz and P. Pragacz, Schubert functors and 
Schubert polynomials, preprint, October 1986, 22 pages; W. Kraskiewicz 
and P. Pragacz, C. R. Acad. Sci. Paris Ser. I Math. 304 (1987), 209-211; 
W. Kraskiewicz, Europ. J. Combinatorics 16 (1995), 293-313; S. Fomin 
and C. Greene, Discrete Math., to appear (Thm. 1.2 and Example 2.2); V. 
Reiner and M. Shimozono, J. Algebraic Combinatorics 4 (1994), 331-351; 
and V. Reiner and M. Shimozono, J. Combinatorial Theory (A) 82 (1998), 
1-73. 

7.23. This surprising connection between the RSK algorithm and symmetric chain 
decompositions is due to K. P. Vo, SIAM J. Algebraic Discrete Methods 2 
(1981), 324-332. For the special case when P is a boolean algebra, see also 
D. Stanton and D. White, Constructive Combinatorics, Springer-Verlag, New 
York, 1986 (Thm. 7.5). 

7.24.a.b. These are simple properties of differentiation having nothing to do with 

symmetric functions per se. 
c. Straightforward proof by induction on @. 
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d. As special cases of Theorem 7.15.7 and Corollary 7.15.9, together with the 
fact that (0/0 p)s, = Si/1 (see the solution to Exercise 7.35(a)), we have 


Us, =>. 3, Doge) Sp: 


v p 
where v is obtained from jz by adding a box, and ¢ is obtained from uu 
by deleting a box. It follows easily that 


(U+D)1= >> Fes. 
A 


Since D1 = 0, it follows from (c) that 


£! ; 
U+Dy1= U') 
\ = 2 riil 
ri=(n—i)/2EN 
£! a 
= 2 2riil (Ss a) 
ri=(n—1)/2EN 


and the proof follows. 

The operators U and D are powerful tools for enumerating various 
kinds of sequences obtained by adding and removing single squares of 
diagrams of partitions. Exercises 7.25—7.27 give some further examples. 
From the viewpoint of partially ordered sets, the fundamental property 
DU — UD = I holds because Young’s lattice Y is a /-differential poset, 
i.e., Y isa locally finite poset with 0 such that (i) if A € Y covers exactly k 
elements, then A is covered by exactly k + 1 elements (see Exercise 3.22), 
and (ii) if distinct elements 4, 44 € Y cover exactly k common elements, 
then they are covered by exactly k common elements. (Note that in fact 
k = 0or 1 in (ii).) The general theory of differential posets is developed 
in R. Stanley, J. Amer. Math. Soc. 1 (1988), 919-961 (see the top of p. 940 
for the present exercise), and R. Stanley, in Invariant Theory and Tableaux 
(D. Stanton, ed.), IMA Vols. in Math. Appl. 19, Springer-Verlag, New 
York, 1990, pp. 145-165. A generalization was given by I. M. Gessel, J. 
Statist. Plann. Inference 34 (1993), 125-134. Further references related 
to differential posets are S. Fomin, J. Algebraic Combinatorics 3 (1994), 
357-404, and 4 (1995), 5-45; S. Fomin, J. Combinatorial Theory (A) 
72 (1995), 277-292; R. Kemp, in Proc. Fifth Conf. on Formal Power 
Series and Algebraic Combinatorics 1993, pp. 71-80; D. Kremer and 
K. M. O’ Hara, J. Combinatorial Theory (A) 78 (1997), 268-279; T. W. 
Roby, Ph.D. thesis, Massachusetts Institute of Technology, 1991; T. W. 
Roby, Schensted correspondences for differential posets, preprint; and R. 
Stanley, Europ. J. Combin. 11 (1990), 181-188. 

e. We want [why?] a bijection between the set Of of oscillating tableaux 
of length @ ending at A and pairs (7, 7), where z is a partition of some 
subset S (necessarily of even cardinality) of [£] into blocks of size two, 
and T is an SYT of shape A on the letters [€] — S. Given an oscillating 
tableau @ = 4°, A!,..., A =A, we will recursively define a sequence 
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(9, To), (1, T)), .-., (te, Te) with (te, Te) = (17, T). We leave to the 
reader the task of verifying that this construction gives a correct bijection. 
Let 7 be the empty partition (of the empty set @), and let 7p be the 
empty SYT (on the empty alphabet). If A’ D Ai-! then 2; = 7;~) and 
T; is obtained from 7;_, by adding the entry i in the square A! /A'—'. If 
i! Cc At! then let 7; be the unique SYT (on a suitable alphabet) of shape 
i! such that 7;_, is obtained from 7; by column-inserting some number /. 
In this case let 2; be obtained from 7;_, by adding the block B; = {i, /}. 

This bijection is due to S. Sundaram, J. Combinatorial Theory (A) 53 
(1990), 209-238. For connections between oscillating tableaux and rep- 
resentation theory, see S. Sundaram, in Invariant Theory and Tableaux 
(D. Stanton, ed.), IMA Vols. Math. Appl. 19, Springer-Verlag, New York, 
1990, pp. 191-225. For an approach to oscillating tableaux based on the 
growth diagrams of Section 7.13, see T. W. Roby, Schensted correspon- 
dences for differential posets, preprint (§4.2). For the theory of skew 
oscillating tableaux, see S. Dulucq and B. E. Sagan, Discrete Math. 139 
(1995), 129-142, and T. W. Roby, Discrete Math. 139 (1995), 481-485. 
As an example of the above bijection (given by Sundaram in the first 
reference above), let the oscillating tableau be (@, 1, 11, 21, 211, 111, 
11, 21, 22, 221, 211). Then the pairs (B;, 7;) (where B; is the block 
added to 7_ to obtain 7;) are given by 


1 1 13 13 21 =21 ~=17 #17 +217 ~17 
2 2 2 3 3. 3 3 3 8 
4 4 9 9 
{2, S}{4, 6} {3, 10}. 
Hence 
17 
P= 3 3 m = {{2, 5}, {4, 6}, (3, 10}}. 
9 


7.25, a. Let U and D be as in Exercise 7.24. It is easy to see that 


fa(n) = YU + DY*s,, 53). 


AFn 
Now U'D/(s,) is homogeneous of degree n + i — j. Hence setting 
k 
= 3 (2k)! yip' 
re . . 2 k-i ’ 
mer (k — i)tilé 2*- 
we get by Exercise 7.24(c) that 


fox(n) = ye (Ts), 5) 


AEn 


= iT A"): 


where tr(T, A”) denotes the trace of T acting on the space A”. Note that 
U'D! py = (my (H))i Pus (7.200 
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where ™m (2) denotes the number of parts of jz equal to 1, and (m)()); is 


the falling factorial. Since the trace of a linear transformation is the sum of 
its eigenvalues, we get 


(2k)! 
fx(n) = ee cee 


pen ixo ( 
(2k)! m)() 
ey Oe 
* kn i=0 


Now, writing P(q) = T1001 — q/)~!, we have [why?] 


sa ; q' 
= ——— P(g). 
E|E( F qa @ 


Hence 


, Ok)! “/k\, 4 
YS freq =n @ (5)? a 


n>0 —q) 
_ Qk)! 2q_\* 
~ QkkE Pea (1 ea) 


_ Qk)! (1+4 
= Fe (4 ita) P(q), 


completing the proof. This result appears (with a different proof, in the 
context of differential posets) in R. Stanley, J. Amer, Math. Soc. 1 (1988), 
919-961 (Cor. 3.14). 

b. It is easy to see that 


gun) = (UD) ‘s,, 81) 
AEn 
= tr((UD)*, A”). 


Hence if 0), ..., 9pm) are the eigenvalues of UD acting on A”, then 


82(1) = or ae eae Oren): 


It follows from the case i = 1 of (7.200) that the eigenvalues of UD are 
just the numbers ,(,2), for 4 / n. There are numerous ways to see that 


#{uF nim (“)=n— J} = pi) — pi — 1), 
and the proof follows. This result is related to R. Stanley, J. Amer. Math. 
Soc. 1 (1988), 919-961 (Thm. 4.1), and R. Stanley, in Invariant Theory and 
Tableaux (D. Stanton, ed.), IMA Vols. Math. Appl. 19, Springer-Verlag, 
New York, 1990, pp. 145-165 (Prop. 2.9). 


7.26. It is surprising that the only known proofs of this elementary identity involve 
either deep properties of Macdonald symmetric functions and g-Lagrange 


> 


02 
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inversion (A. M. Garsia and M. Haiman, J. Algebraic Combinatorics 5 (1996), 
191-244 (Thm. 2.10(a))) or of the Hilbert scheme of points in the plane (M. 
Haiman, (7, g)-Catalan numbers and the Hilbert scheme, Discrete Math., to 
appear (the case m = 0 of (1.10)). Naturally a more elementary proof would 
be desirable. 


Algebraic proofs of (c)-(h) appear in [96, Exams. I.5.26—J.5.28] and were dis- 
covered independently by various persons (Lascoux, Towber, Stanley, Zelevin- 
sky). The identities (a) and (b) are easily deduced from (f) and (h) by considering 
the exponential specialization of Section 7.8. All the identities (a)—(h) can also 
be proved using the operators U and D of Exercise 7.24. See R. Stanley, J. Amer. 
Math. Soc. 1 (1988), 919-961 (Thms. 3.2 and 3.11) for two cases. Finally, bi- 
jective proofs of (a)-(h), based on a skew generalization of the RSK algorithm, 
were given by B. E. Sagan and R. Stanley, J. Combinatorial Theory (A) 55 
(1990), 161-193 (Cors. 4.5, 4.2, 6.12, 7.6, 6.4, 6.7, 7.4, and 6.9, respectively). 
Related work appears in S. Fomin, J. Algebraic Combinatorics 3 (1994), 357-~ 
404, and 4 (1995), 5-45; and J. Combinatorial Theory (A) 72 (1995), 277-292. 

There is a special case of (c) that is especially interesting. Let 6 = @ and 
take the coefficient of x; --- x, on both sides. If ~@ + m then we obtain 


ye St 


AEn 
In particular, if m =n — 1 then 


So ft =(m+lf*, (7.201) 
x 


where the sum on the left ranges over all partitions A covering a in Young’s 
lattice Y. This result has numerous other proofs, including a simple combina- 
torial argument using only the fact that if a partition 4 covers k elements in Y, 
then it is covered by k + 1 elements. Moreover, in terms of the character theory 
developed in Section 7.18, ae (7.201) asserts the obvious fact that 


dim indgn*! x* = (m + 1) dim x* 


a. Asin the proof of Theorem 7.13.1, we may assume by Lemma 7.11.6 that if 
(“) is the two-line array associated to A, then uv and v have no repeated ele- 
ments. The proof is by induction on the length n of u and v, the casen = 0 
being trivial. Now (continuing the notation of the proof of Theorem 7.13.1) 
tr(A) is equal to the number of antichains J; es) of odd cardinality [why?]. 
and thus also equal to the number of antichains J; () of even cardinality. 
Thus by induction, tr(A) is the number of columns of P and QO of even 
length. Since the total number of columns of P and Q is the total number 
of antichains J; C the proof follows by induction. This result is due to M. 
P. Schiitzenberger [1490, p. 127]. 

A proof can also be given based on the growth diagram of a permuta- 
tion w used in the second proof of Theorem 7.13.1. Let w € G, be an 
involution, so that the corresponding permutation matrix is symmetric. The 
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entire growth diagram G,, will then be symmetric. Let v(i, 7) be the parti- 
tion appearing in square corner (i, j) of G,, (where the bottom left corner is 
(0, 0)). We claim that forO <i <n, the number of columns of (the diagram 
of) v(t, i) is equal to the number of fixed points k of w satisfying k < i. 
The proof is by induction on i, the case i = 0 being trivial. Assume the 
assertion for i. Let sg, denote the square in the a-th row (from the bottom) 
and b-th column (from the left) of G,,. By the induction hypothesis, we are 
assuming that the number of columns of v(i, 7) of odd length is equal to 
the number of fixed points k of w satisfying k < i. Consider the use of the 
local rules (L1)-(L4) to define v(i + 1, i + 1). By the symmetry of G,, we 
have v(i,i + 1) = v@ + 1, 7), so rule (L3) never occurs. If (L1) applies, 
then i + 1 is not a fixed point of w and va + 1,1 +1) = v7, i), as desired. 
If (L2) applies, then 7 + 1 is not a fixed point of w, and v(@i + 1,i + 1) 
is obtained from v(i,i) by adding 1 to two consecutive parts. This does 
not affect the number of columns of odd length, as desired. Finally, if (L4) 
applies then i + 1 is a fixed point of w and v(i + 1, i + 1) is obtained from 
v(i, i) by adding a square to the first row. This increases by one the number 
of columns of odd length, as desired. Hence the proof follows by induction. 


. The left-hand side of (7.170) is equal to >, g™xt°™4), where A ranges 


over all symmetric N-matrices of finite support. Now use (a) together with 
Corollary 7.13.7. 


. Putg = 0in(7.170). This identity was first proved by D. E. Littlewood [88, 


(11.9;2)] using symmetric functions. A bijective proof based on a version 
of the RSK algorithm was given by W. H. Burge [13, §2]. 


. Since f* = f*, we see that a(n, k) = >. f* where 2’ has k odd parts. 


By letting A be a symmetric permutation matrix in (a) (or by considering 
the coefficient of gx +++ Xn in (7.170)) we get that a(n, k) is the number 
of permutations in G, of cycle type (2/, 1*), where 27 + k = n. Hence 


n! 
a(n, k) = Di jVKN 
e. Answer: 
-1 i 
[Ja+ex—27)7 [Jax = dla), (7.202) 

i i<j r 
where 0(A) denotes the number of odd parts of i. 

Thecaseg = Oappears in [88, (11.9;4)]. A combinatorial proof was given 
by Burge, ibid. (§3). For noncombinatorial “modern” proofs of (a)-(e), see 
[96, Exams. I.5.4-I.5.10, pp. 76-79]. 

7.29. a. This result was first proved by D. E. Littlewood [88, (11.935) on p. 238]. A 


combinatorial proof was given by W. H. Burge, ibid. (86). For a proof based 
on Weyl’s denominator formula for the root system C,,, see [96, Exams. 9(c), 
pp. 78-79]. 

There is an interesting connection between the result of this exercise 
and algebraic topology. Define the matching complex My, to be the simpli- 
cial complex whose vertices are the two-element subsets of [1], and whose 
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faces consist of sets of pairwise disjoint vertices. The symmetric group G,, 
acts naturally on M,, and hence also on its rational (reduced) homology 

H,(M,,; Q). We can therefore ask for the characteristic ch H ;(M,,; Q) of 
this action on the i-th homology group. Such a result was stated without 
proof (in a different form) by T. J6zefiak and J. Weyman, Math. Proc. Camb. 
Phil. Soc. 103 (1988), 193-196 (p. 195). An explicit statement and proof was 
given by S. Bouc, J. Algebra 150 (1992), 158-186 (Proposition 4), and later 
independently by D. B. Karagueuzian, Ph.D. thesis, Stanford University, 
1994. Namely, 


ch Hi(Mn;Q) = DSi, (7.203) 
A 


where A ranges overall self-conjugate partitions of n satisfying i = |" | _ 
[ srank(A) |. (In particular, the action of G, on the entire homology 
H,(M,,; Q) has the elegant characteristic do arn Shs ) Now the Hopf trace 


formula (see S. Sundaram, Contemp. Math. 178 (1994), 277-309, for a 
discussion of this technique) shows that 


D1 ch C(Mys Q = Y\(-1) ch AM QD, 


where C;(M,,; Q) denotes the space of (oriented) rational i-chains of M,. 
The left-hand (respectively, right-hand) side corresponds to the degree n 
part of the left-hand (respectively, right-hand) side of equation (7.171). 
Thus (7.171) is equivalent to the computation of the G,-equivariant Eu- 
ler characteristic of M,, while (7.203) is a refinement that gives the actual 
homology. 

For further information on matching complexes and related complexes 
(including chessboard complexes, which are the analogues of M,, for com- 
plete bipartite graphs), see A. Bjérner, L. Lovasz, S. T. Vrecica, and R. 
Zivaljevié, J. London Math. Soc. 49 (1994), 25-39 (§4); P. F. Garst, Ph.D. 
thesis, University of Wisconsin—Madison, 1979, 130 pp.; V. Reiner and J. 
Roberts, Minimal resolutions and the homology of matching and chess- 
board complexes, preprint, July 1997; and G. M. Ziegler, Israel J. Math. 
87 (1994), 97-110. The work of J6zefiak and Weyman, of Bouc, and of 
Karagueuzian discussed above computes the homology of matching com- 
plexes over Q (with the additional structure of an G,,-action). It is also 
interesting to consider their homology over Z. Computations of Bouc, ibid. 
(§3.3) and E. Babson, A. Bjérner, S. Linusson, J. Shareshian, and V. Welker. 
Complexes of not i-connected graphs, MSRI Preprint No. 1997-054 (Table 
3), suggest that torsion only occurs for the prime 3, but this question remains 
open. 


. This was proved using symmetric functions by D. E. Littlewood [88. 


(11.9;3)], and by a variation of the RSK algorithm by W. H. Burge, ibid. (85). 


. This result is due to T. Jozefiak and J. Weyman, Advances in Math. 56 (1985). 


1-8. For another proof and a number of related results, see A. Lascoux and 
P. Pragacz, J. Phys. A 21 (1988), 4105-4114. A further reference is J. B. 
Remmel and M. Yang, SIAM J. Discrete Math. 4 (1991), 253-274. 
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7.30. a. We have A + 5 = d(jz + 6). Hence by Theorem 7.15.1 we get 


7.31. 


7,32. 


7.33. 


Qj43(X 15525 Xn) 
PO eS 
ASR a ou Xy) 
d d d 
Aya s(xt,... x2) as(xf,...,x4) 
OE sgt)! Ag Ris erg. Xs) 
ad 
x? — x4 
= d d i j 
= sy(xt,-...x2)[ [——. 
peg Mi Xi 
i<j 


b. Put uw = @ in (a). 
c. See A.-A. A. Jucis (=Yutsis), Mat. Zametki 27 (1980), 353-359, 492; and 
T. S. Sundquist, Ph.D. thesis, University of Minnesota, 1992 (pp. 49-52). 


LettO <a) < a7 < ++} <a, < p-landO <b) <b <--- < 
bn < p — 1. These two sequences define the submatrix B — [¢ cali 
Let x = (x1,...,X%,) and define the matrix B(x) = [xj one so B = 
B(E™, ...,0%), Leta = (by—n+1, b,-;—n+2, ..., b,). By Theorem 7.15.1 
we have 
det B(x) = 5,(x) [] (Xj; — Xx). 
l<j<k<n 

Since Piepeies (¢% —%) = 0, we need to show that 5,(f%,...,6%) # 


0. Suppose the contrary. Then g = © is a zero of the integer polynomial 
5,(g™,...,.q%), SO 


siq™,...,9g™) = Lig tqt---+¢?!) 


for some L(g) € Z[q]. Putting g = 1 gives s,(1") = 0 (mod p). But by 
equation (7.105) we have 


by — b; 
s")= [] ~—+ 40 mod p), 
l<j<k<n k — J 
Sj<ks 
a contradiction. 
This result was first proved (in a different way) by N. G. Cebotarev in 1948. 
For further proofs and references, see M. Newman, Lin. Multilin. Algebra 3 
(1975/76), 259-262. The proof given here was found by R. Stanley in 1990. 


a. Write the Schur functions appearing in (7.172) as quotients of determinants 
using Theorem 7.15.1. The numerators are transposes of each other, while 
the denominators can be evaluated from equation (7.105). This result, as 
well as the two examples in (b), is due to J. R. Stembridge (private com- 
munication). Stembridge’s work was done in the more general context of 
characters of arbitrary complex semisimple Lie algebras. 

b. Let w = (1) and x = (21”"~*), respectively, in (a). 

a. It follows from Exercise 7.30(c) that r(n) is the number of outdegree se- 
quences (1, ..., @,) of a tournament on the vertex set [7]. Now use Exer- 
cise 4.32, 
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b. Let t,(n) be the number of distinct monomials appearing in sxs(x1,..., 
X,). By a straightforward generalization of Exercise 7.30(c), t,(1) is the 
number of outdegree sequences of (loopless) directed graphs on n vertices 
with exactly k edges (ignoring direction) between any two distinct vertices. 
Applying Exercise 4.32(b) to the undirected graph I" on n vertices with k 
edges between any two distinct vertices shows that t,(n) is the number of 
forests on n vertices whose edges are k-colored. Hence 


Says, = exp oe = 


n>0 j=l 
7.34, See [96, Exams. 3.8, pp. 46-47]. This result is essentially due to Jacobi [64]. 


7.35. a. The easy way is to show that D = d/dp, (acting on polynomials in 
Pi, P2,...). See [96, Exam. I.5.3c, pp. 75-76]. One only needs to check that 


) 

(, p.| = (Pr; PiPu)s 
which is routine. 

One can also give a direct combinatorial proof, based on the Little- 
wood-Richardson rule (Appendix 1, Section A1.3). 

b. If D is any derivation on a ring R, then a simple formal computation shows 
that setting [f, g] = (Df)g — f(Dg) defines a Lie algebra structure. 

c. This identity first arose in the context of the Korteweg—deVries equation 
in M. Adler and J. Moser, Commun. Math. Phys. 61 (1978), 1-30. A com- 
binatorial proof was given by J. P. Goulden, Europ. J. Combinatorics 9 
(1988), 161-168. For additional information and references, see B. Leclerc, 
Discrete Math. 153 (1996), 213-227. 


7.36. Use the fact that D,, is adjoint to the homomorphism M,, which multiplies by 
S,, (Theorem 7.15.3). Since M,, and M, commute, so do D, and D,. 


7.37. a. We have as = det V,,, where V,, denotes the Vandermonde matrix (x; 
Then V/V, = (p2n—-i—;){, with the (temporary) convention po = n. Take 
the determinant of both sides to get the expansion a; = det(p2,—;—;). This 
result is due to C. W. Borchardt, Creile’s J. 30 (1845), 38-45, and J. de 
Math. 12 (1845), 50-67. 


n— Bie 


b. In Exercise 7.42 set m =n and y; = —gx, to obtain 
pon — 9)" [ai 9x) = S) ay n@)so@), 
ixj AC(n") 
where x = (x1,...,4%»,). Now 


(5, 5%. 8¢r))y = (S225 pny), by (7.60) 
= (5,, 50) n by Exercise 7.56(a) 
{; Ae tis Me 


O otherwise. 


(See D. E. Littlewood, J. London Math. Soc. 28 (1953), 494-500 (Thm. 
Ill), for a different argument.) Hence the coefficient of si.) in x1 + °° 4» 


7.38. a. 
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(Il — gy” TTin ji — qxj) is equal to 
Yo (-g =U -gd-@)--G=9"!) — [why?]. 


Ae{n") 
A=,’ 


Divide by (1 — g)" and set q = 1 to get that the coefficient of s;,») in 
X1 ++ +X, a? is equal to (—1)@)] . 3---(2n — 1). (The sign (—1)) arises 
because a; =(— 1)@ TI Zi (x; —x;).) This is equivalent [why?] to the state- 
ment that the coefficient of s((—1)) in a? is also (—1)@)1-3---(2n — 1). 


. This result follows from Theorem 11.4 or Example 11.6(a) of J. R. Stem- 


bridge, Ph.D. thesis, Massachusetts Institute of Technology, 1985. 


. This is the case g = 1 of J. R. Stembridge, Trans. Amer. Math. Soc. 299 


(1987), 319-350 (Cor. 6.2). A formula for c, is unknown in general. A 
further reference is A. N. Kirillov, Adv. Ser. Math. Phys. 16 (1992), 545~ 
579. For some of the sophisticated algebra related to the symmetric function 
ae, see P. Hanlon, Advances in Math. 84 (1990), 91-134, and B. Kostant, 
Advances in Math. 125 (1997), 275-350 (see especially §5). 


. Set F(q) = [igs @i — qx;). Leto = e?"'/3, Since 


2 2 
(Xj — Wx ;)(Xj — WX;}) = —w (x; + xix; + x4), 
we have 


F(w) = (—w) |] (x? + xix; + x7) 


i<j 
= (—0))595(x1, 6. 5Xn)s 


using Exercise 7.30(b). By considering the largest exponent in dominance 
order of the monomials appearing in the expansion of F'(qg), we see that 


(F(q), 823) = (—q). 


It follows that in the Schur function expansion of F(q), all coefficients 
except that of s25 vanish at g = w. Hence (since these coefficients are 
polynomials with integer coefficients) they are divisible by g? + g + 1. 
Now put g = 1. This result was discovered empirically by J. Stembridge 
(private communication dated 13 May 1998) and proved by R. Stanley. For 
somewhat related results see [96, Ex. 1.3.17, pp. 50-51]. 


For N sufficiently large (viz, N > |A/p|), let V be a complex N- 
dimensional vector space, and let F*/“ denote a GL(V )-module with char- 
acter $)/,(x1,..., Xn) (using the results and terminology of Appendix 2). 
For a (weak) composition a = (a, @,...), let S* denote the GL(V)- 
module with character hy (so S* = S*'(V) ® S“@(V) ®---, where S’(V) 
denotes the i-th symmetric power of V). For0 < j < (5), define the 
GL(V )-module 


y= L Gro UKEE Oy 
WES, 


fw)=j 


where | | denotes direct sum, and where 6 is as in equation (7.69). The idea 
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7.40. 


7.41. 
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of the proof is to define an exact sequence (of GL(V )-modules) 
ee AC ie ree a Oren eee ae fy (7.204) 


The existence of such an exact sequence solves the problem at hand by an 
obvious extension of Exercise 2.3(b) from vector spaces to GL(V )-modules. 
The existence of the exact sequence (7.204) for the case 4 = @ was stated 
by A. Lascoux, Thése, Université Paris VII, 1977, but without defining 
the maps. Actually, Lascoux considers the dual situation corresponding to 
Corollary 7.70, but the Schur positivity of ta/,,,, and that of w(ta/,.,4) are 
equivalent. A rigorous treatment of Lascoux’s work (for both the stated 
and the dual case) was subsequently given by K. Akin, J, Algebra 117 
(1988), 494-503; in Contemporary Math. 88 (1989), pp. 209-217; and J. 
Algebra 152 (1992), 417-426. An independent treatment, for general A/, 
was given by A. V. Zelevinskii (= Zelevinsky), Functional Anal. Appl. 21 
(1987), 152-154. 


This is a result of G. Z. Giambelli, Atti Torino 38 (1903), 823-844. See also 
[96, Exam. I.3.9, p. 47]. 


This is aresult of A. Lascoux and P. Pragacz, Europ. J. Combinatorics 9 (1988), 
561-574. See also [96, Exams. I.5.20-I.5.22, pp. 87-89]. 


Algebraic proof. By the classical definition of Schur functions (Theorem 
7.15.1) we have 


ae 


(x1 +++ Xm)" det(x; : 


seas 
deere) 
deta ae 2) 
des?!" 


= SX asada 


(ie) Si eee VS 


Combinatorial proof. Given an SSYT T of shape A, let u!,..., 2” be the 
columns of T (left to right). Let ji! be the column whose entries are the com- 
plement in [77] of the entries of jz’, arranged in increasing order. Let T have 
columns ji”, 2"~',..., '. The map T +> T’ yields the desired bijection. As 
an example, let m = 6,n = 7, and 


11234 
_ 33446 
~ 455 

6 


T 
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Then 


1111122 

2222345 
, 333566 
~ 4456 

55 

66 


In the identity 


n 


(+219) =D sxQ)sy(y), 


i=] j=] Xr 


1s 


(obtained by specializing Theorem 7.14.3), replace y; by yan multiply by 
(y1°+* Yn)”, and use Exercise 7.41. See [96, Exam. 1.4(5), p. 67]. 
Note that 


U(Pn) = Wy Dn(x, y)| 2=1, yist ’ 
x;=y;=0 if i>0 


where x = (x1, X2,...), Y = (V1, 2, -- .), and w, denotes the involution w 
acting on the y variables only. Hence (using equation (7.66)), 


WS) = Sax, y)| n=1, yist 
x;=y;=0 if i>0 


a ba (six) “=1 ) ; (ers) 
x;=0 if i>0 


uMoA 
= So su(Dsyjy(t). 


eon 


yist ) 


Now s,(1)=0 unless yz consists of a single row, in which case sil) =— 1. 
Similarly, 54//,,/(t) = 0 unless 4./ is a vertical strip, in which case 5y1/,,(t) = 
t/4l Thus if su(1)syyy(t) # 0, thend = (n—k, 1) forsomeO <k <n—1, 
and either u = (n—k)or uw = (n—k—1), in which cases, (1)syrjyi(t) = t/#!, 
From this the proof is immediate. 

Suppose that f = >7,, CuS,. Applying y and dividing by 1 + t yields 


n-1 


1 k 

= = Cin v. 

i+ me, S (n—k, 14) 
Hence this exercise can be a useful tool for evaluating hook coefficients of 
Schur function expansions. See Exercise 7.86(c) for an example. 
This interesting specialization is due to F. Brenti, Pacific J. Math. 157 (1993), 
1-28. Parts (a)-(d) appear as Theorem 4.1, Theorem 4.2, Proposition 4.5, and 
Proposition 4.8, respectively. 
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7.45. Lets, = Do itay Kaw, 80 Kj, is a Kostka number. Thus 


Ta(5) = > Ky avmy. 


vEb 


If follows that for each p | Bb we have 


(So. Ta (S))) = (:, »: Kam) 


vEb 


= ( pace hav) ms) 


v 


— yop: my) : (Sy, hay) 


= (s ao my) be ’ 


v 


using the bilinearity of the scalar product together with Corollary 7.12.4 and 
the orthonormality of Schur functions (Corollary 7.12.2). 

Consider the algebra endomorphism ¢, of the ring A defined by ¢,(h;) = 
hai. If we apply gq to the Jacobi—Trudi identity defining s, (Theorem 7.16.1), 
then we obtain the Jacobi—Trudi matrix for the skew Schur function of skew 
shape [ao + (a — 1)5]/(a — 1)d, where if £(9) = £ then d = (€— 1,2 — 
2,..., 1,0). Hence 


PalSp) = Stap+(a—1))/(a—1)5- 
Thus 


> 5p. my)hav = Ga (Te mk] 


v v 
= PalSp) 
= S(apt+(a—1)8)/(a— 16+ 
It follows that 


(Ta(sx), 5p) = (siSa—5, Sap-Ha—1)8) > 


a Littlewood—Richardson coefficient. Such coefficients are always nonnegative 
(see Corollary 7.18.6 and Appendix 1, Section A1.3), and the proof follows. 

This result is due independently to R. Stanley, Electron. J. Combinatorics 
3(2), R6 (1996), 22 pp. (Thm. 2.4), and to P. Littelmann, as a simple conse- 
quence of his path model theory developed in Ann. Math. 142 (1995), 499-525. 
More explicit statements appear in papers by Littelmann: J. Amer. Math. Soc. 
11 (1998), 551-567 (§2); The path model, the quantum Frobenius map and 
Standard Monomial Theory, in Algebraic Groups and Their Representations 
(R. Carter and J. Saxl, eds.), Kluwer, Dordrecht, to appear. 


7.46. 


7.47. 
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This result was conjectured by C. Reutenauer, Advances in Math. 110 (1995), 
234-246 (Conjecture 2), and proved independently by W. F. Doran, J. Com- 
binatorial Theory (A) 74 (1996), 342-344, and by T. Scharf and J.-Y. Thibon, 
unpublished. Doran defines a symmetric function 


fab= DS oa 
Aen 
min{a; :A;>O}>4k 


and shows that 


k 
—f(n, k) = Say t+ \ FG fn -i, 0). 
i=2 
It follows by induction that for k > 2 the symmetric function — f(n, k) is a 
nonnegative linear combination of Schur functions. Since g, = f(n,n), the 
proof is complete. 


a. The symmetric function Xg was first defined by R. Stanley, Advances in 
Math. 111 (1995), 166—194. (The reference in parentheses preceding the so- 
lutions to (b)-(g) and (j)-(k) below refers to the preceding reference.) The 
fact that Xg(1") = xG(n) is stated as Proposition 2.2, and is immediate 
from the definitions. 

b. (p. 170) This question has been checked to be true for trees with at most 
nine vertices by T. Chow. Note that all trees with d vertices have the same 
chromatic polynomial, viz., n(n — py). 

c. (Proposition 2.4) The coefficient of a monomial xptx}? --- in XG is equal 
to the number of ways to choose a stable partition 2 of G of type A = 
(1"'2” .--), and then for each i to color some block of size 4; with the color 
i. Once we choose wz we have r}!rz!---+ ways to choose the coloring, and 
the proof follows. 

d. (Theorem 2.6) The solution is analogous to the solution of Exercise 3.44. 
By acoloring of G, we mean any map x : V — P. (Note that “coloring” in 
Exercise 3.44 is here called “proper coloring.”)Givena € Lg,define X, = 
ae x*, summed over all colorings « of G such that (i) if wu and v are in the 
same block of o then «(u) = K(v), and (ii) if u and v are in different blocks 
and there is an edge with vertices u and v, then k(u) # Kk(v). Given any 
x :V — P, there is a unique o € Lg such that « indexes one of the terms 
appearing in the definition of X,,. It follows that for any 7 € Lg we have 


PtypeGr) = » Xo. 
o>n 
By Mobius inversion (Proposition 3.72), 
Xz = » Prype(o) (7, a). 
o>n 


But Xg = XG, and the proof follows. 

e. (Corollary 2.7) Since for any A k d we have €, = (—1)?~™™) (see equation 
(7.19)), there follows Etypeqr) = (—1)¢—'*!_ Now use Proposition 3.10.1, 
Proposition 7.7.5, and equation (7.174). 


tS A TT 
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f. (Theorem 3.1 and equation (8)) Let P be a d-element poset. Fix an order- 
reversing bijection w : P — [d]. Let 


Xp = eee 
K 


summed over all strict order-preserving maps «: P —> P. By Corollary 
7.19.5, we have 


Ke ses (7.205) 
mEL(P,w) 


so in particular X p is L-positive. Now let o be an acyclic orientation of 
G and « a proper coloring. We say that x is o-compatible if k(u) < K(v) 
whenever (v, u) is an edge of o (i.e., the edge uv of G is directed from 
v to u). It is easy to see that every proper coloring kK is compatible with 
exactly one acyclic orientation o. Hence if X, = }_, x“, summed over 
all o-compatible proper colorings x, then Xg = )~, X,, summed over all 
acyclic orientations of G. Let o denote the transitive and reflexive closure 
of o. Since o is acyclic, 6 is a poset and X; = X,. Since X; is L-positive 
by (7.205), it follows that XG is L-positive. 

g. (Theorem 3.3) The idea of the proof is to define (using the notation of 
Section 7.19) a linear operator ¢ : Of > Q[r] by 


ito 1¥, eH 04+ Wyn dD) 


0 otherwise. 


p(La) = | 


One then shows that g(e,) = ¢£?) and 


y(Xe) =) sink(G, j)t/, 


Jj 


from which the proof follows. It would be interesting to have a more con- 
ceptual proof. 

h. This beautiful result is due to V. N. Gasharov, Discrete Math. 157 (1996), 
193-197, using an involution principle argument. For the case when P is 
a chain, a bijective proof follows immediately from the RSK algorithm. 
Thus it is natural to ask for a generalization of the RSK algorithm that 
proves the general case of Gasharov’s result. When the poset P also con- 
tains no induced subposet isomorphic to the poset of Figure 7-22., such a 
generalization was given by T. S. Sundquist, D. G. Wagner, and J. West, J. 
Combinatorial Theory (A) 79 (1997), 36-52. 

i. Let V be the vertex set of G = inc(P). Ifa:V — N, then define G% to 
be the graph obtained from G by replacing each vertex v of G by a clique 
(complete subgraph) Kg) of size w(v), and placing edges connecting every 
vertex of Kay) to every vertex of Koy) if uv is an edge of G. (Ifa(v) = 0 
then we are simply deleting the vertex v.) It follows from the definition of 


X Ge that 
[ [coi = a ee 
i 


a:VoN 


It is easy to see that each G® is the incomparability graph of a (3 + 1)-free 


rl Ne 
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Figure 7-22. An obstruction to a generalized RSK algorithm. 


poset. Hence by (h) the product I], C(x;) is s-positive. The result now fol- 
lows from Exercise 7.91(e). This argument appears in R. Stanley, Graph 
colorings and related symmetric functions: ideas and applications, Discrete 
Math., to appear (Cor. 2.9). A different proof was given by M. Skandera in 
1998. 

. (Conjecture 5.1) An equivalent conjecture appeared in R. Stanley and J. 
R. Stembridge, /. Combinatorial Theory (A) 62 (1993), 261-279 (Conjec- 
ture 5.5), in the context of “immanants of Jacobi—Trudi matrices.” A special 
case of the conjecture asserts that for any fixed k,d > 1, the symmetric 
function Fy.g = oy Xi, Xi, *** Xi,» 18 e-positive, where the sum ranges over 
all sequences i;, iz, ... , ig such that any k consecutive terms are all distinct. 
Even the case k = 3 remains open. For the case k = 2, see equation (7.175). 
. (Propositions 5.3 and 5.4) Let A / d. The number b, of connected partitions 
of Pz (as defined in (d)) of type A is just the number of distinct permutations 
of the parts of A. Hence if A = (1"'2”---), then b, = (ae): Since Py 
is a tree, the lattice L p, is just a boolean algebra, so by Example 3.8.3 we 
get u(0, 7) = Etype(z)- Hence from equation (7.174) there follows 


L(A 
Xn = Da 2 ) ps 


thd T1,172,--- 


so 


1 
t= ; 
ae LS pith pot — pat? eo 
The proof now follows by applying the involution w to equation (7.165). 
A second proof appears in the reference given in (a). The result (stated 
in a different form) seems first to have been proved by L. Carlitz, R. A. 
Scoville, and T. Vaughan, Manuscripta Math. 19 (1976), 211-243 (p. 242). 
A combinatorial proof was given by J. Dollhopf, I. P. Goulden, and C. 
Greene, in preparation. The generating function (7.175) (or its image un- 
der the involution w) appears in (seemingly) completely unrelated contexts 
in R. Stanley, in Graph Theory and Its Applications: East and West, Ann. 
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New York Acad. Sci. 576, 1989, pp. 500-535 (based on work of C. Procesi; 
for further references see J. R. Stembridge, Advances in Math. 106 (1994), 
244-301 (p. 266)), and in [6.28, Thm. 14.2.4]. 

The formula for Cy can be deduced from that of Pz by using Corollary 
4.7.3. See p. 190 of the reference in (a) for details. 


. In fact, XG is a nonnegative linear combination of the symmetric functions 


e;@q—j- In the special case when the complement of G is bipartite, this re- 
sult follows from R. Stanley and J.R. Stembridge, ibid., Theorem 7.4.3, and 
was given a different proof in R. Stanley, Advances in Math. 111 (1995), 
166—194 (Cor. 3.6). It was observed by T. Chow that this second proof only 
requires that the complement of G be triangle-free. 


. This question is due to V. N. Gasharov and appears in R. Stanley, Graph 


colorings and related symmetric functions: ideas and applications, Discrete 
Math., to appear (Conjecture 1.4). If this question has an affirmative an- 
swer, then the following conjecture (first mentioned as an open question 
by Y. O. Hamidoune, J. Combinatorial Theory (B) 50 (1990), 241-244 (p. 
242)) would follow in the same manner as (i). Let G be a clawfree graph, 
and let c; be the number of stable i-element subsets of the vertex set of G. 
Then every zero of the polynomial }~ c;t’ is real. 


7.48. The theory of locally rank-symmetric posets developed in this exercise first 


appeared in R. Stanley, Electron. J. Combinatorics 3, R6 (1996), 22 pp. The 
definition of Fp was suggested by R. Ehrenborg, Advances in Math. 119 (1996), 
1-25 (Def. 4.1). 

a. By considering the support of the multichain 0 = fo <t) <--: < tee < 


t, = 1, we get 


fp = > s ie ee wh ‘a ap(S), (7.206) 
S=(my,..., myl< lSi, <---<ij41 
SC[n-1] 


where a p(S) is defined in Section 3.12 (and is now called the flag f -vector 
of P). Since ap(S) = So rcs Bp(T) (equation (3.33)), we need to show 
that foreach 7 C [n — 1], 


mi, m2z—-m, n-mj 
» >». asi i, ey Fs = Lor) 


But this is a routine verification, looking at all possible ways of choosing 
each symbol < to be either < or = in the definition (7.89) of Ls. See R. 
Stanley, ibid. (Prop. 1.3). 


. This result is the special case f = ¢ of Exercise 7.94(b). For a simplified 


version of the proof of Exercise 7.94(b) for the case at hand, see R. Simion 
and R. Stanley, Discrete Math. 204 (1999), 369-396 (Proposition 4.7.1). 


. It follows from (7.206) that Fp € A” if and only if for all S = {m,..-; 


mj}< & [n — 1], we have that os(P) depends only on the multiset {771, 
mz — my,m3 — m2,...,n — mj}, not on the order of its elements 
R. Stanley, Electron. J. Combinatorics, 3, R6 (1996), 22 pp., Cor. 1.2. Now 
use Exercise 3.65 (which applies to locally rank-symmetric posets, though 
it is stated only for locally self-dual posets). 


d. Ibid. (Prop. 3.3). 


7.50. 


7.51. 


752. 
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e. Ibid. (Thm. 3.5). This result holds for a class of lattices, known as q -semipri- 
mary lattices of type t4, more general than the subgroup lattices stated 
here. See the reference for further details. The polynomials Kj,,(g) = 
gh K,,0/q) (where b(A) = }°(i — 1)A; as usual) are known as Kostka 
polynomials or Kostka—Foulkes polynomials. They occur ina variety of com- 
binatorial and algebraic contexts and have many fascinating properties. For 
some further information on Kostka polynomials, see e.g. [96, Ch. 3.6], as 
well as A. M. Garsia and C. Procesi, Advances in Math. 94 (1992), 82-138: 
G.-N. Han, Prépubl. Inst. Rech. Math. Av. 1994/21, 71-85; and S. V. Kerov, 
A.N. Kirillov, and N. Yu. Reshetikhin, Zap. Nauchn. Sem. Leningrad Otdel 
Mat. Inst. Steklov (LOMI) 155 (1986), 50-64, 193. 

f. See R. Stanley, Electron. J. Combinatorics 4, R20 (1997), 14 pp. Some 
generalizations of NC,,+1 related to root systems are discussed in §5 of that 
reference. 

g. See the reference cited in (b). Shuffle posets were first considered by C. 
Greene, J. Combinatorial Theory (A) 47 (1988), 191-206. A generalization 
was given by W. F. Doran, J. Combinatorial Theory (A) 66 (1994), 118— 
136. 


. This result was proved by C. Lenart, Lagrange inversion and Schur functions, 


preprint, 1998, by an intersecting lattice path argument. 
In equation (7.78), set x) = --- =X, = land Xn41 = Xn42 =--- = Oto get 


1 
ss") = DT (wn. 


WweGn 


Now use Corollary 7.21.4 to get 


a y~ x*(w)n™ = 7] Sey (7.207) 


“ weGy uer A(u) 


(Of course a polynomial identity holding for all n € P holds everywhere, i.-e., 
when vn is an indeterminate.) 


Take the coefficient of n¥—! on both sides of equation (7.207), and the proof 
follows after some simple manipulation using the fact that }>,.,c(u) = 
b(X’) — b(A) (see [96, Exam. 3, p. 11]). This elegant proof is due to S. Sun- 
daram and others. For other proofs, see [96, Exam. 7, pp. 117-118] and W. M. 
Benyon and G. Lusztig, Math. Proc. Camb. Phil. Soc. 84 (1978), 417—426 (pp. 
419-420). One can also use Exercise 7.62 to get x*(21"-?) = fr/? — fr/tl, 
Clearly f*/* + f*/!! = f*. To compute f*/’, see [72, Exer. 19, p. 70]. 
Define the depth d(u) of a square u = (i, j) of (the diagram of) A to be the 
smallest integer kK > 0 for which u + (k,k) ¢ 4. The number of squares of 
depth k is just jz. Moreover, if we successively remove border strips from A, 
then the k-th border strip removed contains no squares of depth greater than 
k. Hence the first k border strips removed contain a total of no more than 
fy + +++ + fg squares. It is then immediate from the Murnaghan—Nakayama 
rule (Corollary 7.17.5) that if y*(v) A 0, then v < pz. Now A contains a unique 
border strip B, of size 44; A — By contains a unique border strip By of size 2, 
etc. Since ht(B;) = 4; —i, we obtain from the Murnaghan—Nakayama rule the 
stated formula x*(j) = (-LY. 
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7.53. Consider equation (7.207). The coefficient of n” on the left-hand side is equal 


7.54, 


7.55. 


7.56. 


7.57. 


7.58. 


to 1/N! times the sum a x*(w) we are trying to evaluate. If now (v) > r, 
then by Exercise 7.52 we have x*(v) = 0. Hence the left-hand side of (7.207) 
is divisible by n”. There are r factors equal to n in the numerator of the right- 
hand side, coming from the r diagonal terms u = (i, i). Hence the coefficient 
of n” on the right-hand side is given by 


T]ue.. clu) p 


ux(i,i) 
= c(u). 
Tuex hu) N! I] 
uAGi) 


It is easy to see that this last product is just (—1)' T]j_j(ai — DIA; — DI, 
and the proof follows. 


Assume that y*(jz) = 0 whenever some nonzero 4; is even. Since x* (uw) — 
Ey x*(u), it follows that A = A’. IfA 4 (m,m—1,..., 1), then A has a border 
strip of even length. Let B be a maximum-size border strip of even length. 
Since any even border strip of a self-conjugate partition can be extended either 
up to the first row or down to the first column and remain even, it follows that 
there exist exactly two maximum-size even border strips B, B’, symmetrically 
placed on the boundary of A, and ht(B) # ht(B’) (mod 2). Let |B] = 27. Then 
(by the Murnaghan—Nakayama rule) for all v F n — 2r we have 


O= x*(2r Uv) = Hlx*4(v) — x7 Fv]. 


Leta = %— B,soa’ =A — B’. Then forall v we get that x*(v) = x” (v). 
Hence a = a’, which is impossible. This argument is due to to S. Sundaram 
(1984). 

a. Since G, is generated by transpositions (even adjacent transpositions), we 
have p*(G,,) C SL(m, C) if and only if det p*(w) = 1, where w has cycle 
type (21"~?). Now tr p*(w) = x*(21"~*), so p*(w) has $[ f*+x*(21"~*)] 
eigenvalues equal to 1 and al f* — x*(21"-*)] eigenvalues equal to —1. 
Hence p*(G,,) C SL(m, C) if and only if i f* — x*(21"-*)] is even, 
and the proof follows from Exercise 7.51. This result is due to L. Solomon 
(unpublished). 

a. If we rotate 180° an SSYT of shape 6, then we obtain a reverse SSYT of 


shape 6”, and conversely. Now use Proposition 7.10.4. 
b. Use (a) and the fact that (B,)’ = Bg. 


Let u € A. Let u, be the lowest square of A in the same column as u, and let u2 
be the rightmost square of A in the same row as u. Then there is a border strip 
B,, beginning at u,; and ending at v2, and this establishes a bijection between 
the squares and the border strips of A. Hence the number of border strips is n. 
Note also that #B, = h(u), the hook length at u. 


Suppose A has an even hook length. It is easy to see that 4 then has a hook of 
length two. Remove it from the diagram of 4. The resulting diagram has one less 
even hook length and one less odd hook length than A (see Exercise 7.59(c)), 
so the number of odd hook lengths minus the number of even hook lengths is 
unchanged. Continue removing hooks of length two until all hook lengths are 


7.59. 
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odd. The resulting partition must then be of the form (k,kK—1,..., 1) forsome 
k. For references, see the solution to Exercise 7.59. 


The code C) of the partition 4 was first defined by S. Comét, Numer Math. 1 
(1959), 90-109, and was further developed by J. B. Olsson, Math. Scand. 
61 (1987), 223-247. A technique equivalent to the code of a partition js 
the theory of bead configurations and abaci, developed in G. D. James and 
A. Kerber, The Representation Theory of the Symmetric Group, Addison- 
Wesley, 1981 (Ch. 2.7), based on work of T. Nakayama, H. K. Farahat, 
G. D. James, B. Wagner, G. de B. Robinson, and D. E. Littlewood. 


a.—b. These are straightforward consequences of the relevant definitions. 


c. This follows easily from (a) and (b). 

d. Let Cj be the subsequence - - *Cj-2pCj—pCjCj+pCj+2p +++ Of Cy. The op- 
eration described in (b) is equivalent to choosing some 0 < j < p, and 
then replacing two consecutive terms 10 in C} with 01. From this it is clear 
that any order of performing such operations will result in the same final 
sequence Cy for which no further operations are possible. If Cf = Cy, 
then by (b) we have that jz is the (unique) p-core of A. For a very general 
approach to uniqueness results such as this exercise or Exercise 3.9(a), see 
K. Eriksson, Ph.D. thesis, Kungl. Tekniska Hégskolan, Stockholm, 1993, 
and Discrete Math. 153 (1996), 105-122. . 

e. If p = 1 thenclearly 4. = @ and ¥;g = Y. Suppose that C/ = C,;, where 
C. is defined in (d). Then (d) shows that the map A +> (A°, Al, ..., 4274), 
where A has fixed p-core ju, is a bijection between Y,, ,, and Y k with 


JA = p(la°} +++ + APN) + fuel. (7.208) 


Equation (7.178) is immediate from (7.208). 

The sequence (A°,...,4?7!) is known as the p-quotient of A. The 
theory of p-cores and p-quotients was originally developed by T. 
Nakayama, Japan. J. Math. 17 (1940), 165-184, 411-423; an exposition 
appears in G. D James and A. Kerber, ibid. (Ch. 2.7). An explicit statement 
of the isomorphism between Yg and Y* (which trivially generalizes to J 
replaced with any p-core jz) was first given by S. Fomin and D. W. Stanton, 
Rim hook lattices, St. Petersburg Math. J. 9 (1998), to appear (Thm. 1.2). 

f. Suppose that uz is a p-core. Let x; be the number of squares in the first 
column of ,z whose hook length is = i (mod p). Then (41, ..., xp—1) sat- 
isfies the equation in (ii), and every solution (x), ...; Xp»-1) € N?-! to (ii) 
is obtained exactly once in this way. Thus (i) = (ii). 

Now let g(n) be the number in (i). Sum equation (7.178) over all p-cores 
u. Since ay fu(n) = p(n) (the number of partitions of n), we get 


[[o —x)y t= 3 con") -[[a ayy, 


izl n=0 izl 


as desired. 
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g. The only partitions with no even hook length are the “staircases” (n, 1 — 


1,..., 1). Hence we get 
1 — x?! ntl 
(3 
I]; — x2i- oie , 
i> 


an identity due to C. F. Gauss (see e.g. [1.1, Cor. 2.10]). 


. The bijection Yg = Y* shows that the left-hand side of (7.179) is given 


by the sum ey, e(t)*, where (Y*), is the set of elements of Y* of rank 
n, and e(t) is the number of saturated chains of ¥* between 0 and t. Hence 


OS boy | Par 


AEC p(n) ijte-tip=n lei, APF ip 
2 
) a iy! i! 
— j F Iyi--+Ep! 
it--+ip=n Tart enet 


p'n! [why?]. 


This exercise gives a glimpse of a body of results concerned with hook lengths 
divisible by p. Some references not already mentioned include J. B. Olsson, 
Math. Scand. 38 (1976), 25-42; A. N. Kirillov, A. Lascoux, B. Leclerc, and 
J.-Y. Thibon, C. R. Acad. Sci. Paris, Sér. 1318 (1994), 395-400; D. W. Stanton 
and D. E. White, J. Combinatorial Theory (A) 40 (1985), 211-247; [96, Exams. 
I.1.8-1.1.11, pp. 12-16]. (Numerous other examples in [96] are related.) 


7.60. a. Let the successive squares of 0, reading from left to right and bottom to 


top, be u1, U2, ...,U,s. By induction on r it suffices to find a border strip 
4/pu"—! of A contained in 6 such that |A/j"~!| = s and such that when we 
remove i./1."—' from @, the connected components thus formed (either one 
or two of them) will have a number of squares divisible by s. 

Define 0; = {Uis—s41, Uis—s42,---, His}, 1 < i < r. Let 7 be the 
least positive integer for which ujs4; does not lie to the right of u js. 
The integer j exists since u,,,, is undefined and hence doesn’t lie to 
the right of u,,. Since j is minimal, ujs—s+ lies to the right of u js—s. 
Hence 6; is a border strip with the desired properties. This argument, due to 
A. M. Garsia and R. Stanley, appears in R. Stanley, Linear and Multilinear 
Algebra 16 (1984), 3-27 (Lemma 7.3). Since the size (number of squares) of 
a border strip of 4 is a hook length of A (see the solution to Exercise 7.57), the 
second assertion of the exercise follows. One could also solve this exercise 
using Exercise 7.59(a)-{b). 


. Regarding s as fixed, define for any integer k 


ie fee ifs|k 
7 0 otherwise. 


Relabel the jz;’s so that jz1,..., 42; are not divisible by s and j41,.--> 
jie are, where £ = €(jx). If x*(w) # 0, then by the Murnaghan—Nakayama 


7.61. 


7.62. 


7.63. 
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rule (Corollary 7.17.5) there exists a border strip tableau of shape A and type 
. By (a), there exists a border strip tableau of shape A and type (441, ..., Lj, 
5,5,...,8), where the number of s’s ism := as; 2; . It follows from Exer- 
cise 7.59(c) that to remove m successive border strips of size s from A, we 
must have m < h;(A), the number of hook lengths of A divisible by s. Now 
the multiplicity of a primitive s-th root of unity ¢ as a zero of [| (1 — qu) 
is equal to #{7:s5|y;}, while the multiplicity of ¢ as a zero of H,(q) is 
h,(A). Clearly 


#{i : s| ui} <m, 


and the proof follows. This result first appeared inR. Stanley, ibid. (Cor. 7.5). 
See, e.g., D. G. Duncan, J. London Math. Soc. 27 (1952), 235-236, or Y. M. 
Chen, A. M. Garsia, and J. B. Remmel, Contemp. Math. 34 (1984), 109-153. 

In general, for any f € A we have (f(x*), s,) = 0 unless A has an empty 
k-core. To see this, it suffices by linearity to assume f = p,,. Then 


(Dulx*), 5) = (Pes) = x*(kM). 


By the Murnaghan-Nakayama rule (Corollary 7.17.5), x*(kiz) = 0 unless 
there exists a border strip tableau of shape A and type ky. By Exercise 


.7.60(a), there then exists a border strip tableau of shape A and type (k”) (where 


AX km). Hence A has an empty k-core. 


Compute x*(w1"~*) by the Murnaghan—Nakayama rule (Corollary 7.17.5), 
choosing @ = (41, M2,...,1,1,..., 1). 


a. It follows from the Murnaghan—Nakayama rule (Corollary 7.17.5) that 
dy, =n! Sa|pi=0, po=p3==1- (7.209) 


From Proposition 7.7.4 and Theorem 7.12.1 we have 


1 
D7 S204 )52(9) = EXP D | = Pa (®)Pa(y). 
Xr 


n>1 
Set pi(y) = 0 and p(y) = p3(y) = --- = 1 to get 
d, 1 
s- ope = exp >. —Pn 
a ate mon 
=e" yas 
n>0 


It is now a simple matter to pick out the degree n terms to obtain the stated 
result. 
b. It is easy to see from Pieri’s rule (Theorem 7.15.7) that 


Ca) k>0 
h'* hy, - jn—j = ‘ 
mae Vey, pao 
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Hence from (a) we get 


j par n—-i nfa—1 
dij) = oo) (n) é = + (1) & 7 ) 
_fn\| te. Syl a 
= (—|y"J — 7 — (—1) — Vy" 
(-1) ap are yf ee 


— (_jyi-J iH : aynnl n—l 
(1) _)DI+ GC) bake 
J J 


using equation (2.11). This result was first obtained (stated slightly differ- 
ently, and with a different proof) by S. Okazaki, Ph.D. thesis, Massachusetts 
Institute of Technology; 1992 (Cor. 1.3). 


7.64. a. Just read an SYT of shape t, from right to left and from top to bottom, 
to obtain an alternating permutation of [1] (as defined at the end of Sec- 
tion 3.16). This procedure establishes a bijection between SYT of shape T,, 
and alternating permutations of [n]. Since E,, is the number of alternating 
permutations of [7] (as shown at the end of Section 3.16), the result follows. 
b. Apply the Murnaghan—Nakayama rule (Corollary 7.17.5) to the skew shape 
T,. When n is odd, t,, has no even-length border strips, so assume ju has 
2r + 1 odd parts. Consider a border strip tableau B of type jz, such as 


sow = (5,3, 3, 1, 1). Reading the numbers from right to left and from top 
to bottom without repetition (e.g., here we get 425 1 3) gives an alternating 
permutation, and always ht(B) = k — r. This gives the desired bijection. 
c. Similar to (b), though a little more complicated. 

Parts (b) and (c) are originally due to H. O. Foulkes, Discrete Math. 15 
(1976), 311-324, who gave a more complicated proof. 

Another approach was suggested by I. M. Gessel. Using e.g. the Jacobi- 
Trudi identity, one shows that 


2n+l 
I Deaso ae 


fe pe 
Dy (c x ) pe Ge Ba te DR Geeta 


n>O0 


One can expand the right-hand side in terms of the p,’s and compute coef- 
ficients explicitly. 


7.65, a. 


7.66. a. 
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First one shows that 
n 
ch Yn = YO(-1KAThy, 
k=0 


after which it is easy to compute the character values w,,(w). The symmetric 
function ch y,, was first considered by I. M. Gessel and C. Reutenauer, J. 
Combinatorial Theory (A) 64 (1993), 189-215 (Thm. 1, p. 206). Note that 
it follows from the equation deg y,, = D, that D,, is equal to the number 
of w € G,, whose largest descent has the same parity as n. This fact was 
first shown by J. Désarménien, in Actes 8° Séminaire Lotharingien, Publ. 
229/S08, IRMA, Strasbourg, 1984, pp. 11-16. A generalization was given 
by J. Désarménien and M. L. Wachs, in Actes 19° Séminaire Lotharingien, 
Publ. 361/519, IRMA, Strasbourg, 1988, pp. 13-21. 


We will illustrate the proof with the example A/y = 8877/211. Consider 
the ten zigzag dashed paths in Figure 7-23.. Each such path consists of a 
number of horizontal or vertical steps (or edges) from the interior of a square 
to the interior of an adjacent square. Every border strip of a border-strip de- 
composition of A/z cannot contain three consecutive squares that a dashed 
path passes through. Equivalently, let S be the set of edges e of the dashed 
paths with the property that the two squares through which e passes belongs 
to the same border strip. Then S' cannot contain two consecutive edges of 
any dashed path. Conversely, if we choose a subset S of the edges of the 
dashed paths such that S contains no two consecutive edges on any dashed 
path, then there is a unique border-strip decomposition of 4/j4 with the 
following property: Let e be any edge of a dashed path, and let u and v be 
the two squares through which e passes. Then u and v belong to the same 
border strip if and only ife € S. 

It follows that d(A/,2) is equal to the number of ways to choose S. The 
number of ways to choose a set of edges, no two consecutive, from a path 


Figure 7-23. Dashed paths corresponding to the shape 8877/211. 
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. Identify each C; with the sum of its elements in the group algebra CG. We 
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of length n is the Fibonacci number F,,12 (see Exercise 1.14(a)), and the 
proof follows. 

This exercise is actually a special case of Supplementary Exercise 3.14 
from Volume 1 (second printing), which appeared in R. Stanley, Problem 
10199, Amer. Math. Monthly 99 (1992), 162; solution by W. Y. C. Chen, 
101 (1994), 278-279. 


. If P is a path of length m—1, then it follows from Exercise 1.13 that 


e gt = be Ca ar where T ranges over all sets of edges, no two 
consecutive, of P. The proof is now a straightforward generalization of (a). 


Immediate from the Murnaghan—Nakayama rule (Corollary 7.17.5). 


use the standard result (e.g., [15, §229 and §236]) that the elements 
d, t 
=r 
E, = 1G 24% Cy Lenes, (7.210) 


form a complete set of orthogonal idempotents for the center of CG. By the 
orthogonality of characters, inverting (7.210) yields 


t Xj 
r=." 


Since the £;’s are orthogonal idempotents (i.e., EE; =65,;E,), it follows 
that 


ie ae 
Ci, °C, = ers 1eul Do cue aera oi 


ICi,| +++ (Cig | : Xi” Xi, 
ed Gi > er yo xic 


r=] 
IC 1---ICi,.1 < —~ 1 
= aa ce se es es 
k=1 r=] “r 


Expanding in terms of the basis G and taking the coefficient of w on both 
sides completes the argument. This result appears for instance in [67, Thm. 
6.3.1] (in a somewhat more general form). Another reference is I. M. Isaacs, 
Character Theory of Finite Groups, Academic Press, New York, 1976; 
reprinted by Dover, New York, 1994 (Problem 3.9). 


~ In(b) let G=G,, and let C;,,..., C;,, all be the conjugacy class consisting 


of the n-cycles. Let C; be the conjugacy class consisting of the identity 
element. Then equation (7.180) reduces immediately to (7.181), using the 
fact that 0 pe Sh): 

This argument appears in R. Stanley, Discrete Math. 37 (1981), 255- 
262. A survey of work related to the multiplication of conjugacy classes 
in G, appears in A. Goupil, Contemp. Math. 178 (1994), 129-143. For 
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some recent work not mentioned in this survey, see I. P. Goulden, Trans. 
Amer. Math. Soc. 344 (1994), 421-440; I. P. Goulden and D. M. Jackson, 
J. Algebra 166 (1994), 364-378; D. M. Jackson, Tran. Amer. Math. Soc. 
299 (1987), 785-801; D. M. Jackson and T. I. Visentin, Trans. Amer. Math. 
Soc. 322 (1990), 353-363, 365-376; S. V. Kerov, C. R. Acad. Sci. Paris, 
Sér, 1316 (1993), 303-308 (Prop. 2.2); D. Zagier, Nieuw Arch. Wisk. (4) 13 
(1995), 489-495; and [96, Exams. I.7.24—1.7.25, pp. 131-134]. 


. When 7 is even, the terms indexed by i andn — 1 — i cancel, so the sum is 


0. Alternatively, the product of three n-cycles is an odd permutation (when 
n 1s even) and hence cannot equal the identity permutation. When n is odd, 
the asserted result is equivalent to the identity 


r _1\k 
ye = see r even, (7.211) 
vara (8) r+2 


where we have set r = 1 — 1. Recall the beta function integral 


1 —7. 
/ fd —t)“*dt = aS, 
0 (r+ 1)! 


Multiply by (—1)*, sum on k from 0 to 7, bring the sum inside the integral, 
evaluate the sum explicitly, and integrate to get the stated result. This ar- 
gument was suggested by D. W. Stanton. Of course equation (7.211) is not 
new, and there are many other ways to prove it. An independent derivation 
of this exercise is due to A. D. Mednykh, Comm. Alg. 18 (1990), 1517-1533 
(eqn. (32)). 


Note that uvu~'v-! = u(vu-'v—), a product of u and a conjugate of 
u-', Let C and C be the conjugacy classes of G containing u and uw, 
respectively (so |C| = |C|). If y 1s a fixed conjugate of u—', then there are 


|G|/|C| elements v € G satisfying y = vu7'v—!. Hence 


fw = Digit yyeCxC: w=uy}, (7.212) 


where C ranges over the conjugacy classes of G. Let x',..., x’ denote 


the irreducible characters of G, and let xZ denote the value of x” at any 
element of C. By Exercise 7.67(b) we have 


#H(lu,y)eECxC: w=uy}= ge CXC x (w), 


d, 


since |C| = |C| and x"(v—!) = x"(v). Hence 
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SO 
1 
(Fx) = > DIICI RE XE 
re 


_ (cl 
ae? 


by the orthogonality of characters, and the proof follows. This result was 
known to many researchers in finite groups. A closely related problem ap- 
pears in the book of I. M. Isaacs cited above (Problem 3.10). It is also 
implicit in M. Leitz, Arch. Math. (Basel) 67 (1996), 275-280, and some of 
the references given there. 


. This problem has been looked at by a number of group theorists, such as J. 


L. Alperin, I. M. Isaacs, and L. Solomon. 


. For any class function F on G,, we have 


chF = Bir x) 54 


Abn 


Now let F = f (as defined in (a)). 
For any class function g on G, and any wé€G,, we have g(w) = 
(g, pa). Hence by equation (7.182), we have 


ii = oy Hy (8), px)- 


Aen 
By Exercise 7.67(a) there follows 


n—1 
= OH) ney 
k=0 


n-1 
= (pian —k—1)tkt. 


k=0 


Now use equation (7.211). This result is equivalent to equation (43) in A. 
Dz. eae Comm. Alg. 18 (1990), 1517-1533. 


e. Put x} = --- =x,=1 and x;=0 for i>q in (7.182) and use Corol- 
lary 7.21.4. 
f. It follows from (e) that 


(7.213) 


Bim ae ig Dll tee, 


fea dex =] 


There are three cases: (i) No content of A is a to —1. Then A = (7). 
and the contribution of A to E,, in equation (7.213) is H,,. 

(ii) A has exactly one content equal to —1. Then A has the form (a, b, ns 
wherea > b >0,k > 0,anda+b+k =n. In this case the contribution 
of A to E), is 


“al [1 + c(t)] = (—1)kal (b — DEK. (7.214) 
By 


LS 
a 
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(iii) A has more than one content equal to —1. Then the contribution of 
A to Ey is 0. 

When we sum (7.214) over all (a, b, k) satisfyinga >b>0,k > 0, 
anda +b-+k =n, then it is not hard to see (using equation (7.2] 1) that 
we get the right-hand side of (7.183) except for the term H,,, which already 
arose from A = (n). 

. Let I; be the functional on symmetric functions defined by 


a 


Pi(f= ap, 
j 


+ 


pial 


where g|,,—1 indicates that we are to expand g as a polynomial in the p;’s 
and then set each p; = 1. Thus from (7.182) we have 


Let m ;(44) denote the number of parts of jz equal to j, and note that 


Pj(pu) = mj(w) 


= (a Yim jars] 
x 


0 
= (Ps. Pj te): 
But from >>, A, = exp(>_,, Pn/n) there follows 
ye, 
Op; ooo 
Hence from the linearity of ; we get that for any f € A”, 


1 
r,Cf) = (F 5 Piha). 
By Theorem 7.17.1 we have 


pjhn-j = Slee s, ; 
p 


summed over all partitions 9 D(m — j) for which p/(m — j) is a border 
strip B of size j. For each —1 <i < j — 1 there is exactly one such border 
strip B; with: + 1 squares in the first column, except that Bz ;_,-1 does not 
exist when 27 > 1. Write p' for the partition o for which p/(n — j) = Bj. 
It follows that for A 1, 


1 
ply | ht(B;) ‘fr2— 0! 
rep 7; ) 1 p 


0, otherwise. 


(This formula can also be obtained by showing that 0/4p j 1S adjoint to 
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multiplication by + Pj; and that s,|p,-1 =0 unless 4 =(n).) In particular, 
1 
eng = a S Aas 


i=—] 


When i = —1 we have p~! = (nm) and 
1 ht(B_;) 
ar H,-1 = 1 
WhenO <i < j~1 (omitting i =2j—n—1when2j > n) itis nothard to 
check (considering separately the cases 2) <n-+i and 27 >n+i-+1) that 
1 (-Iia-— jit 
rr Ga) ae cf = = 7 — Sa ee ; ‘ 
ie GCp )@ - 27 +i +1) 
and the proof follows. This result is due to R. Stanley and J. R. Stem- 
bridge (unpublished). For the problem of computing the expected number 


of j-cycles of more general expressions than uvu~!v—!, see A. Nica, Ran- 
dom Structures and Algorithms 5 (1994), 703-730. 


The square of a cycle of odd length n is an n-cycle, while the square of a 
cycle of even length n is the product of two cycles of length n/2. It then 
follows from the exponential formula (Corollary 5.1.9) that 


Y= Ss P p(w?) = €Xp ae “Pn =P 2 ~ Pip 


neo! WEG, n>] n>1 


n odd n even 
= = exp Se ; (= + SY oixy" 
n>1 i<j 


~ TY; - x)- <j — X;X;) 
=D 
n>0 AEn 
the last step by cneere 7.13.8, so we get 
5 de Pat) = So 
wee, Arn 


Let f(w) = d°y+, x*(w), so ch f = 3°, 5,. We need to show that ch f 


iS p-positive, 1.€., a nonnegative linear combination of p,,’s. Now use (a). 


This argument shows in fact that 


Y_ x*(w) = #{ue G,:w =u’}. 


AEn 
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See also [96, Exam. 11, p. 120]. More generally, it follows from the work 
of Frobenius and Schur (see Isaacs, ibid. (Ch. 4) for an exposition) that if 
G is a finite group for which every complex representation is equivalent to 
a real representation, then for any w € G we have 


So x(w) = Hu eG: w= u"}, 
xeG 


where G denotes the set of irreducible characters of G. 


. This is a result of T. Scharf, Bayreuther Math. Schr., No. 38 (1991), 99-207, 


and J. Algebra 139 (1991), 446-457. (See also [67, §6.2].) Scharf shows the 
following. Let Par;() be the set of all partitions of n all of whose parts di- 
vide k. For each A € Par;(), choose an element w, € G, of cycle type A. 
Let ¢ =e*7'/*, Define a one-dimensional character y* on the cyclic group 
generated by w, by 


w*(wy) a Ss : 


where £ = £(A). This character extends naturally to a one-dimensional 
character y* of the centralizer C(w,) of w,. Then 


* 1p Xr 
n= DE indg yw 
A€Par, (1) 


Hence r; is a character of G,,, and the proof follows. 

A proof based more on the theory of symmetric functions was given by 
J.-Y. Thibon, Bayreuther Math. Schrift., no. 40 (1992), 177-201 (Cor. 5.2). 
We give a somewhat simplified version of this proof (generalizing the ar- 
gument in (a)) as follows. Let 6; = ch’n.x. Since the k-th power of an 
n-cycle is a product of (1, k) cycles of lengthn/(n, k) (where (1, k) denotes 
the g.c.d. of n and k), it follows immediately from the exponential formula 
(Corollary 5.1.9) that 


1 ak 
> Bian = OxP Y — Pie by: (7.215) 
n>0 noi 


Let Lg be the symmetric function of equation (7.191). A simple inclu- 
sion—exclusion argument shows that 


lak 1 
7 Paftk) = - NS 7 bale"): (7.216) 
n>1 d|k n=l 


where Lyg(x”) = La(x}, x3, .- .). Equation (7.215) is then equivalent to the 
plethystic formula 


yi = b ta. (7.217) 


n>0 n>0 dlk 


Equivalently, if h = )° 9 Mtn, then 


> On = I] h{Lgq]. 


n>0 d|k 
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Now Ay, is just the Schur function s,, while Lg is a nonnegative (integer) 
linear combination of Schur functions by Exercise 7.89(b). Hence by Theo- 
rem A2.5 of Appendix 2, the right-hand side of (7.217) is alsoa nonnegative 
linear combination of Schur functions, and the proof follows. We don’t know 
whether r; (extended in an obvious way to any finite group) is a character 
of any finite group G for which every representation can be realized over 
Z. (The quaternion group of order eight shows that it does not suffice just 
to assume that G is an JC-group, as defined in (j).) 


- It suffices by iteration to assume that m = 2 (though the general case can 


also be proved directly). Leta = f; and b = f. We follow the notation of 
Exercise 7.67(b). We have 


t t 
hw) => >> ab; #(u, vyEGKG: UEC, VEC;, uv= vy}. 
i=] j=1 


By Exercise 7.67(b), we have 
#{(u,v)EGXG UEC, VEC,, uv =w} 
ICil - ICj| : 1 roresr 
val are: x5 X"(w) 
Hence 


2 1 t t 1 Z , 
(A, x") = a] ae 2 IG IC jlaibj x7 x; 


i=] j=l r 


EN TS ela) (5. iba 
SSS 11 GixX; == j1lOFX; 
d- \IG|S Giga ned 


_ IG 
d, 
and the proof is complete. It is possible to view this result as a special case 


of the theorem that the Fourier transform converts convolution to multipli- 
cation. 


I) >, 


. Define y*:G, > Z by *(w) = 1 if p(w) = A, and W*(w) = 0 


otherwise. It is then easy to check that 
ch Fya yu = (ch y*)O (ch yp“). 
By bilinearity we get ch Fy, =(ch f)O(ch g) for any class functions f, 2 


on G,,. Now put f = x*, g= x, and use (7.184) to deduce (7.185). The 
steps can be reversed to deduce (7.184) from (7.185). 


. Letting r, be as in (c), we have 


h(w) = ] ray(ur) ++ ran (Um): 
Uy Um =W 
The proof now follows from parts (c) and (f). 
Some results closely related to (d) and (f) appear in A. Kerber and B. 
Wagner, Arch. Math. (Basel) 35 (1980), 252-262. Indeed, if one uses the 
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fact (Isaacs, ibid., Lemma 4.4, p. 49) that for any finite group G and any 
irreducible character x we have 


(res X) = xt) 


weG 


then Satz 1 of Kerber and Wagner is equivalent to our (d) when fj = rq,. 
Another related paper (though not as closely) is L. Solomon, Arch. Math. 
(Basel) 20 (1969), 241-247. 

. Leta = uvu and b = uv. Thenu = b-!a and v = a~'!b*, so as (u, v) 
ranges over G x G, so does (a, b). But uvu*vuv = ab’, which is clearly 
equidistributed over G. Thus we get 


#(u,v)e Gx Gs w =uvuvuv} =|G|. 


The main point is that the substitution u = b~!a and v = a7!b? is in- 
vertible because the homomorphism gy : F2 — F> (where F» is the free 
group on generators x, y) defined by g(x) = y—'x and g(y) = x7!y? 
is an automorphism of F>. For the classification of automorphisms of free 
groups, see e.g. M. Hall, Jr., The Theory of Groups, Macmillan, New York, 
1959 (Thm. 7.3.4). 

. We get from Exercise 7.68(a) and parts (a) and (d) of this exercise that 
(f, x*) =(g, x*) = My for all A En, so the proof follows. 

For a bijective proof, note that every element in G,, is conjugate to 
its inverse. Hence we may replace the equation w=u(vu'v-!) with 
w =u(vuv—') and maintain a simple bijection between the solutions to 
the two equations. Now leta =uv and v =b~!. Since u =ab and v =", 
the elements a and b range over G,, as u and v do. Hence we may replace 
the equation w =uvuv—! with w =(ab)b7!(ab)b = a7b’, and the result 
follows. This argument is valid in any (finite) group for which every element 
is conjugate to its inverse, or equivalently (since x (w~!) = x (w)) for which 
every character is real, such as a (finite) Coxeter group. The case w = 1 was 
treated in Exercise 5.12 for any finite group G. 

i. For y = xy*xy~* the second argument in (h) generalizes easily. Namely, 
leta = xy* and b = y! to get fy.6, = fa2b%,6,+ Which is a character by 
(f). For y = xy*x7!y~*, note that as in (7.212) we have 


fy.c(w) = DS norete yeCxC: w=uyh, 
Cc 


where ry is defined in (c). Reasoning exactly as in the solution to Exer- 
cise 7.68(a) shows that 


for every irreducible character x of G. Since r; is acharacter when G = Gy, 
by (c), it follows that f is also a character. Similar reasoning shows that if 
B is any word in the letters x1, ..., x, and if x is a letter different from the 
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x;’s, then 
_ IG ’ 
(fapx-tp-s X) = xa) xX) 
IGN ee 8 
(fxpx-1p. X) = xa 18% ye 


j. When r =1 (so fy, g = rz for some k € G), it follows from the work of 
Frobenius, Sitz. Kéngl. PreuB. Akad. Wissen. Berlin (1907), 428-437; Ges. 
Abh., vol. III, Art. 78, pp. 394403, that r; is a difference of two characters. 
A sketched proof appears in Isaacs, ibid. (Problem 4.7). When r > 1, then 
it suffices to show (since fg is a class function) that for fixed i, 


#{(u,,...,Uy) EG" : y(uy,...,u,) € C;} = 0 (mod |G)). 


But this is exactly the special case m = 1 of Theorem 1 of L. Solomon, 
Arch, Math. (Basel) 20 (1969), 241-247. For a closely related result, see I. 
M. Isaacs, Canad. J. Math. 22 (1970), 1040-1046 (Thm. B). 

k. Ify = x2 y?x2y?, a yas or x?y?x?y3, then we don’t know whether 
Jy, iS a character for all n. (The case x*y?x7y* has been checked for 
n < 16, and the other two for n <7.) On the other hand, if y = x y~!x?y, 


x2yix 7 y-3, or x2yixsy4, then f,,6, is mot a character for all n. Note also 


that for a word like y = x} x3 x3 xj x2 xg x7 xg (where every exponent 
occurs an even number of times), it follows from (d) that f,, gc is a character 


for all finite groups G. 
Let w!,..., uw En. By Corollary 7.17.5, when the left-hand side of equation 
(7.186) is expanded in terms of power sums, the coefficient Q of p,1 (x)... 
Pps (x) is given by 
k 
92) HT | zx). 

An ix] 
Let C,, denote the conjugacy class of G, consisting of permutations of cycle 
type 2. Since |C,,| = n!/zy (by equation (7.18)), f* = n!/Hy (by Corol- 
lary 7.21.6), and x*(1"”) = f* (equation (7.79)), we have 


ie 1 & 
0=|—[]lcwl) Sama [I] C7) 0”. 
nist ae = 


Comparing with equation (7.180) (and using the fact that the x*’s are the irre- 
ducible characters of G,, (Theorem 7.18.5) and that they are real), we see that 


1 ; 
OQ = —#{(w1,--., we) € S, : wy) +++ we = id}, 


as desired. 

The case k = 0 is equivalent to Corollary 7.12.6, while the case k = | is 
equivalent to Corollary 7.12.5. 

Equation (7.186) first appeared in P. J. Hanlon, R. Stanley, and J. R. Stem- 
bridge, Contemporary Math. 138 (1992), 151-174 (Prop. 2.2), in connection 
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7.72, 
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with the distribution of the eigenvalues of the matrix AU BU *, where A and 
B are fixed n x n Hermitian matrices, and U is arandom n x n matrix whose 
entries are independent standard complex normal random variables. 


a. By the orthogonality of characters, 


>) xX(w) = #C(w), 


x 


the order of the centralizer C(w) of w (the number of v € G commuting with 

w). This is just the number of fixed points of the action of w on G by conjuga- 

tion (the number of v € Gsuchthat wuw7! = v). Since the number of fixed 

points of an element w acting ona set is its character value, (i) and (ii) agree. 
b. Let G denote the set of irreducible characters of G. Then 


i = 
(Wes x) = oe DTD) o(wyOw)x (w) 


6eG weG 


> x(w) Es a ano 


weG 
= D0 xe: cw. 
weG 


But [G : C(w)] is the number of conjugates of w. Thus the previous sum 
becomes oe X(K). 
c. We have 


ch Uy 


~ D Wn(w) Pw 


” WES, 


Yo ISn : Cw) Py 


WEGr 


= > Pi. 
AEn 

d. See A. Frumkin, Israel J. Math. (1) 55 (1986), 121-128; T. Scharf, Arch. 
Math, (Basel) 54 (1990), 427-429; and Y. Roichman, Israel J. Math. 97 
(1997), 305-316. 

e. For some related work, see H. Décoste, Séries Indicatrices d’Espéces 
Pondérées et q-Analogues, Publications du LACIM, vol. 2, Université du 
Québec 4 Montréal, 1989 (Example 3.7). 

Let A*A denote the action of A on AFV. If A has eigenvalues 01, ..., 0,, then 

A‘ A has eigenvalues 6;, ---0;,,1 <i) < +++ < i, <n. Hence 


n 


Y= (te AFA) (-g)k = (1 — 61g) +“ — Og) = det! — gA). (7.218) 
k=0 


Now if w € G, has cycle type w = (uy, M2,...) with &(u) = 2, then 
det(J —qw) = (1 — qh) (1 = qi?) tee a - q''), Hence writing W;, for the 
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character of G,, acting on A‘ V, we have 


> Ye(wy(-gy = (1 — 9") (1g) (1g), (7.219) 
k=0 


so 


n 
: 1 
Y > (ch YW) (-gk = 7 es (i- qvye (= liad Wes ye 
k=0 " WES, 
p(w)=pn 
Note that since p;(—qx) = (—1)/q/ p;(x) and (pj) = (~1)/"!p;, we have 
(1 — 4!) pj (x) = @y Pe(X, Ylym—gxs 
where @, denotes w acting on the y-variables only. Hence 


ui 1 
ee (ch Yi) (—g)* = Wy E » Pow), ») 


= wyh,(x, y)| reer (by Proposition 7.7.6) 


y=Tqx 


= yD) S;()Sn—j()Ipa-gx (by (7.66) 
j—0 
= ))5;(x)s1-i()lya-gx (by Theorem 7.14.5) 
j=0 


n 
= So (9) 8 j(x)5yn-i(X). 
j=0 
It is a simple matter to multiply s j DY Syx-j by Pieri’s rule (Theorem 7.15.7) 
and collect terms to get 


n 
doch) g* = Diu tend’, 
k=0 k 


whence ch Wy = syx + sye-1 and Wy = x™ + yy", 
Note that this result is equivalent to Ay @-!) = rr) The result of 
this exercise is due to A. C. Aitken, Proc. Edinburgh Math. Soc. (2) 7 (1946), 
196~203. 
7.73. The argument is similar to that of Exercise 7.72. Let S‘A denote the action 
of A on S*V*, the space of homogeneous forms of degree k in the variables 
U],--++, Un. Analogously to (7.218) and (7.219) we get 


1 1 


RA \ pits he era oe 2 Zon OE ek, 
2s )q (1—61q)---~—6,q)  det(I — gA) 
and 
k k 1 
Yiu (w)g" = 


k>0 (be ge) (ag) (i= ge). 


a ES A ST SS RS 
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Hence 


Yi (chy) gt = + y Pur*'* Pu 


= ny wee (1 ~—qgti)---(I — git) 
p(w)=n 
1 
2 
= n! » Pull, 4,4 >) Py 
WEG, 
pP(w)=p 
= ioe? ss 
AEn 


by Proposition 7.7.4 and Theorem 7.12.1. 
This result is due to A. C. Aitken, Proc. Edinburgh Math. Soc. (2) 5 (1937), 

1-13 (Thm. 2). For a “modern” A-ring proof of this exercise and the previous 
one (Exercise 7.72), see J.-Y. Thibon, Bayreuth Math. Schr., No. 40 (1992), 
177-201 (83). 

7.74. Let the permutation w € G,,, regarded as an element of GL(n, C), have 
eigenvalues 6),...,0,. Then €*(w) = 5,(0,,..., 0,). Let p(w) = (e1(w), 
f2(w), ...). Since 


n 


[]a - 44) = [Ja -¢i™, 


i=] J 


we get by the Cauchy identity (Theorem 7.12.1) that 


§*(w)s,(y) = ———_____. 
X Let yi 


Taking the characteristic of both sides yields 


1 1 
Deb) Ta es T,a-yye™ * Pe(wy(X) 
Wes, i,j L 


1 
= = > Ppw)(X) Pow) [h](y) 


* WeGn 


= Do sy@)sy{hly), 


En 


and the proof follows. 

Equation (7.187) appears in T. Scharf and J.-Y. Thibon, Advances in Math. 
104 (1994), 30-58 (Thm. 5.1). The correspondence 5, + ch&* is a spe- 
cial case of the operation of inner plethysm, defined as follows. Let o : 
SG, — GL(N, C) be any (finite-dimensional) representation of G,,, and let 
gy : GL(N,C) > GL(M,C) bea polynomial representation of GL(N, C). 
The composition go is then a representation of G,,, and we define the inner 
plethysm f © g of the symmetric functions f = cho and g =charg by 


f Og =chgo. 
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In particular, 


(sn + S@—1,p) © 5, = ché&?, 


since the character of the defining representation G, — GL(n, C) of G, is 
given by x” + x@—!), Inner plethysm was introduced by D. E. Littlewood, 
Canad. J. Math. 10 (1958), 1-16, 17-32. For further information and refer- 
ences, see T. Scharf and J.-Y. Thibon, ibid. 


7.75. a. An orbit O, of the action of G,; on (") is specified by a partition u = 


(171272 ...n) b j, where )° m; = k and £(@) = )m; < k. Here O, 
consists of those submultisets V € (*) with m; elements of multiplicity 
i. For instance, the orbit containing {1, 1, 1, 1, 3, 4, 4,5, 5, 5,5, 7, 8} cor- 
responds to the partition 4 = (1°, 2!, 47) k 13. The characteristic ch(O,,) 
of the action of G, on O, is just hm, Nm, +++ Nm, Ak-euy [why?]. Hence 
(setting r = k — €()), 


dren)! = 2 Am, Aim, hp g™i™ 


Jj Lee, 20 
r>0 k 


where f |, denotes the degree k part of the symmetric function f. We get 


M) , Z 
en(" ai =(l+h; +hot+--)] Ja t+ qihy+quhot--dle 
j i=] 


1 
~ T]d xpd — 9xi)---d — gtx) |k 
= Do si(l.gs.--.g")s(x) (by (7.44), 


AKk 


and the proof follows. 


. Itis easy to see that U; commutes with the action of G,. A proof of injectiv- 


ity for j < kn/2 involving only elementary linear algebra is a special case of 
the argument given in §6 of R. A. Proctor, M. E. Saks, and D. G. Sturtevant, 
Discrete Math. 30 (1980), 173-180. For some related work see R. A. Proctor, 
J. Combinatorial Theory (A) 54 (1990), 235-247 (especially Cor. 1). 


. We omit the easy proof that aj; = agn—j. Let j < |kn/2]. Since U; 


commutes with the action of G, and is injective, it is an injective map of 
©,-modules. Thus every irreducible representation of G, occurs at least 
as often in Qa) as in Q("), so by (a) we get a; < aja. 

The unimodality of 5,(1, g,...,q") was first proved (though not stated 
explicitly in terms of Schur functions) by E. B. Dynkin, Dokl. Akad. Nauk 
SSSR (N.S.) 71 (1950), 221-224, and Amer. Math. Soc. Translations, Se- 
ries 2 6 (1957), 245-378 (p. 332) (translated from Trudy Moskov. Mat. 
Obsé. 1 (1957), 39-156), in the context of the representation theory of 
semisimple Lie groups. For a statement of Dynkin’s result avoiding the lan- 
guage of representation theory, see R. Stanley, in Young Day Proceedings 
(T. V. Narayana, R. M. Mathsen, and J. G. Williams, eds.), Dekker, New 
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York/Basel, 1980, pp. 127-136. An elegant version of Dynkin’s proof, in 
the special case we are considering here, is given in [96, Exam. 1.8.4, pp. 
137-138]. It is based on Theorem A2.5 of Appendix 2. A proof similar to the 
one given here (but using wreath products instead of multisets) appears in 
A. Kerber and K.-J. Thiirlings, Bayreuther Math. Schr. 21 (1986), 156-278 
(Satz 2.2). For further information see R. Stanley, Ann. New York Acad. Sci. 
576, 1989, pp. 500-535. No proof of the unimodality of 5,(1,qg,...,q”) 
is known that does not involve representation theory (or even more sophis- 
ticated tools), but see (d) below for a special case for which simpler proofs 
are known. 


. Apply (c) to sy(1,qg,...,9"!) orse(1,g,...,g"~**!), where these spe- 


cializations are evaluated in Proposition 7.8.3. This result goes back to J. 
J. Sylvester, Phil. Mag. 5 (1878), 178-188; in Collected Math. Papers, vol. 
3, Chelsea, New York, 1973, pp. 117-126. A number of other proofs have 
subsequently been given, as discussed in R. Stanley, ibid. In particular, a 
long-sought-for combinatorial proof was found by K. M. O’Hara, J. Com- 
binatorial Theory (A) 53 (1990), 29-52; an exposition was given by D. 
Zeilberger, Amer. Math. Monthly 96 (1989), 590-602. 


Let fy, denote the number of fixed points of w € G acting on T, so 
tu = X(w). Thus 


Leyes 2 
(61) = 9g Do for 


On the other hand, the number of fixed points of w acting on T x T isjust f?. 
Thus by Burnside’s lemma (Lemma 7.24.5), the above sum is the rank of G. 


. Let x, denote the character of this action, so by Corollary 7.18.3 we have 


ch Xz = Ag. Since ch is an isometry (Proposition 7.18.1) the rank of G,, 
acting on G,,/Gz, is given by (ha, ha), which by equation (7.31) is the 
number of N-matrices A with row(A) = col(A) = a. 


. The left cosets of Gy are indexed in a natural way by permutations of the 


multiset M, = {1%',2™,...}, and the action of G, on G,,/G, corre- 
sponds to the action of G, on M, by permuting coordinates. Hence the 
action of G, on T x T is equivalent to the action of G,, by column per- 
mutations on the set of 2 x n matrices 


Gi “Ge: See oak 
B= k bie ral 
where each row is a permutation of M,. Associate with B the matrix A 
whose (i, j) entry is the number of columns of B equal to _ This estab- 
lishes the desired bijection between the orbits of G,, acting on T x T and 
the N-matrices A with row(A) = col(A) =a. 


We have 
ind? 14, ind? 1x) = (indy 1y @ indg 1x, le). 


Now the representation indg, ly® ind? 1x is apermutation representation, 
obtained by letting G act on pairs (aH, bK) ofleftcosets by w-(aH, bK) = 
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(waH, wbhK). Hence the multiplicity of the trivial representation is the 
number of orbits of this action. When are two elements in the same orbit? 
Every orbit contains an element of the form (H, bK), so we are asking for 
what u,v € G can we find w € G such that w -(H,uK) = (H,vK). 
Since wH = H we have w € H, so we want to know when we can find 
h € A with huk = vk’ fork, k’ € K. But clearly this conditions holds if 
and only if HuK = HvK, so the number of orbits is the number of double 
cosets as desired. 

This result can be considerably strengthened, as part of a theory developed 
by G. Mackey. See for example C. W. Curtis and I. Reiner, Representation 
Theory of Finite Groups and Associative Algebras, Wiley (Interscience), 
New York, 1962, reprinted 1988 (§10C), and (142, §7.3]. 


. The argument given in (a) shows that the number of double cosets of (H, 7) 


is the number of orbits of G acting diagonally on G/H x G/H. This latter 
number is just what is meant by the rank of G acting on G/H. 


. Since ch(indg” le, ) = h, (by Corollary 7.18.3), the number of double 


cosets of (H, K) is by (a) and Proposition 7.18.1 given by (Aa, h~,), the 
number of N-matrices A with row(A) = @ and col(A) = B (by (7.31)). 
The solution to Exercise 7.76(c) generalizes straightforwardly to give a 
combinatorial proof of the present exercise. 


. Because all characters of G,, are real, we have 


8iuv = Ge ae x’) 


l 
Dx Ww) x*(w) x"), 


” weSn 


which clearly has the desired symmetry. 


. We have 


Sy * Sy => ) SrpvSv 
v 


v 


= chy*x". 


. By linearity, we may take f = s,. Using (b) and the fact thate, = sj, we get 


en * Sz 


1 a 
Sy x1) 0H) Ppt 


* WES, 


1 
=D bux" (W) Pow) 


* wEeG, 


=o D7 x*W)Potw 


" weG, 


=@5S). 


d. 


e. 


f. 
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Let g,h € A”. We claim that 


(g *h, py) = (g, py) - (hy py). (7.220) 
By bilinearity, it suffices to take g =5, andh = Sy. Equation (7.220) then 
follows from (7.78) and (b). Now let &§ = pi andh = py. 
Note that p,(xy) = p,(x)p,(y). Hence equation (7.220) is equivalent to the 
desired result when f = p,, so the general case follows by linearity. 
One way to set up this computation is as follows: 


DS brurSi2)5u(V)svZ) = Do OX, X°)5, Osu I5(2) 


A,pv A,p,v 
<= -1.2% Bb v 
=>) », pee X"()X™(P)X o) 
n=O i,p,vEn \ pen 


X $x (X)Syu(y)Sy(Z) 


=>) oz! (r aor) 


n>0 pln 


x (x sorts) (x a) 
“ v 
= Yo 25 Pox) p(y) pplz) 
p 
= [Ja-xy;z071, 
i,j,k 
by arguing as in the proof of Proposition 7.7.4. 


- Straightforward generalization of (f). 


The internal product of symmetric functions was first defined by J. H. 
Redfield [124] (denoted something like “UY ), and later independently by D. 
E. Littlewood, J. London Math. Soc. 31 (1956), 89-93. 

Let xy have the meaning of Exercise 7.78(e). By the Cauchy identity (The- 
orem 7.12.1) applied to the two sets of variables x; yj and Z,, we have 


[Ja -2j27! =) ney). 
ijk r 


Comparing with Exercise 7.78(f), we get 


si(xy) = D> #5,(x)5,(y) 


= Vo gryvSu(X)5.(9). (7.221) 


fv 


Suppose that (5, 5, *5y) = Siyv # 0. Leta = l(u), b = &(v), and restrict 
the variables to x = (x1,...,%q) and y = (yj,..., y,). Then Sp(x) #0 
and s,(y) # 0, so s5,(xy) ¥ 0. But s,(xy) is a Schur function in the ab 
variables x;y;, So if 5,(xy) 3 0 then €(A) < ab. 


538 


7.80. 


7.81. 


7.82. 


7.83. 


Chapter 7 


b. We can reverse the argument in (a). In equation (7.221) takex =(x),..., xX) 
and y = (yj,..., yp). Since £(A) < ab, we have 5,(xy) # 0. Hence some 
term ZapvSy(X)sv(y) # 0, so 2) < a and &(v) < b. The results of this 
exercise (parts (a) and (b)) were first obtained (in another way) by A. Regev, 
J. Algebra 154 (1993), 125-140. 

c. See Y. Dvir, J. Algebra 154 (1993), 125-140. For a continuation, see 
Y. Dvir, Europ. J. Combinatorics 15 (1994), 449-457. 

These results are due to C. Bessenrodt and A. S. Kleshchev, On Kronecker 

products of complex representations of the symmetric and alternating groups. 

Pacific J. Math., to appear. 


Since x"~"1(A) = mj(A) — 1 [why?], there follows for f € A” the formula 


o 
f * Sn-1,1 = pif — f, 
Opi 


where we are regarding f as a polynomial in the power sums. Since 
a 


5A = SA/1 
Op} : 
(see the solution to Exercise 7.35), the result follows. 


a. Immediate consequence of Exercises 7.71(a)(ii) and 7.71(c). 

b. This result is implicit in C. Procesi, Advances in Math. 19 ( 1976), 306— 
381, and J. Algebra 87 (1984), 342-359 (§2). An explicit statement and 
proof appears in A. Regev, Linear and Multilinear Algebra 21 (1987), 1-28 
(Cor. 2.14), and 29-39 (Thm. 1). 


a. We have 


1 = 
(XW, 6) = Fe dX x(wyh(w)h(w) = (x4, ¥). 
Hence by the Cauchy—Schwarz inequality, 
(x6, 0)? < (xd, xO) (FW) 


=. DE Ixo(w)|? (since w is irreducible) 


weG 


lA 


a0 22 Ix(w)|? (since |p(w)| < $(1)) 
= 6(1)*(x, x) 


= $(1)" (since x is irreducible). 


This result appears in I. M. Isaacs, Character Theory of Finite Groups. 
Academic Press, New York, 1976; reprinted by Dover, New York, 1994 
(Problem 4.12). 

b. Immediate from (a), equation (7.79), and the fact that 


(5), * Sy, Sy) = Oa dae Xs 
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7.84. a. By Exercise 7.78(e) we have 


(ha * Sus Sv) = (ha * S45.) —— [why?] 
= (hy @)sy(y), Sulxy)). 
Ordering the variables xy as x;y) < X)y2 <--- < xX2y, < xX2y2 < +--+ it 


follows from equation (7.66) that 


Syu(Xy) = 


[ssei-) 


O=poCulo+cCul=p (1 


oe So mx) Ds [ [sue 
A 


B=pCulc--cufsp i>] 
[ul /ui* =a; 


and the proof follows easily. See [96, Exam. I.7.23(d), p. 130]. 
b. Let v Fn. By Exercise 7.78(e) we have 


(my, Ay * hy) = (my(xy), ha(e)hyy))- 


my(xy) = )- | [oiy” 
A ij 


= De Mrow( A(X )Meo(A)(Y), 
A 


Now 


where A ranges over all N-matrices (a;;) such that the decreasing rearrange- 
ment of the a;;’s is v. The proof now follows easily for the duality between 
the bases {m,} and {h,} (equation (7.30)). See [96, Exam. I.7.23(e), p. 131]. 


* 7.85. See [46, Corollary 15]. For some further evaluations of g,,,,, see J. B. Remmel 
and T. Whitehead, Bull. Belgian Math. Soc. 1 (1994), 649-683; E. Vallejo, 
On the Kronecker product of irreducible characters of the symmetric group, 
preprint; and the references given there. One of the main open problems in 
the combinatorial representation theory of G, is to obtain a combinatorial 
interpretation of g,,,, in general. 


7.86. a. By Exercise 7.78(b) we have 


1 x*(w)x"(w) 
Gilg) = 2» eT ee (7.222) 


where p(w) = (01, ..., Oe) with pg > 0. It follows from Exercise 7.60(b) 
that the denominators of the nonzero terms in the above sum are all divisors 
of H,(q), and the proof follows. This result was first given in R. Stanley, 
Linear and Multilinear Algebra 16 (1984), 29-34 (Proposition 8.2(i)). For 
algebraic and geometric aspects of this exercise, see P. J. Hanlon, Adv. in 
Math. 56 (1985), 238-282; J. R. Stembridge, J. Combin. Theory (A) 46 
(1987), 79-120; R. K. Brylinski, in Lecture Notes in Math. 1404, Springer- 
Verlag, Berlin/New York, 1989, pp. 35-94; and R. K. Brylinski, Advances 
in Math. 100 (1993), 28-52. 
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b. Multiply (7.222) by H),(q) and set g = 1. All terms vanish except the term 
indexed by w = id, yielding 


1 
Py,(1) = TX Cid) x" (id) Ha (1) =f 


c. Let xy have the meaning of Exercise 7.78(e). Let y = w;, be the specializa- 
tion of Exercise 7.43, acting on the y variables only; and let ps, and ps be the 
principal specialization and stable principal specialization of Section 7.8, 
acting on the x variables only. By computing directly the case f = px, we 
see that for any f € A andn é€ P, 


ps W_gn f(xy) = psy f(x). (7.223) 
Now by Exercise 7.78(f) we have 


Sx(xy) = D5, * sy )(x)5y(Y)- 
LB 


Apply the specialization psy. By equation (7.223) we get 


sags QN7') = Sa * uN 9. gs.) Wag 50). 
a 


Using Theorem 7.21.2, Corollary 7.21.3, and Exercise 7.43, we have 


ee an Pryu(Q) 
gh® Fach - », 7] j iE) Caq)ka oN). 
(i, j)ea d wain—k ty LLG jer (l—q 
Multiply by [Jd — qg'*)) and set t = —q™. We obtain a polynomial 
identity in ¢ valid for infinitely many values of ¢ (viz.,t = —q’) and hence 
valid when ¢ is an indeterminate. Therefore 


gh I] (+1q/")= - Pi(g)t*( +t), 


G,fyer pe=(n—k, 1k) 


which is easily seen to be equivalent to the stated result. 

This result is due to A. Lascoux (private communication). His proof uses 
the machinery of A-rings. Since we have not introduced this machinery here, 
we have given a “naive” version of Lascoux’s proof. However, the A-ring 
approach does give a more natural and elegant proof. For more information 
on A-rings, see D. Knutson, Lecture Notes in Math. 308, Springer-Verlag, 
Berlin/Heidelberg/New York, 1973. 

d. This deceptively simple statement follows from [96, Exam. VI.8.3, pp. 
362-363] and a conjecture of I. G. Macdonald, in Actes 20° Séminaire 
Lotharingien, Publ. I.R.M.A. Strasbourg, 372/S-20, 1988, pp. 131-171 (86), 
and [96, (8.187), p. 355]. Part (b) suggests that the coefficients of P.,,(q) 
count some statistic on SYTs of shape jz, but such an interpretation remains 
open. See also A. N. Kirillov, Adv. Ser. Math. Phys. 16 (1992), 545-579. 


7.87. See Theorem 5.1 of R. Stanley, Linear and Multilinear Algebra 16 (1984), 3-27. 
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7.88. a. It follows immediately from the standard formula for an induced character 
(e.g., Isaacs, ibid. (Def. 5.1) or [142, Prop. 20]) that 


now? 


where ¢ ranges over all primitive d-th roots of unity. The result now follows 
from the well-known fact (see C. A. Nicol and H. S. Vandiver, Proc. Nat. 
Acad. Sci. 40 (1954), 825-835) that the above sum over ¢ is equal to 


p(d) 
p(d/(m, a)) 
Equation (7.189) is due to H. O. Foulkes, in Combinatorics (D. J. A. Welsh 
and D. R. Woodall, eds.), The Institute for Mathematics and Its Applications, 


Southend-on-Sea, Essex, 1972, pp. 141-154 (Thm. 1). 
b. (sketch) Let 22,, be the operator on A[[g]] defined by 


1 
Om iQ) = = YE FEQ), 
orl 


Ld /(m, d)). 


regarding n as fixed. Thus &2,, picks out from the power series f(q) those 
terms whose exponents are congruent to m modulo n. Apply 2, to the 
identity 


Dl Som a-cetah, 


Abn | T=SYT 
of shape A 
where [j] = 1 — q/. The coefficient of s, on the left-hand side is equal 
to the number of SYT T of shape A satisfying maj(T) = m (mod n). The 
coefficient of p, on the right-hand side is given by 


0, A # (d"/4) 


i pe ¢=primitive ae A= (d"/4) 
d-th root of 1 

and the proof follows from (a). This result was first proved independently 
by W. Kraskiewicz and J. Weyman, Algebra of coinvariants and the action 
of Coxeter element, preprint, and by R. Stanley (unpublished). The proof by 
Stanley is the one given here. A similar proof appears in [130, Cor. 8.10]. 
Kraskiewicz and Weyman extend the result to the Weyl groups of type B, 
and D,,. 

c. Regarding n as fixed, the expression (7.189) for w, depends only on(m, n), 
and the proof follows from (b). A bijective proof is not known. 

d. M. Kontsevich, in The Gelfand Mathematical Seminars, 1990-1992 (L. 
Corwin et al., eds.), Birkhauser, Boston, 1993, pp. 173-187, mentions (p. 
181) a certain representation of G,, of dimension (n — 2)!, described more 
explicitly (as an action on the multilinear part of the free Lie algebra onn — 1 
generators) by E. Getzler and M. M. Kapranov, in Geometry, Topology, and 
Physics, International Press, Cambridge, Massachusetts, 1995, pp. 167—201. 
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We will not give the definition here, but it follows from the definition that 
the characteristic W,, of this action is given by 


W,, = PiLn-1 — Ln, 


using the notation (7.191). It is easy to show from Exercise 7.89(c) that 
(pilyn—1, 5.) = Yn—1(A), while Exercise 7.89(c) itself asserts that (L,, 5) = 
¥,(A), and the proof follows. No combinatorial proof is known. 

The symmetric function W,, has subsequently appeared in a surprising 
number of disparate circumstances, and the G,,-module for which it is the 
characteristic is known as the Whitehouse module. Some references include 
E. Babson, A. Bjérner, S. Linusson, J. Shareshian, and V. Welker, Complexes 
of not i-connected graphs, MSRI preprint No. 1997-054, 31 pp.; P. Hanlon, 
J. Combinatorial Theory (A) 74 (1996), 301-320; P. Hanlon and R. Stanley, 
A q-deformation of a trivial symmetric group action, Trans. Amer. Math. 
Soc., to appear; O. Mathieu, Comm. Math. Phys. 176 (1996), 467-474, C. 
A. Robinson, Sonderforschungsbereich 343, Universitat Bielefeld, preprint 
92-083, 1992; C. A. Robinson and S. Whitehouse, J. Pure Appl. Algebra 
111 (1996), 245-253; S. Sundaram, Homotopy of non-modular partitions 
and the Whitehouse module, J. Algebraic Combinatorics, to appear; S. Sun- 
daram, On the topology of two partition posets with forbidden block sizes, 
preprint, 1 May 1998; V. Turchin, Homology isomorphism of the complex 
of 2-connected graphs and the graph-complex of trees, preprint, S. White- 
house, Ph.D. thesis, Warwick University, 1994; and S. Whitehouse, J. Pure 
Appl. Algebra 115 (1996), 309-321. 


H{J] = (re pace + p.)| 
i>0 
(= a) by me ye 1" ie 


e. We have 


k>1 d>1 n>1 
=e my pl 
k>1 d>1 n>1 


Putting N = kd gives 


HU) =e I" ph Yul) 


N21 n>1 d|N 


= exp ) (- 1)"— a 


n>1 
= exp log(1 + p1) 
=1+)1, 
whence (H — 1)[J]= py. Since the invertible elements of A with respect 


to plethysm form a group, it follows also that J[H — 1] = p,, completing 
the proof. 


7.89. a. 


7.90. 


7.91, 
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The result of this exercise is due to C. C. Cadogan, J. Combinatorial The- 
ory (B) 11 (1971), 193-200 (§3). For further aspects and a generalization, 
see A. R. Calderbank, P. Hanlon, and R. W. Robinson, Proc. London Math. 
Soc. (3) 53 (1986), 288-320. 


This result can be proved by a straightforward use of the Principle of 
Inclusion—Exclusion. It is equivalent to enumerating primitive necklaces of 
length n by the number of occurrences of each color. In this form equation 
(7.191) appears in (130, Thm. 7.2]. 


. This is the special case m = 1 of Exercise 7.88(a). 


Let m = 1 in Exercise 7.88(b). 


. See e.g. [4.21, Thm. 5.1.5] or (130, (7.4.1)]. 
. This result follows easily from Proposition 1.3.1. 
. This result is a consequence e.g. of I. M. Gessel and C. Reutenauer, J. 


Combinatorial Theory (A) 64 (1993), 189-215 (Thm. 3.6). 


. This key “reciprocity theorem” appears in T. Scharf and J.-Y. Thibon, Ad- 


vances in Math. 104 (1994), 30-58 (Rmk. 3.11). A simpler proof was later 
given by I. M. Gessel (unpublished). 


. By (f) and (g) we have 


(tots Su) = (Las hy)» (Pas Su) 
A 

= \o(Pa, hy) + (La, Sy). 
xr 


But py, is clearly m-positive, so (p,,h,,) = 0. Moreover, L) 1s s-positive 
by (b) and the fact (Appendix 2, Theorem A2.5) that the plethysm of s- 
positive symmetric functions remains s-positive. Hence (L,,5,) > 0, so 
(tu, Su) = Oas desired. This result was originally conjectured by R. Stanley 
and proved by Scharf and Thibon, ibid. (Example 3.15). 


. Given the SYT t with D(t) C S, replace 1,2,...,a@; in t by 1’s; re- 


place a; +1,a@, +2,...,@) +2 by 2’s, etc. This gives an SSYT of type 
(a1, ..., @%), and the correspondence is a bijection. Compare the discussion 
preceding Lemma 7.11.6. 


. Let t’ be the transpose of t, of shape 4’/j’. The condition: € D(t) is 


equivalenttoi ¢ D(t’),i.e., D(t’) € {1,...,i-l,i+1,...,n2—1}. Thus 
by (a), the number of t of shape A/jz with € D(z) is the Kostka number 
Kyjw.a, Wherea =(1,1,...,1,2,1,..., 1). But Ky//,,,¢ is independent 
of the order of the entries of a. 


. The first statement is immediate from the Cauchy identity (Theorem 


7.12.1). Similarly, if F(t) = He1 (1 + x;t), then it follows from the dual 
Cauchy identity (Theorem 7.14.3) that s* = s,/(x). 


. Immediate consequence of (a) and Theorem 7.21.2. 
. Write F,,,(t) for F(t). Note that s? is a polynomial P,(y, z) in y and z. 


When y =! and z=g" then the problem reduces to (b). Since a polyno- 
mial in one variable is determined by any infinite set of its values, it follows 
that (7.192) holds for F,,(t). Now for any F(t) let G(t) = F(yt). Clearly 
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sv = pls et Since Fy -(t) = Fi,z/y(yt), we get 


= ylls Piayy 
= ot ae 


yAlg dA) 
(a l-q “7 _ Alu) 


ue 


(u) 
— Pap yo 
= » — ghw) * 
ucr 
This result is equivalent to that of D. E. Littlewood and A. R. Richardson, 
Quart. J. Math. (Oxford) 6 (1935), 184-198 (Thm. IX) (repeated in [88, II. 
on p. 125]), and also appears in (96, Exam. I.3, p. 45]. 


. Apply the homomorphism ¢g to the Jacobi-Trudi identity (Theorem 


7.16.1). 


. It is trivial that (ii) > (i), since e, is Schur-positive by the dual Jacobi-— 


Trudi identity (Corollary 7.16.2). 
Assume (i), so F(t) = Hrd + y;t), where each y; > 0. Then 


I F(t) = U (x y rtd). 


n>0 


from which it follows that (i) => (iii). 

Assume (i). Clearly the coefficients of F(t) are then nonnegative real 
numbers. Let the Zeros of F(t) be 0), ...,9,, and define the Vandermonde 
matrix V = (6; aie j=o- Then V is a real matrix and A = VV’, so A is 
semidefinite. Hence (i) => (iv). 

The difficult implications are (ii) => (i) and (iv) => (i). The first of these 
implications is equivalent to a fundamental result of M. Aissen, 
I. J. Schoenberg, and A. Whitney, J. Analyse Math. 2 (1952), 93-103. This 
result states that if ag, a),...,@m © R, then every zero of the polynomial 
F(t) = ag + ajt +++: + a,t™ is a nonpositive real number if and only 
if every minor of the (infinite) Toeplitz matrix A = [@;~j]i,j;>0 (where 
we seta, = Oifk < O ork > m) is nonnegative. To see the connec- 
tion with the problem under consideration, suppose that ag = 1, so that 
aj = 6i(Y1,--+> Ym), where —y,', oaks yo! are the zeros of F(t). By 
the dual Jacobi—Trudi identity (Corollary 7.16.2), every minor of A is askew 
Schur function 5) /.(11, -- +» Ym). Since skew Schur functions are s-positive 
(by Corollary 7.18.6 or Theorem A1.3.1), it follows that if (11) holds then ev- 
ery minor of A is nonnegative. Hence by the Aissen—Schoenberg—Whitney 
theorem and the fact that F(0) = 1, every zero of F(t) is a negative real 
number. 

The above formulation of the Aissen—Schoenberg—Whitney theorem in 
terms of symmetric functions seems first to have been stated explicitly inR. 
Stanley, Graph colorings and related symmetric functions: ideas and appli- 
cations, Discrete Math., to appear (Thm. 2.11). An extension to arbitrary 
Toeplitz matrices (not just those with finitely many nonzero diagonals) was 


7.92. a. 
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given by A. Edrei, Canad. J. Math. 5 (1953), 86-94, and Trans. Amer Math. 
Soc. 74 (1953), 367-383, thereby proving a conjecture of Aissen, Schoen- 
berg, and Whitney. The same result was rediscovered by E. Thoma, Math. 
Zeitschrift 85 (1964), 40-61, in the context of the characters of the infinite 
symmetric group. A matrix all of whose minors are nonnegative is called 
a totally positive (or sometimes totally nonnegative) matrix. Such matrices 
have been extensively investigated; see, e.g.,S. Karlin, Total Positivity, vol, 
1, Stanford University Press, Stanford, California, 1968; T. Ando, Linear 
Algebra Appl. 90 (1987), 165-219; J. R. Stembridge, Bull. London Math. 
Soc. 23 (1991), 422-428; B. Kostant, J. Amer. Math. Soc. 8 (1995), 181-186; 
F. Brenti, J. Combinatorial Theory (A) 71 (1995), 175-218; A. D. Beren- 
stein, S. Fomin, and A. Zelevinsky, Advances in Math. 122 (1996), 49-149. 
A. Okounkov, Zapiski Nauchnyh Seminarov POMI 240 (1997), 167-230: 
and some of the papers in Total Positivity and Its Applications (Jaca, 1994), 
Mathematics and Its Applications 359, Kluwer, Dordrecht, 1996. For an in- 
teresting generalization of the Aissen—Schoenberg—Whitney—Edrei-Thoma 
theorem, see S. Kerov, A. Okounkov, and G. Olshanski, Internat. Math. Res. 
Notices (1998), no. 4, 173-179. 

The equivalence of (i)-(iii) suggests that it might be possible to prove 
combinatorially that certain polynomials F(t) have real zeros. Assuming 
that F(0) = 1, one wants to interpret combinatorially the coefficients of the 
product F(t,) F(t) --- when expanded in terms of Schur functions or ele- 
mentary symmetric functions, thereby showing that they are nonnegative. 
For an example of such an argument, see Exercise 7.47(i). 

The implication (iv) => (i) iS a consequence of the work of A. Hur- 

witz, E. J. Routh, J. C. F. Sturm, and others on the zeros of polynomials. 
It seems first to have been explicitly stated by F. R. Gantmacher, The The- 
ory of Matrices, vol. 2, Chelsea, New York, 1959 (Cor. on p. 203). Since 
a real symmetric matrix (a;;)} ;_, is semidefinite if and only if the leading 
principal minors det(a;; if j=1 are nonnegative, condition (iv) yields n — 1 
inequalities (in addition to the nonnegativity of the coefficients) on the coef- 
ficients of /(t) that are necessary and sufficient for every zero of F(t) to be 
a negative real number. (There are 1 — | rather than n inequalities because 
ai =p, =deg F > 0.) 
See J. R. Stembridge, Bull. London Math. Soc. 23 (1991), 422-428. A dif- 
ferent proof was later given by B. Kostant, J. Amer. Math. Soc. 8 (1995), 
181-186. Note that the matrices A of this exercise are the totally positive 
matrices discussed in the solution to Exercise 7.91(e). 


. See J. R. Stembridge, Canad. J. Math. 44 (1992), 1079-1099 (Conjec- 


ture 2.1). Exercise 7.111(d) is a special case. An even stronger conjecture 
involving Kazhdan-Lusztig theory appears in M. Haiman, J. Amer. Math. 
Soc. 6 (1993), 569-595 (Conjecture 2.1). 


7.93. Let (P, w) be the labeled poset that is a disjoint union of chains t) < --- < tn 
and t; <--- < ¢# with w(t;) = u; and w(t) = v;. It is immediate from the 
definition of a reverse (P, w)-partition and from the definition (7.95) of Kp, 
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that 


Kw = Lou) Lov): 


On the other hand, we have L(P, w) = sh(u, v), and the proof follows from 
Corollary 7.19.5. 


7.94, a. Preserve the notation of Exercise 7.93. By that exercise, we have 


OLeLp= YD. Lag: 


wesh(u, v) 

On the other hand we have 
O(Le)@(Lg) = Lg Lz 
= Lplg 


= yo Low) ; 


weésh(b, a) 


where 0 € G, and # € Girin+my Satisfy co(d) = B and co(z) = @. 
But then the natural bijection g : sh(u, v) — sh(v, Z) satisfies co(w) = 
co(g(w)) for w € sh(u, v). Hence @(LaLg) = &(L_)@(Lg). Since the 
L.’s form a basis for QO and @ is linear, it follows that @ is an endomor- 
phism of Q. Since & is an involution, it is in fact an automorphism. Now let 
@ = (1,1,...,1) € Comp(n), so & = (n). Then Ly =e, and Leg =h,. 
Hence (e,) = hy. Since @ is an automorphism we have @(e,) = hy for 
all A € Par, so @|, = ow. 


. First Proof fC: 6= to <t) <--- <t& = 1 isachainof P, then write 


FC) = fto, F(t, tr) >>» F (ter, te). 


Also for @ = (@,..., az) € Comp(n) let Cy denote the set of all chains 
O=t) <t) <-+- < t, =1 of P for which P(ti) — p(t;-1) = a;. Hence 


Fri= SY Sf OM, 


aeComp(n) CEC, 


where M, is given by equation (7.87). Now let f = 1+ g,sofil= 
1—g+g?—.... Then 


FO) =U - ete = Mot) det tH) 
= Ve fd), 
D>C 


where D > C indicates that D is a chain refining C, and where £(D) 
denotes the length of D. Hence 


Fi= Yo YS Ven wy. 


aeComp(n) CEC, D>C 


Now sum first over D. If D € Cg, then a satisfies Sy € Sg. Moreover, 
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€(D) = #Sz, So we get 


Fp = SY) ep fio) SSM 


BeComp(n) DEC, a: SaGSp 


= Yo Ven rv) 


BeComp(n) DeCz 


x DP SE Cy Loy (by (7.91). 


@: SaSSg SaSTE[n~1] 


Let T = [n — 1] — T. By (a) we get 


OFp= DT Sen sD) Yt Lay 


BeComp(n) DeCg @: SySSpg SeST C[n—1] 
=D, DDO): DS La Sep. 
BeComp(n) DeCg TC[n-1] a: SySSgNT 


But 


Sy (—1)*7 Se) a if SsNT =@ 
a: SySSpNT 0 otherwise. 


Since Sg 1 T = @ if and only if Sz € T, we get 
OFi= Dev spy (Hv Lowa 


BeComp(n) DeCg SpSTS[n-1] 
=(-1" SoS F(D)Meoip) (by (7.91)) 
BeComp(n) DeCg 
= (-1)"Fy, 


completing the proof. 


Second Proof (Sketch). Let meéP. We see immediately from the 
relevant definitions that 


F n(x) = Fy(mx), (7.224) 


where mx denotes the multiset of variables consisting of m x,’s, m x2’s, 
etc., in that order. If for any G € Q” we expand g(mx) in terms of some 
basis for Q”, then the coefficients will be polynomials in m. One can show 
(using the basis {L,}) that setting m= —1 yields (—1)"@(G). (Compare 
equation (A2.163) of Appendix 2.) Similarly if we expand the left-hand 
side of (7.224) in terms of some basis for Q”, then the coefficients will 
be polynomials in m, and setting m = —1 yields F¢-1(x). Hence the proof 
follows by setting m = —1 in (7.224). 


7.95. a. This is a straightforward generalization of Lemma 7.23.3. Regarding Ps 
as the border strip B,, we have that a permutation v € G,, belongs to 
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L(Ps, @y) if and only if w;41 follows w; in v whenever w; is to the left 
of w;+1 in the same row, and w;+ 1 precedes w; in v whenever w; is below 
w+41 in the same column. This condition is easily seen to be equivalent to 
Dw) = S. 


. The set A’(Ps, wy) of reverse (Ps, w,,)-partitions depends on S and on the 


set of those pairs (u, v) € Ps x Ps for which u < v and w,(u) > @y(v). 
This set of pairs in turn depends only on D(w). Hence by Corollary 7.19.5 
the multiset M = {D(v):v € L(Ps, @y)} depends only on S and D(w). 
By (a), we have M = {D(v): D(wv') = S}. Letting u = wv™!, we get 
that the number of u, v for which D(u) = S, D(v) = T, and uv = w 
depends only onu, v, and D(w), as was to be proved. 

This result may be formulated algebraically as follows. In the group al- 
gebra QG,, of G,,, define for each S C [n — 1] 


Bs = ie Ww. 
w: D(w)=S 


Then the algebra D,, generated by the Bys’s is equal (as a set) to their linear 
span. In other words, dimD, = 2"~!. The algebra D, is known as the 
descent algebra of G, and has many remarkable properties. It was first 
defined (for any finite Coxeter group) by L. Solomon, J. Algebra 41 (1976), 
255-268. For a connection between descent algebras and quasisymmetric 
functions, see C. Malvenuto and C. Reutenauer, J. Algebra 177 (1995), 967- 
982. The proof that dimD, = 2”~! given here is due to I. M. Gessel. A 
good reference to the descent algebra is [130, Ch. 9]. 


7.96. This result is implicit in A. M. Garsia and C. Reutenauer, Advances in Math. 
77 (1989), 189-262 (Thm. 4.4). 


7.97. a. 


b. 


7.98. a. 


b. 


It follows from the four equations beginning with (7.98) that 
F(x) = Dox! er-a 
P,Q 


==" (So) (Eee) 


where P ranges over all reverse SSYT of shape A and largest part at most 
c, while Q ranges over all reverse SSYT of shape A and largest part at most 
r. The sum over P is thus just s,(x, x2, ...,2X"), while the sum over Q is 
5, (x, x7,...,x°), and the proof follows. 

The proof is parallel to that of (a), using the correspondence m +> o defined 
in the second proof of Theorem 7.20.4. 

This formulacan be proved by generalizing the proof of Theorem 7.22.1 (the 
Hillman-Grass! algorithm). See E. R. Gansner, J. Combinatorial Theory (A) 
30 (1981), 71-89 (Thm. 5.1). 

See the above reference (Thm. 6.1). 


7.99. From the proof of Theorem 7.20.1 we have 


De Kilndg'x? = Dg, 


t,n>0 aij 


7.100. 


fa ene ae eee eee ey 
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where each a;; fori, j = 1 ranges over the set N. Putting g/x for q gives 


De Kin +t)gq'x" = So gh ti LHI Pay, 


tn>0 aj; 


The condition that n < t becomes 


G+ 7 - Daj <a, 


or equivalently, 


an >> +7 -3)ay, 


where y. indicates that the term (7, 7) = (1, 1) is missing. Hence 


>. K,(n+nq'x" = » gu ti xu i-Daij 
O<nst any>>_(+j-ai 

: quits-Diay y DG +j-Day, 
I~ @ 4 ape 


= TT > (qx) iti-24i 


a;;>0 


1 / 1 
~ 4 [| 1 — (qx)iti-? 


tJ 


1 1 
1-4 fy Ge eE 


From this the desired conclusion is immediate. 


This result was first proved (by a more complicated method) in R. Stanley, 


J. Combinatorial Theory (A) 14 (1973), 53-64 (Cor. 5.3(v)). 


The result of this exercise is equivalent to the formula 


Kint+t)= 0 pibain-b, = O<n St, 
k=0 


where p(k) denotes the number of partitions of k and a(n — k) the number of 
plane partitions of n — k. Is there a direct bijective proof? 


a. 


Let A = (P, Q). Proposition 7.23.10 tells us the first row of P. The- 
orem 7.23.16 then allows us to describe the first column of P directly in 
terms of A. Using Theorem 7.13.1 we can then describe the first column of 
Q also in terms of A. These are all the ingredients necessary for the proof, 
though we omit the details. 


. The result of (a) applies equally well to the “reverse” version of the RSK 


algorithm used in the proof of Theorem 7.20.1. Hence the merged plane par- 
titions 7(P, QO) and 2(P’, Q’) (as defined in the proof of Theorem 7.20.1) 
will have the same first column, so the row conjugates 7’(P, Q) and 
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m'(P’, Q’) will have the same shape. In other words, the shape sh(zr’) de- 
pends only on the support supp(A). Since under the correspondence A +> zr’ 
we have tr(zr’) = a aj;;, it follows that there is a collection S of finite sub- 
sets of P x P such that the following condition holds: sh(zr’) C A and 
tr(z’) = n if and only if supp(A) € S and }o aj; = n. If SC P* with 
#5 = k, then the number of N-matrices of support S and element sum n is 
just (a ), the number of compositions of n into k parts. Thus we get 


—1 
h(n) = > & - ) 


SeS 


which is a polynomial in. Given that f,(7) is a polynomial, there are several 
ways to see that its degree is |A|— 1. For instance, Theorem 4.5.4 (or the more 
general Corollary 7.19.5) allows the generating function ye t,(n)x” to be 
expressed as a sum of f* rational functions of the form x? /(1—x")---(1— 
xm) where A E m, from which it is immediate that deg t, = |A| — 1. See 
E. R. Gansner, Illinois J. Math. 25 (1981), 533-554. 

c. The condition that z’ fits in ana x b rectangle is equivalent (by the proof 
of Theorem 7.20.1) to max{j : (i, 7) € supp(A)} < b and max{i: (i, j) € 
supp(A)} < a. Hence ty«)(n) is equal to the number of a x b N-matrices 


a4) 


Equation (7.193) was stated without proof (with a misprint) by R. Stanley, 
in Combinatoire et Représentation du Groupe Symétrique (Strasbourg 1976), 
Lecture Notes in Math. 579, Springer-Verlag, Berlin/Heidelberg/New York, 
1977, pp. 217-251 (Thm. 4.3(b)). The first proof was given by R. A. 
Proctor, in Lie Algebras and Related Topics (D. J. Britten, F. W. Lemire, and R. 
V. Moody, eds.), CMS Conf. Proc. 5, American Mathematical Society, Prov- 
idence, 1986, pp. 357-360, and Invent. Math. 92 (1988), 307-332 (Cor. 4.1). 
Proctor actually proves the case d=1 of equation (7.194), and later states 
(immediately after Cor. 4.1) equation (7.194) in its full generality. Proctor’s 
proof is based on representation theory; the number f,,(m) is in fact the dimen- 
sion of the irreducible representation of the symplectic group Sp(2(n — 1), C) 
(or Lie algebra sp(2(n — 1), C)) with highest weight mA,-1, where A, de- 
notes the (n — 1)-st fundamental weight. (See also Exercise 6.25(c).) Proctor 
proves the more general case d = 1 of (7.194) also using representation theory, 
but when M — @ is even this involves the construction of a non-semisimple 
analogue sp(2n + 1, C) of the symplectic Lie algebra sp(2n, C). Proctor’s un- 
published proof of the general case of (7.194) uses entirely different techniques. 
viz., the evaluation of the g = 1 case of MacMahon’s determinantal expression 
(P. A. MacMahon, Phil. Trans. Roy. Soc. London (A) 211 (1911), 345-373 
(p. 367); Collected Works, vol. 1 (G. E. Andrews, ed.), MIT Press, Cam- 
bridge, Massachusetts, 1978, pp. 1406-1434 (p. 1428)) for the polynomial 
pa q'*!, summed over all plane partitions, allowing 0 as a part, of an ar 
bitrary shape jz. Subsequently a much more general determinant evaluation 
was given by C. Krattenthaler, Manuscripta Math. 69 (1990), 173-202, and 
in Number-Theoretic Analysis (H. Hlawka and R. F. Tichy, eds.), Lecture 
Notes in Math. 1452, Springer-Verlag, Berlin/Heidelberg/New York, 1990. 


whose entries sum to n, which is just ( 
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pp. 121-131 (though in the special case of (7.194) Krattenthaler does not state 
the result in the elegant form we have given, due to Proctor). For some further 
applications of representation theory to the enumeration of plane partitions, see 
R. A. Proctor, Europ. J. Combinatorics 11 (1990), 289-300. 


7.102. a. By Theorem 7.21.2 and Corollary 7.21.3 we have 


1,(q) = (1, Yreses q”), 
which clearly has the desired properties. 
b. By the Jacobi-Trudi identity (Theorem 7.16.1) and the specialization 
hi(1,q,...) = 1/{i]! (where [i]! = (1 — q)(1 — q?)---(1 — q')), we 


have 
1 
t ( = i= ntclu)) . d (ome) 
eee) as : ie [Ai — py —E + yl! 
— go) 
iy a-s eo fl [Ai — dw —i t+ w@]! 


It is not hard to see that 


pases 1 _ n+A;-1 
Te") gpa = HI : ) 


uer/pu Ai — Hy -E +S 


a 
ee cet((, ie - =) . (7.225) 
i j 


The proof now follows from a straightforward application of Theorem 2.7.1. 
(In fact, equation (7.225) is a specialization of a result known as the “Jacobi— 
Trudi identity for flag Schur functions,” due to I. M. Gessel and appearing in 
M. L. Wachs, J. Combinatorial Theory (A) 40 (1985), 276-289 (Thm. 3.5).) 
The proof we have just given is due to H. L. Wolfgang (private communi- 
cation, 13 November 1996). A version of the proof, based on the theory of 
Schubert polynomials, appears in S. C. Billey, W. Jockusch, and R. Stanley, 
J. Algebraic Combinatorics 2 (1993), 345-375 (Thm. 3.1). Is there a “nice” 
bijective proof? 

7.103. a. This result was conjectured by I. G. Macdonald and proved by J. R. Stem- 
bridge, Advances in Math. 111 (1995), 227-243. 

b. This result was conjectured by D. P. Robbins and R. Stanley, and proved by 

G. E. Andrews, J. Combinatorial Theory (A) 66 (1994), 28-39. 

Both (a) and (b) (as well as Theorem 7.20.4 and Exercise 7.106(b)) are part 
of the subject of the enumeration of symmetry classes of plane partitions. 
For an overview of this subject (written when most of the current theorems 
were conjectures), see R. Stanley, J. Combinatorial Theory (A) 43 (1986), 
103-113; Erratum, 44 (1987), 310. All ten symmetry classes discussed in 
this paper have now been enumerated, though the qg-enumeration of totally 
symmetric plane partitions (i.e., the plane partitions of (a)) remains open. For 
a recent paper with further references, see G. Kuperberg, J. Combinatorial 


It follows that 
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Theory (A) 75 (1996), 295—315. For an entertaining account of the numbers 
Br) of (b), see D. P. Robbins, Math. Intelligencer 13 (1991), 12-19. 

This intriguing and surprisingly difficult result was conjectured by W. H. 
Mills, D. P. Robbins, and H. Rumsey, Jr., Invent. Math. 66 (1982), 73- 
87 (Conjecture 1), and J. Combinatorial Theory (A) 34 (1983), 340-359 
(Conjecture 1). It was first proved by D. Zeilberger, Electron. J. Combi- 
natorics 3 (1996), R13, 84 pp.; also published in The Foata Festschrift (J. 
Désarménien, A. Kerber, and V. Strehl, eds.), Imprimerie Louis-Jean, Gap, 
France, 1996, pp. 289-372. A simpler proof was later given by G. Kuper- 
berg, Int. Math. Res. Notices (3), 1996, 139-150. For more information 
concerning this result, see the paper of Robbins cited in (b). For a textbook 
devoted to symmetry classes of plane partitions, monotone triangles, and 
related topics, see D. M. Bressoud, Proofs and Confirmations: The Story 
of the Alternating Sign Matrix Conjecture, Cambridge University Press and 
Mathematical Association of America, to appear. 


. If w=w,---w, € G,, then associate with w the monotone triangle 


mt(w) = (ai;(W))1<i<j<n, whose i-th row consists of the numbers wy , w2, 
..., Wn-i+1 in increasing order. It was shown by C. Ehresmann, Ann. Math. 
35 (1934), 396-443 (§20) that the set {mt(w) : w € G,}, ordered com- 
ponentwise, is isomorphic to P,. Given triangular arrays a =(a;;) and 
b=(b;;), define the meet a A b to be the triangular array (min{a;;, b;;}). 
It is not difficult to check that the set of all arrays obtained by repeatedly 
taking meets of the triangles mt(w), w € G,, coincides with the set of 
monotone triangles. Hence L(P,,) is a completion of P,, and it is not hard 
to show that it is in fact the MacNeille completion. The surprising formula 
#L(P,) = M(n) is due to A. Lascoux and M. P. Schiitzenberger, Elec- 
tron. J. Combinatorics 3 (1996), R27, 35 pp.; also published in The Foata 
Festschrift (J. Désarménien, A. Kerber, and V. Strehl, eds.), Imprimerie 
Louis-Jean, Gap, France, 1996, pp. 653-685. Note also the unexpected fact 
that L(P,,) is a distributive lattice. 


7.104. This is a result of E.M. Wright, Quart. J. Math. Oxford (2) 2 (1931), 177-189. 


7.105. Yes ifn < 14, but no for n= 14, an example being A =(5,5, 2, 1, 1) and 
u=(4, 4, 3, 1, 1, 1). These results are due to L. A. Shepp, private communi- 
cation, 1975. 


7.106. a. It is a straightforward application of the Littlewood—Richardson rule (Ap- 


pendix 1, Section A1l.3) that 


= > S(CAA; CHAZ, eC PAp CmAp Capit eg Ad)* (7.226) 
ASIC") 

A direct bijective proof using jeu de taquin (essentially a proof of the 

Littlewood—Richardson rule in the special case s?) can also be given; see 

R. Stanley, J. Combinatorial Theory (A) 43 (1986), 103-113; Erratum, 44 

(1987), 310. 


. Leta bea(2r, 2c, 2t)-self-complementary plane partition. Add 2r — i toev- 


ery entry of the i-th row of z to obtain a reverse column-strict plane partition 
o of shape ((2c)’’), allowing 0 as a part, with largest part at most 27 +2f — 1. 
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Let t be the subarray of o consisting of all entries less than r +t.Thent isa 
(rotated) SSYT (allowing 0 as a part) with largest part at most r-+¢ — | and 
whose shape is one of the partitions it such that s,, is a term of the sum in 
equation (7.226). Conversely, given such an SSYT, we can reverse the steps 
to obtain a (2r, 2c, 2t)-self-complementary plane partition. It follows that 


G(2r 26:21) = sent 


But s(cr)(1"") = F(r, c, ), since an SSYT with < r rows, < c columns, 
and largest part< r+t-—1 (allowing 0 as a part) can be converted to a 
plane partition with < r rows, < ¢ columns, and largest part < r +t by 
subtracting r — i from the entries in the i-th row and rotating 180°. Hence 
we get equation (7.195). 

In a similar manner we obtain 


G(2r +1, 2c, 2t) = F(r,c,t)Fr +1, c, t) 
G(2r + 1,2c+1,t) = Fir +1,c,t)F(r,c+1,?). 


These results appear in R. Stanley, ibid. (eqns. (3a)—(3c)). 


7.107. a. Let y"! denote the Partition whose diagram is an n x n square (with n 
sufficiently large) with the shape jz removed from the bottom right-hand 
comer. By Exercise 7.41 we have 

Spl(X1, 06-5 Xn) = (4, °> Ki) Seley 3 ear eae 


Put x; = q'~!. By Theorem 7.21.2 we get 


Ze ll i= gure) _ [i ge) 
a. -_ —aq-h 
wept I q “ vey I q om 


for some k € Z. The right-hand side is equal to ag” Flies (dg? tO)) 
(1 — q*) for some m € Z, so 


_— rl i gn telu) : t= grr 
q 1—gi ~Lgw 


ueplr! ve 


Putting g = 0 shows that k —m = 0. Nowasn —> oo, itis easily seen that 


I] (1 = gir) oe [[e — gi) 


wept) i>l 
TT @-4) > TT a-a) 
uel! ueA, 
I] (1 — grt) =a 
vey 


and the proof follows. 
A bijective proof of this exercise was first given by D. E. White (pri- 
vate communication). We sketch another such proof (found in collaboration 
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with C. Bessenrodt) using the binary sequence coding C,, of yz explained 
in Exercise 7.59. By considering the sequences C,, and C4, together with 
Exercise 7.59(a), one sees that we need to prove bijectively the following. 


Lemma. Let C be a binary sequence .+-c_\cgc, +++ beginning with in- 
finitely many O's and ending with infinitely many I's. For each p > |, 
let r,(C) be the number of integers i such that c; =0 and cj4p =1, and 
let s(C) be the number of integers i such that c;=1 and c;4, =0. Then 
r(C)=pt+s,(C). 


Proof. First note that the case p = 1 is easy to prove bijectively. But when 
we apply the case p= 1 to each of the subsequences C! = {cpi+jhiez, 
where 0 < j < p, then we obtain the stated result. Oo 


C. Bessenrodt has observed that the present exercise is equivalent to the 
Statement that for each p > 1, the number of ways to add a border Strip 
of size p to ys is exactly p more than the number of border strips of yz of 
size p. Note that the case p = 1 is the familiar fact (see Exercise 3.22(c)) 
that in Young’s lattice the element yz is covered by one more element than it 


covers. The general case then follows from the isomorphism Y,,,g => yP 
of Exercise 7.59(e). For related work see C. Bessenrodt, On hooks of Young 
diagrams, preprint. 

b. A weak reverse plane partition of shape ™!, rotated 180°, is just a skew 
plane partition of shape (n”) /jz. Hence by Theorem 7.22.1, 


In] 1 
a= 


ve(nry/ lhe] 


Now let 2 — 00 and use (a). 
c. Sucha proof was given by K. Kadell, J. Combinatorial Theory (A)77 (1997), 
110-133 (86). 
The only partition of p+gq with largest part p and with q parts is (p, 2, 
17-*), Hence by Theorem 7.23.13, we have 


Fep.q) = (fry 


pq(p +4 —1(p—2)q —2)!) © 


. Immediate from Corollary 7.23.12. 

. This result was first shown by J. M. Hammersley, in Proc. Sixth Berkeley 
Symposium on Mathematical Statistics and Probability, vol. 1, University 
of California Press, Berkeley/Los Angeles, 1972, pp. 345-394 (Thm. 4). 
using subadditive ergodic theory. 

c. If w= W,W2---W, € G,, then let w” = w,-+: ww}. It follows from 

Example 7.23.19(a) that is(w) - is(w”) > n. Hence (using the arithmetic— 


om f 
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geometric-mean inequality), 


E(n) 


1] 
ae s fis(w) + is(w")] 


Wes, 


lV 


1 
= Ss J is(w) + is(w") 


* wes, 


and the proof follows. By a more sophisticated argument Hammersley, ibid. 
(p. 360), shows thata@ > m/2=1.57---, and explains how this bound 
can be improved to ./8/7 = 1.59--- (also done independently by D. H. 
Blackwell). 


n 


. The number of subsequences of w € G, of length k is Ch), and the proba- 


bility that a specified one of them is increasing is 1/k!. Hence the probability 
that is(w) > k cannot exceed 4 (y. and the proof can be completed by a 
judicious use of Stirling’s formula. This argument is due to Hammersley, 
ibid. (Thm. 6). 


. This result was proved independently by B. F. Logan and L. A. Shepp, 


Advances in Math. 26 (1977), 206-222, and by A. M. Vershik and S. V. 
Kerov, Dokl. Akad. Nauk SSSR 233 (1977), 1024-1027, English translation 
in Soviet Math. Dokl. 18 (1977), 527-531. 


. Roughly speaking, most of the contribution to the sum on the right-hand 


side of (7.196) comes from terms indexed by A “near” i”. Moreover, since 
Yoaen(f*)* = nt and the number of terms of this sum is small compared 
with n!, we see that (f*")? is “near” n!. Thus the largest part (A") of A” is 
“near” a./n. Since lim,_,9 f(x) = 2, it follows that (X"); is asymptotically 
at least as large as 2./n ,s0q@ => 2. For rigorous treatments of this argument, 
see the two papers cited in (e) above. 


. See A. M. Vershik and S. V. Kerov, ibid. 


Much further work has been subsequently done on the problems of esti- 
mating /(n) and describing x", and the closely related problem of finding 
the “typical” shape of a permutation w € G, (i.e., the shape of the SYT P or 
Q obtained from w via the RSK algorithm). See for instance S. V. Kerov and 
A.M. Vershik, SIAM J. Alg. Disc. Meth. 7 (1986), 116-124; J. M. Steele, in 
Discrete Probability and Applications (Minneapolis, MN, 1993), IMA Vol. 
Math. Appl. 72, Springer, New York, 1995, pp. 111~131; D. Aldous and P. 
Diaconis, Probab. Theory Related Fields 103 (1995), 199-213; J. H. Kim, J. 
Combinatorial Theory (A) 76 (1996), 148-155; T. Seppalainen, Electron. J. 
Probab. 1(1996), no. 5,51 pp.; B. Bollobas and S. Janson, in Combinatorics, 
Geometry and Probability (Cambridge, 1993), Cambridge University Press, 
Cambridge, 1997, pp. 121-128; and J. Baik, P. Deift, and K. Johansson, On 
the distribution of the length of the longest increasing subsequence of a 
random permutation, preprint dated May 11, 1998. In this last paper the 
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following remarkable result is proved. Let u(x) be the (unique) solution of 


the Painlevé II equation 


Ux, = 2u? +xu, andu~ Ai(x) asx —> oo, 


where Ai(x) is the Airy function. Let L,, denote the length of the longest 


increasing subsequence of a random permutation w € G,,. Then 


lim Prob( a2 ‘)= = exp(- ye (x — t)u(x) ‘ax. 
n->0O0 n 


In particular, the variance of L,, is an explicit constant times n!/3, 
7.110. From equation (7.96) there follows 


iP 
peat sl —q,...,1-—q)q”™ 
m>0 a 
pee aces 
(=a 
=> 2-¥(¥ 0) 5 
Xr sh T=A 
= FAD Data tae" 
m>0 
=! 
a Dae) 
m>0 
54 1 
q eer ene ee 
a git [}-xa-@]"’ 


the last step by the Cauchy identity (Theorem 7.12.1). Note that 


OGeeerrers =o -9)"s,. 


n>0 


pl UE Ns ee 
qlee eg 1a esi as, 


Now note that from the generating function for the Eulerian polynomials given 
in Exercise 3.81(c) we get 


xé l-g (l-q)x 
fr ~ Aas va = 


tal — gel— q)x 


e(l-9@)x 


ra 


o Veeeg Deni — get 


(7.227) 


7.111. 
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Letting H(z) = peer Sz", the right-hand side of (7.227) can be written as 


7 UH 9) 
1—qH(-@q) 


By equation (7.198) we have 


2 
z 
H(z) = exp( oi Plea to), 


SO We get 


oe [md -qg)t+4pa-¢?+--] 
Z=- SQ eg 


Expanding by the multinomial theorem shows that the coefficient of py is 
zg (1 — 4)" Ag) pa, 


as desired. This argument was done in collaboration with I. M. Gessel. 
a. We have X = G,,. Hence the formula Zy = n!h, is equivalent to equation 
(7.22). a ‘ 2 
b. Let ¥; ={w € G,: w(n) = 1}. Clearly Zy, = Zy, =--- = Zy,_,, while 
by (a) we have Zy, = (n — 1)! hy_ hy. But 
nih, = Zinjxtn) = Zy, SS ae Zy,, 
so 


Zx = Zinixtn) re Zy, 


=nih, - 


[n! hn _ (n = It h,-yhy] 
n—1 


=n(n —2)(n —2)!h, +(n — 2)! hy_1hy. 


c. The h-positivity of Zy is equivalent to Exercise 7.47() in the case when 
the complement of G is bipartite. See the solution to that exercise for refer- 
ences. It follows from this solution that moreover the only h,’s appearing 
in Zx are of the form h jhy_;. 


d. This result is equivalent to Exercise 7.47(j) in the special case that P is also 


(2 + 2)-free. (It is also a special case of Exercise 7.92(a).) See R. Stanley 
and J. R. Stembridge, J. Combinatorial Theory (A) 62 (1993), 261-279 (85). 
The weaker result that Zx is s-positive follows from Exercise 7.47(h) and 
also from Exercise 7.92(a). 

e. In equation (7.186) put k=3, x9 =x, x = y, pix?) =0, pox) = 
p3(x) = .-- =1, wy) =v, and w = w. Using equation (7.209) we get 


d 1 
DO a0) = DY Pot) Potuwy(y)- 


AFn * pWED, 


oo TT 
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Hence (since (py, Py) = Zu Spy), 


“En 


: 1 
23, (x) = (5 se Ay.) 5.(*)5.(y), Pai) ; 


where (, ), indicates that we are taking the scalar product with respect 
to the y variables only. Since py = >, x*(@)s; (Corollary 7.17.4) and 
f* =n!/H, (Corollary 7.21.6), we get 


Zi) ay COS 
ARn 
as desired. This formula is a result of S. Okazaki, Ph.D. thesis, 
Massachusetts Institute of Technology, 1992 (Thm. 1.2). 

f. Follows easily from (e) and Exercise 7.63(b). See Okazaki, ibid. (Thm. 
1.6). Note that this result implies that Z B,18 S-positive when w is an n- 
cycle. In general, Z B,, need not be s-positive, e.g., if w = id € Go, then 
Zp, = S2—Si1. 

7.112. a. Let G be the subgroup of G, generated by the n-cycle (1,2,...,n). A 
necklace with beads from an alphabet A is just an orbit of the action of G 
on A", the set of functions [n] — A. Hence by Corollary 7.24.6, we have 


1 
Nik n=— SY ke, 
@m=7 


weG 


Since G has $(d) elements of cycle type (d”/¢), the proof follows. The 
enumeration (7.197) of necklaces is due to P. A. MacMahon, Proc. London 
Math. Soc. 23 (1892), 305-313 (p. 308); in Collected Papers (G. E. An- 
drews, ed.), MIT Press, Cambridge, 1978, pp. 468-476, and is a precursor 
of Pélya’s theory of enumeration under group action. MacMahon mentions 
that the enumeration of necklaces according to the number of beads of each 
color (and hence including (b) as a special case) had earlier been done by 
M. E. Jablonski and M. Moreau, independently. 
b. By Theorem 7.24.4, we want the coefficient of x}x4 in 


1 nda 
Zz SPJ =m d : 
G(P1, P2,---) s 2. $(4) py 


It is easy to see that this coefficient is just 
1 2n/d 
—)> #cay( ) 
2n ae nfd 
Vl 
7.113. Let V be a p-element set, and let G be the group of permutations of S = ( 4 ) 


induced by permutations of V, as in Example 7.24.2(b). By Example 7.24.3(b) 
we have 


G) | 
Y- si(p)q' = Ze(1, 9). 


i=0 
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By equation (7.120) we have 


Za(1,q)= D> ais(1,q), 
AK () 
where a, € N. By Exercise 7.75(c) each polynomial s; (1, g) is symmetric and 
unimodal, with center of symmetry +(5). Hence the same is true of Z¢(1, q), 
and the proof follows. 

This result (in a more general form that can be proved in the same way as 
above) is due to D. Livingstone and A. Wagner, Math. Z. 90 ( 1965), 393-403. 
For further references and ramifications, see R. Stanley, Ann. New York Acad. 
Sci. 576 (1989), 500-535 (esp. Thm. 10) and Discrete Appl. Math. 34 (1991), 
241-277 (§3). 
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of a partition, see partition, code of 
of a permutation, see permutation, code of 
Priifer, 25 
coefficient 
Littlewood—Richardson, 338, 398, 429, 446, 
510 
algebraic interpretations of, 432 
equal to one, 451 
nonnegativity of, 355 
symmetry of, 437 
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Delannoy number, see number, Delannoy 
Delest, M.-P., 258 
Deligne, P., 254 
delta operator, see operator, delta 
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Murasaki, 226 
Puttenham, 262 
Young, 226, 309 
paths inside, 231 
diagram of a plane partition, see plane partition 
diagram of 
Dickins, A., 266 
Dicks, W., 250 
differentiably finite series, see series, 
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Eulerian polynomial, see polynomial, Eulerian 
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Additional Errata and Addenda 


p. 74, Exercise 5.8(a). The stated formula for T(n, k) fails for n = 0. Also, it 
makes more sense to define T(0, 0) = 1. 


p. 81, Exercise 5.24(d). A solution was found by the Cambridge Combinatorics 
and Coffee Club (February 2000). 


p. 124, Exercise 5.28. A bijective proof based on Priifer codes is due to the 
Cambridge Combinatorics and Coffee Club (December 1999). 


p. 124, Exercise 5.29(b). Update the Pitman reference to J. Combinatorial 
Theory (A) 85 (1999), 165-193. Further results on P, and related posets are 
given by D. N. Kozlov, J. Combinatorial Theory (A) 88 (1999), 112-122. 


p. 136, last line of Exercise 5.41(j). A solution different from the one above was 
given by S.C. Locke, Amer. Math. Monthly 106 (1999), 168. 


p. 143, Exercise 5.50(c). The paper of Postnikov and Stanley has appeared in 
J. Combinatorial Theory (A) 91 (2000), 544-597. 


p. 144, Exercise 5.5.3. The identity 


4" a ee (1) 
j=0 


follows immediately from “Banach’s match box problem,” an account of which 
appears for instance in W. Feller, An Introduction to Probability Theory and Its 
Applications, vol. 1, second ed., Wiley, New York, 1957 (€5.8). This yields a 
simple bijective proof of (1). 


p. 151, Exercise 5.62 (b). David Callan observed (private communication) that 
there is a very simple combinatorial proof. Any matrix of the type being enumer- 
ated can be written uniquely in the form P + 2Q, where P and Q are permutation 
matrices. Conversely P + 2Q is always of the type being enumerated, whence 


An) = nl. 
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* p. 212. For further details on the history of Catalan numbers, see P. J. Larcombe 
and P. D. C. Wilson, Mathematics Today 34 (1998), 114-117; P. J. Larcombe, 
Mathematics Today 35 (1999), 25, 89; and P. J. Larcombe, Math. Spectrum 32 
(1999/2000), 5-7. 


*« p. 217, Exercise 6.2(a). It needs to be assumed that F(0) = 0; otherwise e.g. 
F(x) = 1/2 is a trivial counterexample. 


* p. 231, Exercise 6.25 (i). This conjecture has been proved by M. Haiman, A 
geometric proof of the n! and Macdonald positivity conjectures, preprint avail- 
able electronically at http://math.ucsd.edu/~mhaiman. 


* p. 232, Exercise 6.27(c). Robin Chapman has found an elegant argument that 
there always exists an integral orthonormal basis. 


* p. 250, Exercise 6.4. A complete description of a field of generalized power 
series that forms an algebraic closure of F,,[[x]] is given by K. S. Kedlaya, The 
algebraic closure of the power series field in positive characteristic, Proc. Amer. 
Math. Soc., to appear. 


* pp. 261-262, Exercise 3.19(pp). A further reference on noncrossing partitions 
is the nice survey article R. Simion, Discrete Math. 217 (2000), 367-409. 


* p. 264, Exercise 6.19(iii). It should be mentioned that the diagonals of the frieze 
patterns of Exercise 6.19(mmm) are precisely the sequences 1a a2 - - + a,1 of the 
present exercise. 


* p. 265, Exercise 6.19(III), lines 3— to 2—. The paper of Postnikov and Stanley 
has appeared in J. Combinatorial Theory (A) 91 (2000), 544-597. 


* p. 265, Exercise 6.19(mmm). A couple of additional references to frieze patterns 
are H. S. M. Coxeter, Acta Arith. 18 (1971), 297-310, and H. S. M. Coxeter and 
J. F. Rigby, in The Lighter Side of Mathematics (R. K. Guy and R. E. Woodrow, 
eds.), Mathematical Association of America, Washington, DC, 1994, pp. 15-27. 


« p.269, line 1—, to p.270, line 1. The paper of Postnikov and Stanley has appeared 
in J. Combinatorial Theory (A) 91 (2000), 544-597. 


x p. 272, end of Exercise 6.33(c). Yet another proof was given by J. H. Przytycki 
and A. S. Sikora, Polygon dissectons and Euler, Fuss, Kirkman and Cayley 
numbers, preprint available electronically at math.CO/98 11086. 


* », 279, Exercise 6.56(c). In the paper N. Alon and E. Friedgut, J. Combinatorial 
Theory (A) 89 (2000), 133-140, it is shown that A,(”) < c”y*(n), where y*(11) 
is an extremely slow growing function related to the Ackermann hierarchy. The 
paper is available electronically at http://www.ma.huji.ac.il/-ehudf. 


x p.291, line 9—. In general it is not true that Ag = A ® R; one only has a natural 
surjection from the former onto the latter. Equality will hold if R is noetherian. 
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p. 295, Figure 7-3. In the expansion of h41, the coefficient of m4, should be 2. 


p. 399, line 7—. For additional information concerning Craige Schensted, see 
the webpage ea.ea.home.mindspring.com. 


p. 439, reference A1.13. An updated version of this paper of van Leeuwen, 
entitled “The Littlkewood-Richardson rule, and related combinatorics,” is avail- 
able electronically at math.CO/9908099. 


p. 467, Exercise 7.55(b). Let f(n) be the number of A F n satisfying (7.177). 
Then (f(1), f(2),..., £(30)) = (1, 1, 1, 2, 2, 7, 7, 10, 10, 34, 40, 53, 61, 103, 
112, 143, 145, 369, 458, 579, 712, 938, 1127, 1383, 1638, 2308, 2754, 3334, 
3925, 5092). 


p. 484, Exercise 7.101(b). As in (a), the plane partitions being counted have 
largest part at most m. 


p. 485, line 7. The five displayed tableaux should be rotated 180°. 


p. 504, line 10—. Update the Babson, et al., reference to Topology 38 (1999), 
271-299. 


p. 514, Exercise 7.47(m), lines 1-3. Update the reference to R. Stanley, Discrete 
Math. 193 (1998), 267-286. 


p. 515, Exercise 7.48(g). Further generalizations of shuffie posets are consid- 
ered by P. Hersh, Two generalizations of posets of shuffles, preprint available 


electronically at http://www.math.washington.edu/~hersh/papers.html. 


p. 534, end of Exercise 7.74. For some connections between inner plethysm and 
graphical enumeration, see L. Travis, Ph.D. thesis, Brandeis University, 1999; 
available electronically at math.CO/9811127. 


p. 539, Exercise 7.85. A further reference to the evaluation of gj, is M. H. 
Rosas, The Kronecker product of Schur functions indexed by two-row shapes 
or hook shapes, preprint available electronically at math.CO/0001084. 


p. 544, lines 4— to 2—. Update the reference to R. Stanley, Discrete Math. 193 
(1998), 267-286. 


p. 542, line 10. Update the Babson, et al., reference to Topology 38 (1999), 
271-299. 


p. 551, Exercise 7.102(b), lines 2— to 1—. The “nice” bijective proof asked 
for was given by M. Rubey, A nice bijection for a content formula for skew 
semistandard Young tableaux, preprint. The proof is based on jeu de taquin. 


p. 554, last two lines of Exercise 7.107(a). Update reference to Annals of Com- 
binatorics 2 (1998), 103-110. 


